Support Divergence of Mixture NPMLEs Under Finite Mixtures

Abstract

Motivated by distribution testing and empirical Bayes calibration, we ask how sparse a mixture
NPMLE can be when the true mixing distribution has fixed finite support. For Gaussian location mix-
tures in every fixed dimension d, every maximizer has at least c(logn)%?/loglogn atoms with high
probability. For Poisson mixtures, the lower bound is cv/logn/(loglogn)3/2. Thus the NPMLE can
have diverging support even under a fixed finite mixture.

Note. This draft was produced through an iterative process in which Mark Sellke repeatedly asked GPT-5.6
in OpenAl Codex to prove, refine, and write up further extensions.
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1 Introduction

Mixture models describe heterogeneous populations through a probability distribution G over latent param-
eters. Writing pc(z) = [ po(x) dG(H), each atom of G corresponds to a component of the mixture. When
the number of components is unknown, the nonparametric maximum likelihood estimator (NPMLE) max-
imizes the likelihood over all probability measures G, rather than fixing a support size in advance. This
construction traces to Kiefer—Wolfowitz [KW56] and has closely related empirical-Bayes roots in Robbins



[Rob50]: there G is an unknown prior, and the fitted mixing distribution is used to estimate posterior quan-
tities or Bayes rules. Yet the mixture density, the induced decision rule, and the support of the mixing
distribution are different statistical objects.

We ask whether the atom count of the NPMLE adapts to a finitely supported truth. Suppose the data
law is pg, for a fixed finite mixture G. For Gaussian location and Poisson mixtures, we show that the sup-
port of every NPMLE diverges with the sample size. Thus accurate density or empirical-Bayes estimation
can coexist with a fitted atom count that does not estimate the number of latent components. Approxi-
mate, thresholded, and penalized procedures define different estimators whose atom counts may depend on
stopping or tuning rules.

The question was posed explicitly for one-dimensional Gaussian location mixtures by Polyanskiy and
Wu [PW20]. They proved the self-regularization bound Op(log n) for subgaussian data and asked in [PW20),
Section 5.6] whether this order is attained even under a single Gaussian component. Lindsay’s convex-
geometric theory gives a maximizer with at most n atoms [Lin83], and the Lindsay—Roeder criterion makes
the NPMLE unique in the one-dimensional models considered here [LR93]. Multivariate Gaussian NPMLEs
can be nonunique [SGS25], so our Gaussian lower bound is uniform over all maximizers. We extend the
single-Gaussian question to every fixed dimension and every fixed finite Gaussian location mixture, and
prove an analogous result for finite Poisson mixtures with positive largest mean. Our companion papers
determine how much variance inflation is needed to collapse the Gaussian fit to one atom in dimension one
and in dimensions at least two [Ano26b, Ano26a].

Preliminaries and notation

All asymptotic notation is as n — oo, unless another limit is specified. We write P and E for probability
and expectation under the distribution currently under discussion. For a deterministic positive sequence a,,
the relation X,, = Op(a,) means that | X,,|/a, is tight, while X,, = op(a,,) means that X,,/a,, — 0 in
probability. Deterministic O(-) and o(-) have their usual meanings. We write a,, ~ by, if a,/b, — 1,
an < by if ap /b, — 0, and a,, < by, if a,, < Cb,, for a constant independent of n. The reverse relations
are denoted by > and 2, and a,, < b,, means that both one-sided bounds hold. Subscripts, as in <y or =g,
indicate the parameters on which the implicit constants may depend. Constants denoted by ¢, C, g, Cy, . . .
may change from line to line, subject to any displayed dependencies.

A well-specified finite mixture means that the data density is pg, for a fixed, finitely supported mix-
ing distribution Go. We call a measure D-atomic if it is supported on at most D points. For a measure
G, supp(G) denotes its support; for a set A, conv(A) denotes its convex hull; and T»G denotes the
pushforward of G by a measurable map 7. We write B(x,r) for a Euclidean ball, z* = max{z, 0},
log, = max{log z,0}, and 14 for the indicator of A. The operator norm s || - ||op. An L? norm is written
| - |2 when its reference measure is clear and || - || 2(g) when it is not. For functions on Ng = {0, 1,2, ...},
09 and ¢7(QQ) denote the norms with respect to counting measure and a probability measure @), respectively.
If a maximizer has infinite support, our support lower bounds hold automatically; the proofs therefore need
only rule out maximizers with too few atoms.

We also fix the bracketing notation used in the likelihood bounds. If JF is a class of square-integrable
functions with reference measure (), an 7-bracket is a pair £ < f < u, with inequalities understood ()-a.e.,
such that |Ju — £ 2(q) < 1. The bracketing number Njj(n, F, L?(Q)) is the minimum number of such

brackets needed to cover F. Near a true density py, we use the coordinates /p/po — 1. Their L?(pg) norm
is ||\/P — v/Pol|2, the Hellinger distance under our convention.



Gaussian location mixtures

Let ¢g(z) = (2m)~42¢~1#1"/2 1 € R?. For a probability measure G on R?, set p¢(z) = [ ¢a(z—a) dG(a).
Given X1, ..., X,, € R% an NPMLE is any maximizer of G +— > 1, log pc(X;) over probability measures
on RY,

Our first theorem answers the support question for every fixed finite Gaussian location mixture. The
constant in the lower bound may depend on the true mixture and on the dimension, but the power of log n
depends only on the dimension.

Theorem 1.1. Fix d > 1, and let Gy be a probability measure on R® with finite nonempty support. Let
X1,..., Xy be ii.d. with density pg,, and let G,, be any Gaussian location NPMLE over R?. Then there
exists a constant cg, g > 0 such that

(logn)%/?

Al (logn)™= .
IP’{I supp(Gn)| 2 cGo.a log log n } o

For d = 1 and G = &y, the theorem gives c¢y/log n/ log log n fitted atoms from data drawn from a single
standard Gaussian. This gives the first diverging lower bound in the setting asked about by Polyanskiy and
Wu.

The proof compares the best likelihood gains available with and without a support constraint. To lower-
bound the unrestricted likelihood, first suppose that Gog = Jg. Moving small amounts of mass from zero to
many separated locations produces nearly uncorrelated likelihood scores and a total gain of order (log n)d/ 2,
For a general finite mixture, we perform the same perturbation at a vertex of the convex hull of its support,
moving mass outward in directions for which that component dominates the other components. To upper-
bound the likelihood over all D-atomic mixtures, a localized bracketing argument gives a gain of order at
most D log log n. Comparing the two bounds yields the theorem.

Poisson mixtures

Poisson mixtures also acquire extra atoms under a fixed finite mixture, but the lower-bound rate is different.
For 6 > 0, let pg(k) = e %0% /k!, k € Ny, with py interpreted as the point mass at zero. For a probability
measure G on [0, 00), write pg(k) = [ pg(k)dG(6); we use the same notation for finite nonnegative
measures. Given observations in Ny, a Poisson-mixture NPMLE maximizes ), log p;(X;) over all such
probability measures G.

The Poisson theorem uses the largest true mean as the exposed component. The assumption that this
largest mean is positive excludes only the degenerate law concentrated at zero.

Theorem 1.2. Let G be a probability measure on |0, 00) with finite support, and suppose its largest support
point \, is positive. Let X1, ..., X,, be i.i.d. with mass function pg,, and let GE°' be any Poisson-mixture
NPMLE. Then there exists cg, > 0 such that

Vviogn
3/2} — 1.

Plls aPois >
{Iswp(@o)] = cay Gt

To construct a likelihood gain, we move mass from the largest true mean \, to points A, + av/\,. After
normalization, the resulting scores have the same covariance kernel as the Gaussian scores. Their untrun-
cated fourth moments are dominated by count values far larger than any observation in the sample and would
restrict the construction to |a| < (log n)l/ 4. Truncating those irrelevant tails allows a? < ylogn/loglogn
for every fixed v < 1, which produces the stated rate.



In both one-dimensional models, known upper bounds are logarithmic. A fixed finite Gaussian mixture is
subgaussian, so Polyanskiy and Wu’s self-regularization theorem gives | supp(Gy,)| = Op(logn) [PW20].
For Poisson mixtures, let M,, = max; X;. Since every observed count lies in {0,..., M,}, Lindsay’s
theorem gives a maximizer with at most M,, + 1 atoms [Lin83]; uniqueness then gives the same bound
for the NPMLE itself [LR93]. Under every fixed finite Poisson mixture with positive largest mean, M,, =
(1 4+ op(1))logn/loglogn. In both models, therefore, the lower and upper bounds differ by a factor of
order +/log n, apart from powers of log log n.

For Gaussian mixtures in dimensions d > 2, the gap is much larger. The only general comparison
is the finite-sample bound that some maximizer has at most n atoms. No upper bound is known near the
polylogarithmic lower bound (log n)d/ 2 /loglog n, and nonuniqueness prevents the bound for one selected
maximizer from applying automatically to all maximizers.

