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Abstract

We show that Myerson regularity is not preserved by convolution, even for two independent
identically distributed bounded nonnegative summands. For an absolutely continuous distribu-
tion F' with density f, regularity means that the virtual value z — (1 — F(z))/f(x) is nonde-
creasing at points where f and the survival probability are positive. Let a = 1/50, ¢ = 49/100,
d = 51/100, and B = a/d* = 200/2601. We define a common marginal law supported on [0, 1]

by the survival function
a

_ 0<z<eg

F(z)={ata’
B(l—z), c<z<l1,

with F(z) =1 for z < 0 and F(x) = 0 for z > 1. This marginal is regular, with virtual value
—a on [0,c] and 2z — 1 on [¢,1). If S is the sum of two independent copies and ® is the virtual
value of S, then
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d
—®(1+1)
dt t=0+

Thus ® decreases immediately to the right of the interior point 1 of the support of S, and the
distribution of S is not regular.

Note. This paper was fully Al generated by GPT 5.5 at xhigh reasoning effort using an internal
harness, prompted by Richard Peng.
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1 Introduction

Regularity is one of the basic shape assumptions in optimal auction theory. For an absolutely
continuous distribution F' with density f and survival function F' = 1 — F', the associated virtual
value is

@)
PE =

at points where both f(z) and F(x) are positive. The distribution is regular, in the sense of
Myerson, if ¢ is nondecreasing on the part of the support on which it is defined [Mye81]. This
monotonicity is what lets optimal-auction rules be expressed without ironing; the same virtual-
value calculus also appears in the classical marginal-revenue interpretation of optimal auctions and
monopoly pricing [RS81, BR&9].

It is natural to ask whether regularity is preserved by aggregation. Given independent nonneg-
ative values X1,..., X,,, each with a regular marginal, does the sum

S=X1+---+Xp,

again have a regular distribution? Equivalently, is the class of Myerson-regular distributions closed
under convolution? This is not a formal consequence of the marginal definition: the virtual value
of the sum depends on the ratio of the convolution survival function to the convolution density,
and that ratio need not inherit monotonicity from the corresponding marginal ratios.

Positive closure results are known for stronger or different distributional hypotheses. The closest
benchmark for the same aggregation operation is the monotone-hazard-rate, or IFR/MHR, condi-
tion: if the hazard rate hp = f/F is nondecreasing, then 1/hp is nonincreasing and x — 1/hp(x)
is nondecreasing, so MHR implies Myerson regularity. Since IFR/MHR is a stronger assumption
placed on the same convolution question, Barlow, Marshall, and Proschan’s closure theorem for
IFR/MHR distributions is the main positive restricted comparison [BMP63]. Log-concavity is an-
other common positive regime: the Prékopa theorem gives stability under marginalization and
convolution, and standard one-dimensional log-concavity facts imply stronger survival and hazard-
rate properties in economic applications [Pré73, BB05]. Separately, regularity and its quantitative
strengthenings have been studied in mechanism design under formulations such as generalized
concavity, a-strong regularity, and related performance assumptions [Ewel3, CR14, CR15, SS19].
Revenue-management assumptions such as increasing generalized failure rate are nearby but dif-
ferent, since they involve monotonicity of xhp(z) and related pricing quantities rather than mono-
tonicity of  —1/hp(z) [Lar06,ZAF04,BM13]. These works provide important context and stronger
or adjacent sufficient conditions, but they do not imply convolution closure for ordinary Myerson
regularity.

The contribution of this paper is an explicit counterexample showing that the ordinary regularity
assumption is too weak for such a closure theorem. The failure already occurs for the smallest
nontrivial convolution, with two independent identically distributed summands supported on [0, 1].

Theorem 1.1 (Explicit i.i.d. convolution counterexample). Let
1 49 51 . 200

50 “T 100 ~ 100" a2 2601
There exist independent identically distributed nonnegative continuously distributed random vari-
ables X1, Xo, supported on [0,1], whose common survival function on 0 < x <1 is
a
Fz)=¢ o+t x’
B(l—-z), c<z<1

0<z<g,



with F(z) =1 for x <0 and F(x) =0 for x > 1. The common distribution is reqular. However, if
S = X1 4+ Xo and ® is the virtual value of the distribution of S, then
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d
Lo+t = - log = < 0,
a1 Y| = Ta510002 6255001 % 2

Consequently the distribution of S is not reqular.