Related literature and empirical Bayes motivation

In empirical Bayes applications, the NPMLE mixing distribution is used as an estimated prior; see, for ex-
ample, Jiang—Zhang [JZ09], Koenker—Mizera [KM14], Dicker—Zhao [DZ16], and Soloff-Guntuboyina—Sen
[SGS25]. This use raises two separate questions: how well the fitted mixture estimates the data distribution
or Bayes rule, and how many atoms the maximizing mixing distribution contains. Our results address the
second question under a fixed finite-mixture data law.

Previous work on NPMLE support size has emphasized computation and upper bounds. Koenker and
Gu’s Minimalist g-Modeling [KG19] documented sparse NPMLE fits; as reported by Polyanskiy and Wu
[PW20], their numerical examples suggested support sizes on the \/n scale. Polyanskiy and Wu proved the
much smaller upper bound | supp(Gy)| = Op(logn) under subgaussian sampling and asked whether it is
tight for data from a single Gaussian component. Polyanskiy and Sellke [PS25] study certified computation
and support behavior for Gaussian-location NPMLEs.

A separate literature establishes statistical guarantees for mixture NPMLEs. Zhang [Zha09] and Saha—
Guntuboyina [SG20] prove density-risk bounds for Gaussian mixture NPMLEs, while Doss—Wu—Yang—
Zhou [DWYZ23] treat high-dimensional Gaussian location mixtures. Zhang—Volgushev [ZV26] prove
adaptation to finitely supported mixing distributions in Gaussian and Poisson models. Ghosh—Guntuboyina—
Mukherjee—Tran [GGMT26] obtain KL stability bounds for Gaussian-mixture NPMLEs and their approx-
imate solutions, and Chen—Wu [CW26] prove regret—Hellinger inequalities for Gaussian empirical Bayes.
These guarantees do not control the number of atoms in the optimizer. The present results show that accurate
estimation can coexist with diverging fitted support under a fixed finite mixture.

Mixture likelihood-ratio statistics also have nonstandard asymptotics. Hartigan [Har85] gave an early
example for normal mixtures; Azais—Gassiat—-Mercadier [AGMO09] and Jiang—Zhang [JZ19] obtained further
nonstandard limits; and Zhang—Volgushev [ZV25] proved a tight-versus-divergent dichotomy for nonpara-
metric mixture likelihood-ratio tests with bounded parameter spaces. Those works study the value of a
likelihood-ratio statistic. We instead study the smallest support size among likelihood maximizers.

2 Likelihood Geometry and Entropy Tools

The proofs of Theorems 1.1 and 1.2 use a common upper bound for mixtures with a prescribed number
of atoms. After constructing an unrestricted likelihood gain, we must show that no mixture with only D
atoms can match it. This section supplies the two reductions used for that comparison. The first restricts the
atoms of a competitor to a sample-dependent compact set without decreasing likelihood; the second uses
localized bracketing entropy to bound the likelihood gain over the resulting sparse class. The model-specific



applications appear in Propositions 3.4 and 4.5.

2.1 Compact Support Reduction

For Gaussian mixtures, atoms outside the convex hull of the observations can be projected onto that hull
without decreasing the fitted density at any observation. This reduction depends only on the Gaussian
kernel, not on the distribution that generated the data.

Lemma 2.1. Let C;, = conv{X1,..., X} C R%L For every probability measure G on R?, there exists a
probability measure G supported on Cy, such that p5(X;) > pa(X;) for every 1 < i < n. Moreover, if G

has at most D atoms, then so does G.

Proof. Let Il¢, be Euclidean projection onto C),, and let G = (Il¢,, ) 4G be the pushforward of G. If
a ¢ Cy,andy = Il¢g, (a), then (a — y) - (x — y) < 0 for every x € C,,. Therefore

1 2 2
z = 5yl = laf?)

1
=§Ia—yl2+(a—y)-(y—x)20.

log ¢q(x —y) —log da(x —a) = (y — a)

Applying this with z = X; shows that replacing an atom at a by an atom of the same mass at y does
not decrease any fitted density value pg(X;). Integrating this pointwise inequality over a gives p5(X;) >
pc(X;) for every i. O

2.2 Localized Bracketing Bound

For every candidate density p, its expected log-likelihood relative to the truth is the negative Kullback—
Leibler divergence —KL(py, p). Candidates far from py therefore have a larger negative mean and need not
be covered as finely as candidates near pg. Local bracketing formalizes this idea by bounding the entropy
separately on each Hellinger ball. We use the following localized form of Wong—Shen [WS95, Theorem 1,
the remark following it, and Lemma 7]; see also van de Geer [vdG00, Chapter 7]. The theorem controls the
likelihood outside a Hellinger ball, while the truncated-log estimate in their Lemma 7 controls the innermost
ball.

Lemma 2.2. Let X1, ..., X, be i.i.d. with density py with respect to a common dominating measure v, and
set Py(dx) = po(z)v(dx). Let Py, be a class of densities p with respect to v such that pdv < Py; ratios
p/po are understood Py-a.e. Assume the suprema below are measurable; without this assumption, interpret
all probabilities as outer probabilities. For 0 < § < \/2, define

Fa0) = {\/ofpo —1:p € Pus V/p/00 — Uiy <8}

Assume A,, — oo and A, = o(n). Fix C < oo, choose Kws = Kws(C) sufficiently large, and set
6n = (KwsAn /)2 If

§
Tya0) = [ 1+ 10g Ny F0), () iy < COV/Ay,

for every 6, < § < \/2, then there is a constant Cy < oo, depending only on C, such that

P{ sup Zlog p(Xy) < C’lAn} — 1.

(91



Proof. This is the standard localization of Wong—Shen’s inequalities. Peel the region outside the ball of
radius d,, into dyadic Hellinger shells. On the shell with outer radius ¢, apply [WS95, Theorem 1] to the
Hellinger ball of radius 25. The assumed entropy integral is at most 2C'§v/A,,. Once Kwg(C) is large
enough, the theorem’s critical-radius condition holds, and the probability that any density in this shell has
log-likelihood ratio larger than —cnd? is at most C” e=ond? Summing over the shells costs O(e_CA“).

It remains to control the ball of radius §,,. Apply the truncated-log estimate in [WS95, Lemma 7],
with the truncation level chosen as in the remark following their Theorem 1. The same entropy integral
bounds the centered truncated empirical process by C A, while the truncation remainder has probability
O(e*"’A”). Since 4,, — oo and A,, = o(n), both applications are in their stated range. Combining the inner
ball with the dyadic shells proves the lemma. 0

In the Gaussian application, A,, is proportional to the atomic budget times (d + 1)loglogn; in the
Poisson application, it is proportional to the atomic budget times log log n. In both cases, the factor loglogn
comes from the logarithm of the sample-dependent parameter radius.

Both entropy proofs decompose a candidate mixture into a baseline submixture near the true atoms and
several additional components. The next lemma controls how their square-root density increments combine.
Recording this algebra once leaves only model-specific tail estimates in the Gaussian and Poisson sections.

Lemma 2.3. On a measure space with dominating measure v, let pg be a positive density, let a be a positive
subdensity, and let q be a density, all with respect to v. For w > 0, set

_ Jatwi-a
VPo

In this lemma, L*(po) abbreviates L*(po dv). Then Jow,q/4 < €2 4.4 < Jaw,q and, pointwise,

2
wq
ha qu eavqu = Hha7w7q”L2(po)7 Ja7w7q = /

a+ wq

1

1
2ha w,q > alogwhaw q < ha ,W,q ) § < 8logw IOg €a,w,q <L

If s = +/a/po, then replacing s by any nonnegative measurable function sy changes hq ., q by at most
|s — so| pointwise.

More generally, if p = a + Z}-le w;q; and hj = hgaw; q;, then
1/2

J
Vp/po = ®(s,he,... hy),  ®(s,hi,... hy 2+ > (h? + 2sh;)
7j=1

T

On the nonnegative orthant, ® is coordinatewise increasing and O, P < 1,0
Proof. The identity
wq
vat+wg—+vVae= ——7——
va Va+wg++/a

gives the comparison with .J, ., 4. Differentiating in log w shows that the ratio of Giogw/ha,w,q 1O Naw,q 1

(Va+wq++/a)/(2y/a+wq) € [1/2,1]; integrating against k2, ,po gives the bound for dlog o 108 €q,u,q-
The map x — a2 + ¢ — z is one-Lipschitz on [0, c0), which proves the baseline comparison.
Finally, w;q;/po = h? + 2sh;, proving the composition identity. Its derivatives are

Op,®=(s+h)/® <1, 0®=(s+ > hy)/®<VI+1,
J

the last inequality following from Cauchy—Schwarz. O



3 Gaussian Support Divergence

This section proves Theorem 1.1. The proof compares the two likelihood levels established in Proposi-
tions 3.2 and 3.4: the first constructs an unrestricted gain of order (log n)d/ 2, while the second bounds the
gain of every D-atomic mixture by O(D loglogn). Their comparison forces the support of the NPMLE to
diverge at the stated rate.

Fix a finite mixing distribution

Goz Zﬂ-méﬂm’ Tm, >0,

on RY, after merging duplicate atoms. Let py = PG, and write likelihoods relative to pg:

pc(Xi)
po(X;)

L,(G;Go) = Z log
i=1

The perturbation moves a small amount of mass from one true atom i, to many points p, + a. We choose
1 to be a vertex of the convex hull of the true support and restrict @ to a cone pointing away from the other
atoms. In the Gaussian integrals that determine the score moments, this geometry makes the u.-component
dominate the mixture density. The scores are then comparable to those of a single Gaussian component and
become nearly uncorrelated when their displacement vectors are separated.

3.1 Scores From an Exposed Component

The constructive half of the proof requires many nearly orthogonal score directions. We obtain them by
perturbing an exposed atom of the true mixing distribution outward from the convex hull of the remaining
atoms; the lemmas in this subsection provide the normalization, correlation decay, and moment bounds used
in Proposition 3.2.

Suppose first that K > 1. Choose an index m, for which p,,, is a vertex of conv{u1, ..., ux}, and
write (. = py, and m, = my,,. A sufficiently narrow cone inside the outward normal cone at p, has
nonempty interior and satisfies

(s — pm) - @ = molal, a€C, Mm: iy F [, (3.1)
for some 79 > 0. We take the cone narrow enough that, for all a,b € C,
la+b] >ce(la| +[b]), a-b>0.

If K = 1, there are no competing true atoms. We set m, = 1, ux = 1, m« = 1, and choose any closed
cone with nonempty interior on which |a + b| > c¢(Ja| +1b]) and a - b > 0.
For a € C, define

Aa(2) = ¢a(r — ps —a) = dalz — pe),  gal2) = ?;((f)),
T 2
74 = Epyga(X)? = / ApZEx)) dz, he = g—z.

Then Ep 7o (X) = 0 and Ephe(X)? = 1.



The next lemma supplies the three estimates needed for the likelihood construction. The first identifies
the normalization of each score, the second shows that separated displacement vectors have weakly corre-
lated scores, and the third provides the moments needed for concentration. All three estimates match the
corresponding one-component formulas up to constants depending on Gg.

Lemma 3.1. There are constants Ry < co and 0 < ¢ < C < 00, depending only on Gy, d and C, such that,
uniformly for a,b € C with |al, |b] > Ry,

celal’® < 02 < C’ela|2,
Epoha(X)ho(X)| < CeTlo72 a0,
and, for each fixed integer m > 3,
Epy [ha(X)|™ < Cppe™m=2lal*/2,

Proof. Translate so that ., = 0. Then

po(y) = da(y) [me+ D mmexp{pm -y — lpml*/2}| = Ga(y)W ().

MFEMs

By (3.1), ftm-a < —nolal for a € C and m # m... Under the tilted density proportional to ¢4(y—a)?/¢q(y),
the variable Y has law N (2a,1d,;) and

$a(Y — a)?
Ga(Y')

On the event |Y — 2a| < c|a|, every competing component in W (V) is O(e~¢l%!), while the complement
has probability e~¢lal”. Hence

/¢d dy—w Lelal® 11 4 O(eclal)}.

= e|a‘2¢d(Y — 2a).

The unshifted-square and cross terms in AZ are both O(1), whereas the displayed integral has order ela.
This proves o2 = elal®,
For covariance, the leading integral is

¢a(y —a ¢d —b) b 1
dy = e’ E—r—, Yop ~N(a+b,Idy).
/ W(Y%b) a, ( )
Since a + b € C and |a + b| > cc(]a| + |b|), the exposed-component domination used for the variance also
gives
1
Bl i1 4 Ogeelal+hhyy.
i = O N
Dividing by 0,0, = ellal*+1t")/2 gives the displayed e~14=%*/2 term, with a smaller domination error. The
remaining three terms in A,A; contain at least one unshifted factor ¢,4(y). After normalization they are
bounded by Ce~(1al*+1b1*)/2 which is at most Ce~19~*/2 because a - b > 0 on the cone.
For moments, use pg > Txdq(- — pix) and [Ag|™ < 2™ " Hpg(- — ps — a)™ + ¢g(- — ps)™}. The
Gaussian identity

/ baly — @) baly)' ™ dy = exp{m(m — 1)]a[?/2}

mla|?/2

combined with o7 > ¢e proves the moment bound. O



3.2 Constructive Likelihood Gain

We now use the exposed scores to prove the constructive half of Theorem 1.1. A separated grid of pertur-
bations supplies order (logn)%? nearly orthogonal directions, and optimizing their small mixing weights
yields the gain stated in Proposition 3.2.

Let L = logn, and fix a small constant A, = A,(Go, d) > 0. Set

Kggl: {a€C:Ry<lal < ANL}.

Choose Lg large, and let A,, ; be a maximal Lg-separated subset of K f 5. Since C has positive solid angle,

Jn,d = ‘An,d| =Go,d (IOg n)d/2'

The following proposition gives the unrestricted half of the likelihood comparison. Its sample-dependent
mixing distribution removes a small amount of mass from p. and redistributes it over u. + A, 5. We use
this distribution only as a feasible competitor; it is not asserted to be the NPMLE.

Proposition 3.2. For suitable constants Ry, Lg, As, there is a random mixing distribution G, such that
P{Ln(Gn; Go) > CGo,dJn,d} — 1.

Proof. Fora € A, 4, let
1 — ~ 13
dog = NG ; ha(Xi),  Hap = Z ha(Xi)ho(X3),  Hap = Epoha(X)hy(X).

Thus d,, is the empirical score in direction a, while H and H are its empirical and population Gram matrices.
By Lemma 3.1, choosing L large makes sup, 3, ., [Hap| < 1/5. Gershgorin’s theorem gives Amax(H) <
1.2. The moment estimate in Lemma 3.1, with A, small enough, gives

Elha(X)P < Cnd422, Elhy(X)[* < Cn42.

Since J,, ¢4 is polylogarithmic, Chebyshev’s inequality and a union bound over the Jg g entries, followed by
| Allop < Jnamaxa | Aa, give R |

1H = Hllop = 0p(1).
We fix A, small enough that the resulting powers of n are negligible in the concentration estimates that

follow; any sufficiently small constant satisfying A? < 1/8 suffices.
LetS =) A, d(d(‘f)2. We next show that a positive fraction of the score coordinates contribute. Fix

a large constant B and write 15(7) = (z7)? A B. The one- and two-dimensional Berry—Esseen bounds for
bounded Lipschitz test functions, together with the third-moment estimate in Lemma 3.1, hold uniformly
over all coordinates and pairs; their error is n~ ¢ for some ¢ > 0. Consequently,

Evp(da) = E¢p(Z) + o(1)

uniformly in a, where Z ~ N(0, 1). For a centered bivariate normal pair (Z,, Z;) with correlation H,, the
Gaussian maximal correlation inequality gives

| Cov(v(Za), ¥(Zp))| < Cp|Hgpl-



The uniform bivariate approximation and the row-sum bound for H therefore imply

Var (Z ¢B(da)> = OB(Jna) + O(Jz,d)-

Choose B so that Eypg(Z) > 1/3. Chebyshev’s inequality and ¢ 5(d,) < (d)? then show that S is at
least a constant multiple of .J,, ;4 with high probability. The identity E d? = Jn,a gives the matching
stochastic upper bound:
P{S > Cde} — 1, S = OP(de).
Fixn = 1/5, putr, = d} /(1 + ), and set

Ta

Vnog

Since infoo, > 0and Y 7 < /JpaS = Op(Jna) = op(y/n), we have > t, = op(1l). Hence
> o ta < . with probability tending to one. On this event define

Go=Go— (D ta)du+ D taduta

aEAn,d aEAn’d

to =

and set GG,, = Gy otherwise.
On the event max; | X;| < Cg, V'L, which has probability tending to one, the bound pg > T, Gal- — )
gives
ha(X)| < Cexpla- (Xi — i) — [af?} +C < P

forall i and a € A, 4, where p < 1/2 after choosing A, small enough. Therefore, with

ui:\/lﬁ S raha(X),

aGAn,d

we have max; |u;| = op(1), and
PG, (Xi)
po(X5)

Moreover, Y, u2 = 7 Hr = Op(J,, 4). The remainder in log(1 + u) = u — u?/2 + O(|u[?) is therefore at

P =

most O(max; |u;| >, u?) = op(Jpn.q), and hence

=14 u;.

1 — ~
L, (Gyn; Go) = rid— irTHT + op(Jn.d)-

Since rd = S/(14n) and 7T Hr < (1.2 4 0p(1))S/(1 + )2, the resulting coefficient of S is positive for
17 = 1/5. The high-probability lower bound on S proves the proposition. O
3.3 Localized Upper Bound

We now bound the likelihood of every D-atomic competitor. Lemma 2.1 restricts its atoms to a ball whose
radius grows like y/logn. To retain the desired D loglogn likelihood scale, the entropy must therefore
depend on this radius only through its logarithm.