The construction is intentionally elementary. The marginal survival function is chosen so that
its inverse hazard ratio is @ + = on the first interval and 1 — x on the second interval. Thus the
marginal virtual value is constant and then increasing, with no downward jump at the breakpoint.
For the sum of two copies, we examine only the one-sided neighborhood s = 1 + t of the interior
point 1. In this range the convolution density and survival probability have closed forms, and
differentiating their quotient gives the negative derivative displayed in Theorem 1.1.

The rest of the paper is organized as follows. Section 2 records the notation and basic convo-
lution identities used throughout. Section 3 gives the short proof roadmap and explains why the
chosen parameters make the computation local. Section 4 proves the regularity of the marginal,
derives the local convolution formulas, and establishes the negative virtual-value slope for the sum.

2 Preliminaries

All random variables below are nonnegative and absolutely continuous. For a random variable X
with distribution function F' and density f, write

F(z)=1-F(x)

for its survival function. We extend densities by zero outside their supports. The inverse hazard
ratio and virtual value are

F(z)
fx)

at points where f(z) > 0 and F(x) > 0. A distribution is regular if ¢ is nondecreasing on this
set. For the compactly supported piecewise smooth distributions used here, the right endpoint is
excluded because the survival probability is zero, and matching one-sided values at a breakpoint
are read as the value of the displayed formula there.

If Xy, Xo are independent copies of X and S = Xy + X5, write H for the distribution function
of S, g for its density, and H = 1 — H for its survival function. The only convolution identities

used below are
/f (s —z)dx, /f F(s—x)dz. (2)

The virtual value of the sum is

rp(z) = vrp(x) =z —rp(z), (1)

H(s)
g(s)

where g(s) > 0 and H(s) > 0. If ® has a negative right derivative at an interior support point,
then ® is not nondecreasing. All logarithms are natural.

D(s) =s—

(3)



3 Overview

The proof gives a direct i.i.d. counterexample. Rather than trying to control regularity under an
arbitrary convolution, we choose a marginal whose inverse hazard ratio is completely explicit on
two intervals. The constants

1 49 51 a
a:%, c:m7 d= —c:m, B:ﬁ
are chosen so that a + ¢ = d. This makes the survival function
a
F(z)={ a+ta’
B(l—xz), c<z<1

0<z<gc

fit together continuously, and in fact makes the density pieces agree at the breakpoint. The mo-
tivation for this normalization is that the inverse hazard ratio is then a + z on the first piece and
1 — z on the second piece. Thus the marginal virtual value is —a followed by 2x — 1, and these
two values agree at x = ¢. This proves the marginal regularity in Lemma 4.1 without any hidden
smoothing argument.

The nontrivial part is that convolution regularity depends on the ratio H(s)/g(s) for the sum,
not on the two marginal virtual values separately. The proof therefore looks only at a one-sided
neighborhood of the interior point s = 1 in the support of S = X7 + Xo. Writing s = 1 + ¢, the
choice ¢ < 1/2 ensures that for 0 < ¢ < ¢ the convolution integrals have no low-low region. They
split only into low-high, high-high, and high-low pieces, which leaves elementary formulas for

_ _ a @ 2
G(t)—g(1+t)—23<a+t d)—l—B(a+t)
and p B2
= - a+t_ L% s 2
T(t)—H(1+t)—Ba<2loga+t+ 7 1>—|— 5 (d® = (c—1)%).

Lemma 4.2 derives these identities directly from the convolution formulas for the density and
survival probability.

The final step is to evaluate the virtual value of the sum,
H(s)
g(s)

_ _ T(t)
, \If(t)—<I>(1+t)_1+t—@.

O(s) =s

Differentiating the displayed local formulas at t = 0 gives
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'(04) = _ o
(0+) = 15510002 ~ 6255001 '8 2

The proof then supplies an elementary sign certificate: log(51/2) > 3, so the last quantity is
negative. Hence ® decreases immediately to the right of the interior point 1, which is exactly
the obstruction to regularity needed in Lemma 4.3. Combining this with the regularity of the
common marginal proves Theorem 1.1: regularity is not closed under convolution, even for two
i.i.d. nonnegative continuous summands.



4 Proof of the Main Theorem

Set
1 49 51 p_X 200
a = — C = —— = —C= — = —_— = —
50’ 100’ 100’ d?> 2601

The identity a + ¢ = d will make the two pieces of the survival function meet continuously at c.