10



ForD>1,M >2,and 0 < 6§ < /2, let Pa, p (M) be the class of Gaussian location mixtures with at
most D atoms supported in B(0, M), and define

FEo(M,8) = {v/pa/po — 1+ pa € Pap(M), [V/pa/po — U2 < 6}

The next lemma provides this dependence. The factor log M, rather than a power of M, is what becomes
loglogn when M =< +/logn.

Lemma 3.3. For fixed Gy, fixed d, and fixed Coy < oo, there exists Cg, a.c, < 00 such that, for every
M>21<D<M% and0<n<d§<V2

log N[] (777 Fg%(M7 6)5 LQ(]’O)) < CGo,d,CoD(d + 1) (log M + 10g(5/7l))

Proof. Write pg = |\/pc/po — 1||2. We first work in a fixed neighborhood 0 < pg < po. Choose
disjoint bounded neighborhoods A1, ..., Ax of the atoms of Gy, and let Ay be their complement. The
local-geometry theorem of Gassiat—van Handel [GvH14, Theorem 3.10] controls both the mass outside these
neighborhoods and the perturbation formed by the remaining atoms, uniformly in the number of candidate

atoms. In particular,
W = G(Ay) < Cpg, ‘L/Pcugﬁm-—l

The theorem directly bounds W. Its coefficient lower bound, followed by second-order Taylor expansion of
the kernels on the fixed sets A;, also gives the second inequality. The same coefficient and Taylor bounds
give the pointwise envelope needed below for the innermost Hellinger ball: the normalized inner density
perturbation is bounded by a fixed L?(pg) function formed from the Gaussian kernel and its first two location
derivatives on | J; 4.

Fix the contribution a of the atoms in [ J; A;. We first construct brackets after adding one atom outside
these neighborhoods; the full mixture will follow by composing at most D such brackets. Write gy =
¢4(- — 0), and use the notation hy 4.4y, €a,w,q, from Lemma 2.3. Differentiation gives

< Cpg. (3.2)
2

wqg(z — 0)
2y/pov/a + wqg
Because a contains a fixed positive amount of Gaussian mass with centers in a fixed ball, the measure

governing the derivative norm has a uniform exponential radial moment. More precisely, if du = wzqg (a+
wqp) " dx, comparison along rays gives

2
clz|/(1+M) |z| < / <
/e <1 + T M> du < C [ du, 0] < M. (3.3)

Voha,w,gy =

To prove (3.3), put ¢ = wqg, v = ¢2/a, and 1 = qv /(¢ + v); this last expression equals the density in (3.3).
If 2 = tw, with |w| = 1, then for r > 0,

G(t+rw) < e M= 2500)  a((t 4 1)w) > e BT 201

where By bounds the inner centers. Hence v((t + r)w) < e "(t=2M=Bo)=r*/2(1.,}) The harmonic-mean
map (z,y) — zy/(z + y) is increasing and homogeneous, so the same bound holds for x. After polar
integration, if F(¢) =t~ [, p(tw) dw, then

Ft+1)<e PF@), t>C1+M+d).
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Iterating this inequality on unit shells proves (3.3). Lemma 2.3 now yields
IVohaw,gellz < C(1+ M)eaw,qy-

We use these derivative bounds to construct ordered pointwise brackets, which is stronger than con-
structing an L2-cover. Partition the location ball into boxes of diameter ¢/(1+ M), and partition the positive
weights on the log w scale. Within one location box, the ratio of any kernel to the kernel at its center is at
most exp{ci(1 + |z|/(1 + M))}, where ¢; can be made smaller than the constant in (3.3). After squar-
ing, that estimate and (3.3) bound the L?(pg) norms of the pointwise suprema of the weight and location
derivatives by C'e and C'(1 + M )e, respectively.

Counting the weight and location cells gives, uniformly over the admissible inner subdensities,

log Ny (€, {haw,qo : 10] < M, €agy <1} L2 (o)) < Cd{log M + log (r/e)}. (3.4)

To see the endpoint w = 0, fix a preliminary location box and a point 6y in it. By Lemma 2.3, the loga-
rithmic derivative of €q,u,q,, lies in [1/2,1]. All weights for which this norm is at most ce therefore fit into
one bracket [0, SUDPg i the same box Ma,w.,qe) Of Width Ce; above that threshold, the relevant log w-interval has
length O(1 + log(r/e€)). Meshes of size ce/r in logw and ce/[r(1 + M)] in location complete the count.
Adjusting the mesh constants gives width e.

We now bracket a Hellinger shell 7 /2 < pg < r. Decompose

J
pG:a‘f‘ijQQj, JSDv
7=1

where a = pg .. By (3.2), with s = \/a/po,
0

Voo an, 2 < /PG — Valla < O

s — 1||2 < C'r. Positivity also gives

Let SB(r) denote the class of these inner functions:

Sh(r) = {\/pr/po : H is a subprobability measure, |supp(H)| < D,
supp(H) C U; 4i,  [|v/pr/po — 1]]2 < Cr}.

For a = py, write a = ma, where m = H(R?) and a is a probability-mixture density. The reverse triangle
inequality gives |\/m — 1| < Cr, and hence

IVa/po — 1ll2 < m™2|\/a/py — 1|2 + |m™ 2 — 1| < Or-

Apply Gassiat—van Handel’s fixed-compact local bracketing theorem to a, with order D V K, and bracket
the scalar y/m separately. Multiplying the nonnegative scalar and density endpoints gives

log N (e,8B(r), L*(po)) < CD(d + 1)log(CDr /).

Put ¢ = cmin{n,r}. Bracket s at width {/(CD), choose an actual representative sy from each
nonempty bracket, and apply (3.4) with baseline ay = s%po to each outer component at the same width.
If the inner bracket is [L, U], replace L by L = max{L,0}, putb = U — L, and widen each component
bracket [¢;,u;] to [({; — b)4,u; + b]. Lemma 2.3 then gives genuine composed endpoints through ®, of
total width at most . The logarithm of the shell bracket count is therefore at most

CD(d+ 1){log M +log D + log  (r/n)}. (3.5)

12



The shell construction leading to (3.5) covers every positive Hellinger radius. To cover the innermost
Hellinger ball by a single bracket, apply the coefficient bound and the fixed Taylor envelope just described.
These two bounds give a fixed Hy € L?(py) such that the inner ratio A = a/py satisfies |A — 1| < Cpg Ho.
The outer part B = (pg — a)/po satisfies

B/pg < C sup qp/po-
6|<M

1+M?2)

Completing the square shows that the supremum on the right has L?(pg)-norm at most e . Since

[vVA+ B —1| <|A+ B — 1|, there is a common envelope Fs such that

2
lvVpa/po — 1] < paFu, | Faglo < eCOFMY),

Thus the ball p < 7/(2||Farl|2) lies in one bracket of width 7. There are only O{1 + M? + log, (6/n)}
dyadic shells above it. Taking the union of their bracket collections adds at most

C{log M +log, (6/n)}

to (3.5). Because D < M0, the term Dlog D is absorbed by C'Dlog M, and the shell-union term is
absorbed by the asserted entropy bound.

For the remaining region pg > pg, no localization is needed. Pointwise derivative brackets for Gaussian
kernels, combined with a simplex grid for the weights, give

log Ny (n*, {pc : | supp(G)| < D, supp(G) C B(0, M)}, L") < CD(d + 1){log M + log(1/n)}.

Here is the construction. A location cell I, centered at 6, is bracketed by [(qp, — diam(I)Er)4, qg, +
diam(I) Ey], where E; = supge; |Vge| has uniformly bounded L'-norm. Quantizing weights at mesh h =
cn?/ D, and writing k; = |w;/h|, gives mixture endpoints >_jkjhtjandy ", (kj+1)hu;. Their L'-distance
is at most Cn?, and the number of feasible integer weight vectors is at most (C'/n?)P. Taking square roots
turns these into Hellinger brackets of width . On the present region, 6 > po, so log(1/n) < C +log(d/n).
Combining the local and global regions proves the lemma. O

We now insert the entropy estimate into the localized likelihood inequality. The resulting bound applies
simultaneously to all sparse competitors and will be compared with Proposition 3.2.

Proposition 3.4. Fix Cy < oo. Let D,, be positive integers satisfying D,, < (logn)° and D,,(d +
1)loglogn = o(n). Then

P sup L, (G;Go) < Cgy.d.0oDn(d+1)loglogn p — 1.
|supp(G)[<Dn

Proof. Since Gy is fixed and finite, P{max; | X;| < Cg,v/Iogn} — 1. On this event, Lemma 2.1 restricts
all D,,-atomic competitors to B(0, Cg,v/logn). Apply Lemma 3.3 with M = Cg,+/logn and growth
exponent 2Cy + 1. The bracketing integral is bounded by C'd+/A,, for A,, = Ci, 4.0, Dn(d + 1)loglogn,
because fol V1 +log(1/t)dt < co. Lemma 2.2 gives the desired upper bound. O

Proof of Theorem 1.1. By Proposition 3.2, the unrestricted likelihood is at least c.J,, 4 with probability tend-
ing to one, where J,, 4 <¢,.4 (log n)d/ 2. Proposition 3.4 gives the upper bound C'D,,(d + 1) loglogn for
all D,,-atomic competitors. Taking

(log nWJ

D, =
{CGO’d loglogn

with ¢, 4 small enough, no D,,-atomic mixing distribution can maximize the likelihood on the intersection
of the two high-probability events. This proves the theorem. O

13



3.4 Small Variance Misspecification

The one-dimensional phase-transition analysis in [Ano26b] shows that, for €, = n™", the one-atom prob-
ability is nontrivial when 0 < r < 1/4 and vanishes when r > 1/4. The following proposition quantifies
the support on the smaller-mismatch side: if €, is below n~1/4 by a fixed polynomial factor, then the lower
bound has the same order as under correct specification.

Proposition 3.5. Fix & > 0. Let Xy,..., X, be i.id N(0,1 — ¢,), where 0 < &, < n~/4=% and fit
unit-variance Gaussian location mixtures. There is a constant cs > 0 such that every NPMLE G,, satisfies

1
V%n}%L

P G| >
{Isupp( )| Z Yoo Togn

Proof. The proof is the one-dimensional construction from Sections 3.2 and 3.3, with two changes: the score
array is controlled by truncation rather than raw fourth moments, and the variance mismatch introduces a
small deterministic damping term. We give the estimates that justify both changes.

If the proposition holds for one value of 4, it also holds for every larger value. We may therefore assume
0 < d < 1/4. Write X; = 0,,Z;, where 02 = 1 —¢,, and Z1, . .., Z, arei.i.d. standard normal. Puty = §/2,
choose |4 |4

b=y N=RTy

and let uy, satisfy nP{Z > u,} = 1 for Z ~ N(0,1). A constant-spaced grid A4, = {a1,...,as} in
[Ootn, 61uy] has J =<5 v/log n. For

qa(z) — 1

_ az—a?/2 —
qa(Z) € ’ ha(Z) (€a2 . 1)1/27

direct Gaussian integration gives

e 1 <2e (@02 (g £p).
V(e 1) —1)

Choosing the grid spacing large makes the off-diagonal Gram row sums smaller than 1/10.

The earlier construction used a smaller score radius and controlled the empirical Gram matrix by raw
fourth moments. Here the grid approaches a = u,, /2, where those moments are too large, so we replace that
step by the following truncation estimates. The strict inequality #; < 1/2 gives ¢ > 0 and p,, = n~¢ such
that, uniformly over a, b in the grid,

Eha(Z)hy(Z) =

E ha(Z)21{|ha(Z)|>pn\/ﬁ}} +nP{[ha(Z)| > puv/n} < pn,
E[|ha(Z)ho(Z) |1 {jha(2)h(2)|5mpa}] < Prs
E[(ha(Z2)h(Z))* 1o (2)hy(2) | <npn}) < MPn-

To verify these estimates, note that (¢¢” — 1)1/2 < ¢9°/2_ If a = Qu,,, the first tail event forces

1 C
>0+ - - — 1+ )
Z (9 40 26 0(1)> n

At ¢ = 0, the coefficient is uniformly larger than both 1 and 26 on [fy,6;]. Mills’ bound controls the
ordinary tail, while ,
ha(2)2¢1(2) < Ch1(z — 2a) + Ce™ p1(2)
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controls its second moment under the tilted normal law. The product estimates then follow from Cauchy—
Schwarz, after reducing c. More explicitly, repeating this tilted-tail calculation at the larger threshold ,/np,,
first gives, for some cg > 0,
sup E | ha(2)* 1 (i, (2)]> ympm} | <10
a
Choose ¢ < c¢p/2. Since {|hqhs| > np,} is contained in the union of the two events {|h,| > \/np,} and
{|hs| > \/npn}, Cauchy—Schwarz gives the product-tail bound above. The final truncated second-moment
bound follows from (hahb)Ql{\hahb\gnpn} < npp|hahsl.
Now set

n n J
1 ~ 1
b g e g e ik (2, 5= 2 (4
i=1 i=1

J=1

Truncating the products at npp, applying Chebyshev’s inequality to each entry, and taking a union bound
gives |H — H|op = op(1). Truncating the individual scores at p,,\/n, and repeating the bounded positive-
score argument from Proposition 3.2, gives

S=0p(J), P{S>cJ}—1.

Indeed, J is polylogarithmic whereas p,, is a negative power of n, so the entrywise union bounds, the
operator-norm conversion, and the one- and two-coordinate Berry—Esseen errors all vanish. More explicitly,

with T, = pp/n,

[ER( )L, | < /B ha(2)] > TubBlG(2) 1 g yom)] < T
Thus recentering moves a normalized score by at most p,,, and variance normalization changes it by O(py,).
The probability that any of the n.J summands is truncated is at most Jp,, = o(1), so the Gaussian approx-
imation transfers back to the original scores d;. Finally, choose { > 0 so that 26;(1 + ¢ — 61) < 1/2.
With probability tending to one, max; | Z;| < (1 + ¢)uy, and the explicit score formula then gives, for some
c1 > 0,
max|ha, (Z)] < nt/2e

with probability tending to one. Thus both ingredients used in the correctly specified construction remain
valid: the empirical score vector has the same Gaussian approximation, and every observed score is uni-
formly small enough for the likelihood Taylor expansion.

We now transfer the correctly specified construction from the standardized sample 71, ..., Z, to the
observed sample. Put k,, = £, /{2(1 — €5,)}. A fitted atom b; = a; /o, has density ratio

(bl(XZ - bj) . 7/<na? )
le(Xz) =€ Qtl]'<ZZ)'

Thus e "% =1 + O(eplogn) =1+ o(1) uniformly on the grid. As in Proposition 3.2, fix n = 1/5, set

+
d; B rj

T = , t; = ,
T 14 T Un(e —1)1/2

and move mass ¢; from zero to b;. Since } , r; = Op(J), the total moved mass is op(1).

15



Relative to the correctly specified calculation, the only additional constant in each fitted density ratio is

1 < rj{ef'%“? -1}
Cn = ﬁ Z a? 1/2 '
j=1 (e —1)

Its contribution to the linear likelihood term satisfies
nlen| < Op(J)(log n)nt/2= (/44005 +el) — op (),

because 08 > 1/4 —§. The damping factors also change the linear and quadratic score terms by only op(.J).
The constant ¢, creates the additional terms 2¢,, ), v; and nc% in the quadratic expansion, where

1 e
he %Zwe Tha,(Zi), Y vi=0p(J).
J

i

They are op(.J) because n|c,| = op(J) and J = o(n). The bound max; ; |ha,(Z;)| < n'/2=¢1 makes
the Taylor remainder op(.J), exactly as in Proposition 3.2. The quadratic likelihood expansion from that
proposition now applies with the damping, centering, and Taylor errors just bounded. It gives a feasible
mixing distribution with likelihood gain at least c.J <5 /logn with probability tending to one.

The sparse upper bound transfers without any new entropy calculation. For any fitted atom b, put ¢t =
onb. Then

o1(Xs —b)
After mixing, every D-atomic likelihood for X1, ..., X, is therefore bounded by a D-atomic correctly spec-

ified likelihood for Z1, ..., Z,. Proposition 3.4 bounds the correctly specified likelihood by C'D loglogn
with probability tending to one. Comparing the two likelihood scales and taking D = c¢s+/logn/loglogn,
with ¢s small enough, proves the proposition. O

The one-dimensional restriction reflects the mismatch scale on which the bound is informative, not a
limitation of the score construction. The same construction gives the following higher-dimensional state-
ment.

Remark 3.6. For every fixed d > 2, replacing the one-dimensional grid .A,, by a constant-separated grid in
the annulus
{a € RY: Oouy, < |a| < O1un}

gives J =54 (log n)#? score locations. For the multivariate Gaussian scores, the exact covariance formula
implies
IEha(Z)he(Z)| < C {€_|a_b|2/2 i e—<|a|2+\b|2>/2} .

Choosing the separation constant large makes the off-diagonal row sums of the first term arbitrarily small;
the second has row sum at most Je %un = o(1). Thus the truncation, damping, and sparse-likelihood
arguments are otherwise unchanged. Repeating the score and likelihood calculations on this annular grid
gives

(log n)%/2

G| > cr 6" 7
| supp(Ghr)| > ¢s5.4 og log 1

with probability tending to one whenever e, < n~ /479,
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We state Proposition 3.5 only in one dimension because this polynomial condition is tied to the correct
one-dimensional boundary. In higher dimensions it is far below the actual transition scale: the companion
paper finds €, < 1/logn for d = 2 and ¢,, < (loglogn)/logn for d > 3 [Ano26a]. Proving quantitative
support growth near those scales would require uniform control over the continuum of angular directions
near the radial extremes, not merely the sub-edge Lindeberg argument used here.

4 Poisson Mixture Analogue

This section proves Theorem 1.2. As in the Gaussian case, Proposition 4.3 constructs a large unrestricted
likelihood gain and Proposition 4.5 bounds every D-atomic competitor. The Poisson proof differs in its
score analysis: truncation at the observed sample scale replaces the Gaussian moment estimates and permits
perturbations across the full exposed tail window.

For the Poisson theorem, write

K
G[):Zmn(s,\m, 0< A <" <A = Ay A >0,
m=1

and write pg = pg,. The relative log-likelihood is

n

. X))
Ll;ms G,G — lo pG( i .
(G Go) z; & po(Xi)

1=

Write m, = mg. The construction perturbs the component at .. This component is identifiable from the
upper tail because, among the finitely many true Poisson laws, it dominates the probability of large counts.

As in the Gaussian case, a sample-dependent compactness reduction controls sparse competitors. For
Poisson mixtures, the compact set is the interval up to the sample maximum.

Lemma 4.1. Let M,, = max)<;<, X;. For every probability measure G on [0, c0), there exists a probability
measure G supported on [0, My] such that p5(X;) > pa(X;) for every 1 < i < n. Moreover, if G has at
most D atoms, then so does G.

Proof. Let T(#) = min(0, M,,) and set G = Ty G. Fix an observed value k < M,,. If M,, =0, then k =0
and pg(0) = e < 1 = py—o(0). Otherwise, dlog py(k)/df = k/O — 1, so 0 +— pg(k) is decreasing on
[Mp, 00). Hence prg) (k) > pg(k) for every 0 > 0, and integration over G proves the lemma. O

4.1 Scores Near the Largest Mean

The upper tail exposes the largest true mean \,. The score estimates below show that separated outward per-
turbations of this component are nearly orthogonal after truncation; these are the inputs to Proposition 4.3.
Fora > 0, set 0, = Ay + av/ A and

Balk) = o (1) = (B), galh) = 2408
2 _ . Aa(k)Q _ ga(k)
Oa = Z po(k) ha(k) = oo

k=0
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Then Ep 1 (X) = 0 and E, he(X)? = 1. Also

po(k) Ae—Am Am "
T < = + %ﬂme " < Cg,, k> 0. 4.1)

In (4.1), the term corresponding to \,, = 0 at k = 0 is interpreted using 0° = 1. Thus replacing the full
denominator pg by the single-component denominator p), changes a score by at most constant factors.

The next lemma gives the covariance and concentration estimates needed to combine many such scores.
A direct moment bound would be governed by counts far beyond the observed sample range. The truncated
estimates discard that irrelevant part of the likelihood ratio and remain uniform up to a? < logn/log log n.

Lemma 4.2. Fix v € (0,1), and put R,, = +/vlogn/loglogn. There are constants Ay = Ao(Gy),
¢ =¢(Go,y) >0, and C = C(Gy) < oo such that, uniformly for Ag < a,b < R,

Cle™ <02 <Ce™,  [Epha(X)hy(X)| < Cem@0%/2,
Moreover, with p, = e~clegn/1oglogn ynitormly for Ag < a,b < R,
E[ha(X)*1{jn.x0)5pnviy) < Pns nP{|ha(X)] > pnv/n} < pn,

E [[ha(X) (X)L {110 () (X) 5 000}] < P
and
E[(ha(X) (X)) L hu(X)hy (X)|<npn}) < TPn-

Proof. Lett, = (e — 1)1/2 and let

o (k)/pr. (k) —1

Ta

ha (k) =

be the one-component score at . By (4.1), 0, < 7, and |hq (k)| < |hg «(k)|, uniformly for a > Ay and
k > 0, after taking Ag fixed and large enough. Under the pure p), law, the unnormalized score covariance
is exactly e® — 1. To compare this formula with the covariance under the full mixture, write

po(k) k
W(k) = =T+ CmTms 0<r, <l
)= o) 2

m<K

Thus W (k)~! = 771 + O(r*) for some fixed r < 1. If ¢, = py, /p»., then

Ex, [qaqs] = €™,

whereas
By, [rX qaqp) = exp{rab —(1=7r)((a+ D)V A + )\*)} .

The analogous formulas with g, ¢ replaced by qq, g, or 1 show that

Z Aa(k)Ab(k) _ 7_‘_;1(61111 N 1) + O(erabfc(aer) e 4 e—cb + 1> _
—~  po(k)

2 _ ea2 (a2+0b2)/2

For a = b, this proves o =< . For arbitrary a,b > Ay, division by 0,0, < e gives

IEhq(X)hy(X)| < Ce(@0)%/2,
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the error term is smaller by the additional factor e~ (1-r)ab—c(a+b)

We next locate the counts at which the score exceeds the truncation level. Fix C so that |hy (k)| <
Col|ha« (k)| throughout the stated range, and put T;, = C; ' p,+/n. Since

pea (k) —av/\ <

=e 1+
pa. (k)

the event |hy(X)| > pp/n forces X > k,, where

L — ’Va\/XJF log(l + TnTa)—‘
‘ log(1+a/vA) |

)

Equivalently,
3logn + $a? — clogn/loglogn 4+ Og,(a + 1)

¢ log(1 +a/v/A)

The final O(1) is the rounding error. After multiplication by log(1+a/+/As) = O(loglogn), it is negligible
compared with the margins of order log n/ log log n below. Uniformly for Ay < a < R,,, and with ¢ > 0
small enough, there are constants dg, c1,co > 0, depending only on GGy and ~y, such that this threshold
satisfies

+0(1).

k logn
ko > (14 60) (v s 2 ko log —% >1 -
> (1 + 00)( +a) oge)\* > ogn—i—clloglogn
and 1
ogn
kel (VA 2> g
& Ve +a)? (\/ +a «+a)z chog logn

To verify these inequalities uniformly in a, write L = logn, £ = log L, and y = a%¢/L. On every fixed
interval y € [4,7],
ho = L " log? —logy +log A\ +y — 2¢ + o(1)
14 14
Consequently, if I,,(k) = klog(k/u) — k + p denotes the Poisson Chernoff exponent, then, uniformly on

this interval,

L
I\, (ke) =L+ {y—logy—1- 2c+o(1)}z,

and, for y1, = (VA + a)?,
L
Lo (ka) = {y —logy — 1 +o(1)} .

The function y — log y — 1 is decreasing on (0, 1), so the two rate functions have a fixed positive margin on
[0,7]. Also kq/pq = 1/y + o(1) there, uniformly, and is therefore bounded away from one.

The expansion is not uniform when y approaches zero. For that range, fix § € (0, min{vy,e~3}), and
write

we = 2log(1 4+ a/v/As) =1og(pa/As)-
Since a < R,,, the O(a + 1) term in the definition of k, is o(L /¢), uniformly. Hence

kqwgq > L + pg — 3cL/l 4.2)

for all sufficiently large n. If w, < €/2, then g, = A\e¥s < A\,V/L, while k, > (2 — o(1))L/¢. Thus
kq /e — oo uniformly in this range and, eventually,

I/La(ka) Z ka Z L/g
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Suppose instead that w, > ¢/2, and put z = p,¢/L. The assumption y < § gives z < 26 for large n,
while wg = £ — log £ + log(z/A«) < L. If ry = kq/pia, then (4.2) yields, uniformly in this range,

>€+z—30> 1—0(1)'

Ta =
2w z
Choose a fixed € € (0, 1/4). For large n, the right side is at least (1 — ) /z. Since f(r) = rlogr —r +11s
increasing for r > 1,

4 1—¢

7 Do) = 2f(r) = (1= <) log

—(1—¢)+=.

The expression on the right is decreasing for 0 < z < 1 — ¢; at z = 24 it is a positive constant m.
Consequently 1, (kq) > msL/¢, and k, /114 is uniformly bounded away from one, throughout this second
range. Put ms = min{l,ms}. The two w,-ranges therefore give I, (k) > msL/¢ throughout y < 0.
Finally, the exact identity
Iy (ko) = 1y, (ko) = kaWa + A — pa

and (4.2) give

kq
el

Choose ¢ > 0 smaller than one quarter of v — logy — 1 and smaller than ms/6. The compact and small-y
ranges together prove all three threshold inequalities, after decreasing dg, c1, ca.

The first rate function controls the threshold probability under p,, and the second controls the truncated
second moment after exponential tilting. The identity

k o2
(ii Ek;> Pa. (k) = e piyacyaye ()

kq log =1y (ks) — A > L+ (ms —3c)L/L.

therefore gives, by Chernoff’s bound,

pr* [hm*(X)Ql{\ha,*(X)|>pm/ﬁ}] < e—clogn/loglogn

and
n]P)p/\*{’ha,*(X” > pn\/ﬁ} < efclogn/loglogn‘

For the product tail, use {|h.hs| > npn} C {|ha| > /npn} U {|hs] > /np,}. Repeating the one-
coordinate calculation at the larger threshold |/np;, gives, for some c3 > 0, a uniform second-moment tail
bound exp{—c3logn/loglogn}. Cauchy-Schwarz on the two events therefore bounds the product tail by
2exp{—c3logn/(2loglogn)}. Decreasing the constant ¢ in the definition of p,, makes this at most p,,.
Finally,

(Pabs)*Lijhuhy <npn} < 1onlPahs,
and E|hghy| < 1. O

4.2 Constructive Likelihood Gain

The following proposition constructs the unrestricted likelihood gain. It moves a small amount of mass from
A« to a separated grid of larger means A\, + a;jv/ ..
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Proposition 4.3. Fix v € (0,1), and put R,, = \/'y logn/loglogn. Choose A large enough, let a; =
Ao + A(j — 1) < Ry, and let J be the number of such points. Then J =g, A \/logn/loglogn, and

there is a random mixing distribution G, such that
P {L,°"(Gn; Go) > capmyad } — 1.

Proof. For1 < j < J, write hj = haj,
1 & .
dj = N > hi(Xi),  Hy=Ehj(X)h(X),  Hj=—> hj(X)h(X).
=1

Thus d; is the empirical score in direction aj, while H and H are the population and empirical Gram
matrices of these scores. Choose A so large that the off-diagonal row sums of H are at most 1/10; this is
possible by Lemma 4.2. The truncation bounds in Lemma 4.2, followed by Chebyshev’s inequality and a
union bound over j, [, give R

| — Hlop = oz(1).

Here are the details. Put '
Y7 = g (Xa) (X)L (g, () (X0) <)

The truncation lemma gives

. 1 <
[EY' — Hy| < pn,  Var (n Zlfi]l) < p.-
i=1

Moreover, with probability tending to one, max; ; |h;(X;)| < ppy/n, because nJ max; P{|h;(X)| >
pnv/n} < Jp, — 0. On this event no product is truncated. Chebyshev’s inequality, followed by a union
bound over the J2 pairs, therefore yields

max | Hy — Hp| = Op(py).

n
s

Since J pi/ T 0, the operator-norm claim follows.

Let S = Z}]=1 (dj)Q. We claim that a positive fraction of the score coordinates contribute to .S. Fix a
large constant B and let ¢p(z) = (z7)% A B. To obtain a uniform Gaussian approximation, truncate each
h; at p,,/n, then recenter and renormalize it. If

Aj = {Ihjl > pav/n} U{|l| > pnv/n},
then the product-tail estimate gives
E‘hjhl‘]‘Ajl < pn+npn IP)(Ajl) < pn+ 2p721'

Also nP(Aj;) < 2pp, so the original pair of normalized sums agrees with its truncated version with proba-
bility at least 1 —2p,,. Thus truncation changes each one- or two-coordinate covariance matrix by O(py, ), and
the matrices remain uniformly nonsingular. The truncated third absolute moment is at most p,,/n Eh;(X)?.
The fixed-dimensional Berry—Esseen bound in Wasserstein distance therefore gives error O(py,) for every
bounded Lipschitz function of one or two normalized coordinates. This applies to )5 and to the product

test function

(#,y) — ¥p(x)B(Y)-
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Because p, decays faster than any power of .J, the total approximation error over all J? pairs is o(1).
Cauchy—Schwarz also gives

Pn
Ehs (X)L, coenvmy| S

n

Thus recentering shifts a normalized sum by at most p,,, and variance normalization changes it by O(py,).
This completes the transfer from the truncated array back to the original coordinates d;.
For a centered Gaussian pair (7}, Z;) with correlation H j;, the Gaussian maximal correlation inequality
gives
| Cov(vB(Z;), ¥8(Z1))| < Cp|Hjul-

The uniform Gaussian approximation and the row-sum bound for H imply that >, ¢5(d;) has variance
Op(J) + o(J?). Choose B so that Etpp(Z) > 1/3 for Z ~ N(0, 1). Its mean is then at least .J/3 + o(.J).
Since > j Yp(d;) < S, Chebyshev’s inequality shows that S > c.J with high probability. The upper bound
follows fromE >, djz- = J. Thus

P{S>cit—>1, S=O0p(J).

Fixn=1/5letr; = d;r/(l +n), and set t; = r;/(\/noq,). Since inf;j 0, > 0and ), 1r; < VJS =
Op(J) = op(y/n), we have >, t; = op(1). Hence ), t; < m. with probability tending to one. On this
event define

Gn = Go — ( tj>5)\* + ZJ:tj‘SA*Jraj pWe

i=1 j=1

J
J=

and set G,, = Gy otherwise.
On the event ) j t; < my, for each observation,

J
PG, (Xi) 1

— =14, u; = —= » 1ihi(X;).
pO(Xi) \/ﬁ; J ]( )

This feasibility event has probability tending to one. Intersect it with the event, also of probability tending to
one, on which max; j |h;(X;)| < pny/n, supplied by Lemma 4.2 and a union bound. On their intersection,
max; [u;| < pp );7j = op(1), and Taylor expansion gives

. 1 — ~
LYoS(G;Go) =r'Td — irTHT + op(J).

Indeed, >, u? = rT Hr = Op(J), so the sum of the cubic remainders is bounded by O(max; |u;]| Yud) =
op(J). Since r'd = S/(1+n) and r" Hr < (1.2 + 0p(1))S/(1 +n)?, the coefficient of S is positive. The
lower bound on S completes the proof. O

4.3 Localized Upper Bound

We now bound every D-atomic Poisson competitor. Lemma 4.1 restricts its means to the interval ending
at the sample maximum, which is of order log n/loglogn. As in the Gaussian case, the required entropy
estimate must depend on this parameter radius only through its logarithm.

ForD > 1,M > 2,and 0 < § < v/2, define

FpoGo (M, 6) = {\/pc/po —1:|supp(G)| < D, supp(G) C [0, M], [|[\/pc/po — 1lr2(py) < 5} :
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The coordinate v = v/# makes this logarithmic dependence available: square-root Poisson kernels have
Gaussian affinity ), \/py2(k)p,2(k) = e~(u=v)?/2 The next lemma combines this geometry with local
identifiability around the true finite mixture.

Lemma 4.4. For fixed G and fixed Cy < oo, there exists Cg,.c, < 00 such that, for every M > 2,
1< D<M and0<n<6<v2

log Ny (n, Fp"> (M, 8), L*(po)) < Cay,cpD(log M + log(3/7)).

Proof. Put pg = |[\/pc/po — 1||2. We first record the local geometry needed when pg < pg. Choose
relatively open, bounded intervals A; around the true means \;, with disjoint closures, and let Ag be their
complement. We need the following local identifiability bound. Hellinger distance controls the mass out-
side the true-atom neighborhoods, as well as the first two local moments of the perturbation inside each
neighborhood. For

m; = G(A;), bi:/A_(a—Ai)dG(e), si:/A_(e—Ai)?dG(e),

the Poisson analogue of the finite-mixture local-geometry bound is

G(Ag) + Y {lmi — mi| + [bi| + s} < Cp. (4.3)

We first prove the corresponding linear statement. Let i be a finite nonnegative measure supported on Ag,
and let n;, B; € R and o; > 0. The linearized density perturbation is

Pt Y _{mipa, + BiOrpa, + 30i03pa,
7

Its #*-norm is bounded below by a fixed multiple of

11(Ao) + Z(!m\ +18il + o).

Suppose this lower bound fails. Normalize p(Ag) + >, (|n:| + |8i| + 04) to one, and choose a sequence
whose linearized expression tends to zero in £'. The coefficient vectors have a convergent subsequence. The
corresponding outer measures i, are also tight. Indeed, if v,, denotes the finite linear combination of the
fixed kernel derivatives, then for every integer K,

> P (k) < P+ vall + ) fon(R)]:

k>K k>K

The second term tends to zero uniformly in n as K — co. Moreover,

pa([R,00)) Jnf Po{X > K} < 3 p, (b),
- k>K

and the infimum tends to one as R — oo, for fixed K. Thus a further subsequence satisfies p,, = p for a
finite measure p on Ag. Passing to probability generating functions gives the Laplace transform of

p+ Z{m&\i — Bidh, + 30:0%.
i
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identically zero. Uniqueness of Laplace transforms first eliminates p away from the \;’s, and linear inde-
pendence of the remaining point masses and their derivatives eliminates every coefficient. This contradicts
the normalization.

To pass from linear identifiability to the nonlinear mixture bound, we use the uniform Taylor remainder

lpe — pa; = (0 = A)ph, — 3(6 — X)*p5 |1 < C diam(4;)(6 — \y)*.

This follows from &)pg(k) = S/ _(=1)77"(?) pg(k — r), with pg(m) = 0 for m < 0, which also gives a
uniform ¢!'-bound on the third derivative. Shrinking the fixed intervals A; therefore proves the lower bound
in total variation. Since total variation is at most twice Hellinger distance, (4.3) follows.

Let a = pg ag and s = \/a/po. Taylor expansion in the fixed intervals and (4.3) give

[s =12 < Cpe, W :=G(Ag) < Cpg-. 4.4)

Fix this inner subdensity a. We next bracket the increment created by adding one outer component. Write
Gu = Dy2, Where 0 < u < v/M, put b = wq,, and set v(k) = b(k)?/{a(k) + b(k)}. After decreasing
po, the local-geometry bound and A, > 0 ensure that the inner submixture assigns a fixed positive mass
to an interval [¢, U] C (0,00). The ratios of consecutive moments of the finite measure e G| Ag (dO) are
nondecreasing, and hence, using a(k) = k!~ [e~%0F dG|ag(0),

a(k+1) S _C qu(k+1) u?

ak) T k+1’ k)  k+1 (u>0).

It follows, by cross-multiplication, that, for u > 0,
(k+ vk +1) < C(1+ M)*v(k).

Put A = C(1 + M)?2. The recursion implies, for every ¢ > 0,

etky
W < explA(e! — 1)}.

Indeed, the logarithmic derivative of the numerator is at most Ae’. Taking ¢ = ¢/A gives uniform exponen-
tial moments on count scale (1 + M)?2. For u > 1/2, differentiation of p,2 and Lemma 2.3 give

||auha,w,qu||2 <C(1+ M)Qea,w,qu-

The interval 0 < w < 1 is handled directly. Indeed, a(k) > clk /k!, while termwise differentiation of
puz (k) = e " u2* /k! gives

sup |Hp,2 (k)| < C(k+1)/k,  j=0,1.
0<u<1

These envelopes are square summable after division by a(k), and, for the mixture weights 0 < w < 1
considered here, the zeroth count coordinate gives e, 4,4, > cw. Hence the same derivative bound holds on
[0, 1], with a fixed constant.

On intervals of length ¢(1 + M)~2 in [1/2,v/M], the exact ratio

Plutv)2 (F) —2uv—v? 2k C+Ck/(1+M)?
P (h) (refu)
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and the exponential-moment bound for the count variable obtained above control the pointwise suprema
of the parameter derivatives. On [0, 1], the power-series envelopes do the same. The weight coordinate
is model-free: Lemma 2.3 shows that the logarithmic derivative of the increment norm lies in [1/2,1].
Repeating the parameter-box and weight-level construction in (3.4) therefore gives, uniformly in the inner
subdensity,

log N <e, {hawg, 0<u< VM, 0<w<1, equg, < r},Lz(pg)) < C{log M +log, (r/e)}. (4.5)

The one-contaminant bound treats the inner subdensity as fixed. To count the full mixture class, we must
also bracket the inner atoms, all of which lie in the fixed neighborhoods A;. We verify the needed entropy
bound because the Poisson family is not a translation family. Let DY) be the normalized nonzero Hellinger
secants

~ Vpu [po — 1
D = 10 < |lvpu/po—1ll2 < po, [supp(H)| < D, supp(H) C | JAip-
{II\/M— 12 L;J

The proof of [GvH14, Theorem 3.1] approximates precisely such normalized secants in the Banach lattice
L?(po). As explained in their Remark 3.6, translation structure is needed for their local-geometry theorem,
while the entropy argument itself applies to smooth parametric kernels. Equation (4.3) supplies the required
local geometry. To verify smoothness, use the mean parameter and define, on the fixed union of the A;’s,

sup o (k)|
o po(k) ’

Hj(k) = 0<75<3.

The finite-difference formula for 65 pg, valid also at # = 0, reduces each numerator to finitely many shifted
Poisson masses. If the inner intervals lie in [0, B], then, outside a fixed finite set of counts, their pointwise
suprema are bounded by a polynomial in k times pg (k). Since pg > m.py, for some A\, > 0, the identity

S

k
z:(l—i—k:)mLL1 < 00, m< oo, s€{2,4},
= px. (k)
yields
Hy, H,Hs € 54(])0), Hs e 52(})0).

The pointwise Taylor bound and (4.3) give the analogue of [GvH14, Lemma 3.13]. Specifically, the density
ratios normalized by their ¢!-distance from pg have the £*(pg) envelope

/o =1 — copy 1 by 4 ).

e = pollx
The algebraic comparison between normalized Hellinger and chi-square secants in their Lemma 3.15 is
measure-free. Their Lemma 3.16 treats atoms close to a true mean by a second-order Taylor expansion
and retains atoms of small weight as individual kernel terms; the displayed H; bounds control the resulting
remainder in £2(pg). Finally, pad the candidate to D v K atoms and apply the coefficient and location grids
in the proof of their Theorem 3.1. The envelopes Hy, Hy, Hy € ¢*(pg), together with Hz € £2(py), justify
each Taylor remainder in counting measure, and taking the pointwise minimum and maximum over every
parameter cell produces ordered brackets exactly as in their proof. Those grids have at most (C'D/£)¢P

elements, and hence '
log Ny (&, DB, L*(po)) < CDlog(CD/¢).
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The general slicing argument in [GvH 14, Theorem 2.2] converts this normalized-secant bound into brackets
of width e for the inner Hellinger ball of radius r, at entropy C'Dlog(C Dr/¢). Finally, write an inner
subdensity as a = ma. Then |/m — 1| < ||\/a/po — 1|2 and ||\/a/po — 1||2 < C'r; bracketing /m
separately adds one scalar coordinate. This supplies the inner-submixture brackets needed for the shell
construction.

We now combine an inner bracket with at most D outer-component brackets, using the composition
map from Lemma 2.3. On a shell /2 < pg < r, positivity and (4.4) give Hha,wm% |l < Cr. Put
¢ = cmin{n, r}, bracket the inner square root and each outer increment at width /(C'D), and choose an
actual baseline representative from each nonempty inner bracket. Widen every component bracket by the
inner bracket width and compose through . Since ;¢ < /D + 1 and 8hj<I> < 1, the resulting width is at
most

CD CD

after increasing C. Equations (4.5) and the inner entropy bound give, for the number N, of brackets covering
this shell,

\/D+IC,<D+D<<+2<> <(

log N, < CD{log M +1log D +log  (r/n)}. (4.6)

For the innermost ball, Taylor expansion and (4.3) give a fixed Fy € ¢?(pg) such that the inner density
ratio differs from one by at most C'pgFy. The outer ratio is bounded by Cpa SUPg<g<nr P8 /po. Since
po > T«px, and supg< s po(k) = prans(k), Stirling’s formula for & < M and the tilted-Poisson identity

for k > M give a common envelope of £2(pg)-norm at most eC+M?) Thys the ball pa < ne‘C(1+M2) fits
in one bracket. Summing the dyadic shell collections adds only C'{log M +log., (§/1)} to (4.6); D < M0
absorbs D log D.

For pc > po, global L' density brackets suffice. Use the coordinate u = /6, for which ||0,p,2 |1 < 2.
For every interval I C [0, /M], the pointwise endpoints

El(k) = inf p,2 (k)7 u[(k) = Suppuz(k})
uel uel

form a nonnegative order bracket. The fundamental theorem of calculus gives
S {ur(k) ~ €119} < [ Oupials du < 2111
B I

Partitioning [0, v/M] at mesh cn? and quantizing the weights at mesh cn?/D produces mixture brackets
of L'-width at most Cn?. The number of location and weight choices is bounded by exp{CD(log M +

log(1/n))}. Thus
log N (n*, {pc : |supp(G)| < D, supp(G) C [0, M]}, L') < CD{log M + log(1/n)}.
Taking square roots and using § > pg completes the proof. O

We now apply the localized likelihood inequality to the entropy bound. The result controls all sparse
Poisson competitors simultaneously and will be compared with Proposition 4.3.

Proposition 4.5. Fix Cy < oo. Let D,, be positive integers satisfying D,, < (logn)®° and D, loglogn =
o(n). Then

P sup LYS(G; Go) < Cgy.coDnloglogn 3 — 1.
| supp(G)|<Dn
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Proof. Let M, = max; X;, and set m,, = |2logn/loglogn|. Since G is fixed and finite, a Chernoff
bound gives P{M,, < m,} — 1. By Lemma 4.1, on this event all D,,-atomic competitors may be restricted
to [0, my,)].

Let A, = Cgy.co Dnloglogn. Since D, < m&o*! eventually and log m,, < loglogn + O(1), Lemma
4.4, with exponent Cy + 1, gives

log Ny (1, Fpo®“ (mn, 8), L*(p0)) < An(1 + log(6/n)).
The localized bracketing integral is therefore O(d+/A,,), and Lemma 2.2 proves the proposition. O

Proof of Theorem 1.2. Apply Proposition 4.3 with any fixed v € (0,1). Since J < \/logn/loglogn, the
unrestricted likelihood is at least ¢y/log n/ log log n with probability tending to one. Proposition 4.5 bounds
every Dp-atomic competitor by C'D,, log log n with high probability. Taking

Viogn
-DTL — CGO 732
(log log n)3/
with cg, small enough, no D,-atomic mixing distribution can maximize on the intersection of the two
high-probability events. This proves the theorem. O
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