The first lemma verifies that the prescribed marginal is a regular absolutely continuous distri-
bution. The point of the construction is that the inverse hazard ratio has two elementary pieces
whose associated virtual values join without a downward jump.

Lemma 4.1 (Regular marginal construction). Let F' be the distribution on [0,1] with survival

function
a

— ) <
Flo) = ate
B(l—2z), ¢<z<1

(4)

with F(z) =1 for < 0 and F(z) =0 for x > 1. Then F is absolutely continuous with density
LQ, 0<x<e,
fla) = lata) (5)

B, c<x<l,

and F' is regular.

Proof. Since a + ¢ = d, the two displayed formulas for I’ agree at c:

a a
= - = Bd.
atc d
Also F(0) = 1 and F(1) = 0. The function F is nonincreasing and absolutely continuous on
[0,1], so it defines an absolutely continuous distribution with density f(z) = —F (z) at every non-

breakpoint point. This gives Equation (5). The two density pieces also agree at the breakpoint

because
a

a
—=—5=Db.
(a+c)? d?
For 0 <z <eg, o
F
(x) _ a/(a+ ) —aits
flx)  af(a+x)?
so by Equation (1) the virtual value is
F(z)
f(z)
Forec <z <1, B
F B(1 -
@ _BU-w)_,
/(@) B
so by Equation (1) the virtual value is
F
G .
f(z)
At the joining point, 2¢ — 1 = —1/50 = —a. Hence the virtual value is constant on [0, ¢| and
increasing on [c, 1), and F' is regular. O



It remains to show that regularity fails after adding two independent copies. Only a one-sided
neighborhood of the interior point 1 is needed. In that neighborhood the low-low integration region
is absent because 1 > 2¢, leaving only low-high, high-high, and high-low contributions.

Lemma 4.2 (Local convolution formula). Let X1, X be independent with the distribution in
Lemma 4.1, and let S = X1 + Xo. Let g be the density of S and let H(s) = Pr[S > s]. For
every 0 <t <c, withs=1+1t,

g(1+t):2B<ait—2>+B2(a+t) (6)
and
H(1+t):Ba(2logait+a;rt—1)+B22(d2—(c—t)2). (7)

Proof. For s =1+t with 0 <t < ¢, Equation (2) gives

/ F(@)f(s — 2) da

Because s > 2¢, there is no interval on which both z < ¢ and s — x < ¢. Splitting at x = ¢ and
r=s5—c=d+1 gives

c d+t 9 1 a
= — —Bd B“d B—dzx.
9(s) /t<a+as> "”/c “/M @vs—ap ™

The first and third integrals are equal by the substitution y = s — x. Since s — 2c = a + t and
a-+c=d,

g(1+1) _23/ dw+B2(a+t)—2B< —“>+32(a+t).

a+t d

This proves Equation (6).
For the survival probability, Equation (2) gives

/ f(@)F(s — 2) da

which holds for 1 < s < 2. The same split gives

- c g d+t 1 a
H(s):/ QB(l—s—Fx)dﬂ:—F/ B2(1—5+x)d$+/ B——dx.
¢ (a+m) c d+t a+s—x
Since s = 1 4+ t, the first integral is

“alx—t) d a+t
B ———~dx=DBall —1).
/t (a+x)? * a(oga+t+ d )

The middle integral is
d+t B2
Bz/ (0~ t)de =2 (&~ (e~ 1)"),

and the last integral is

1
d
Ba/ —x:Balog
grpatl+t—=x a

Adding these three identities proves Equation (7). O



The final lemma differentiates the local formula. The derivative is evaluated at an interior point
of the support of S, so a negative right derivative forces a local decrease of the convolution virtual
value.

Lemma 4.3 (Negative convolution virtual slope). For S = X; + Xo as in Lemma 4.2, the virtual
value

P(s) =s— 8
(=s-22 (®)
is mot nondecreasing on the support of S.
Proof. Write W(t) = ®(1 +¢) for 0 <t < c¢. By Equations (6) and (7), put
a a 9
G(t)=g(1+t)=2B — = |+ B(a+1),
a+t d )
= B d a+t B?, , 9
T(t)—H(1+t)—Ba<2loga+t+ y —1)+2(d —(c—1)%).
Then ¥(t) =1+t —T(t)/G(t). At t =0,
1000400 /i 91980000
GO = 6765201’ 0) = 6765201 ’
and § 5l 9596 1000400
TO) = ——log = — ——2_ T0)= — .
0= 26018 5 ~ Gra5201" (0) = = G765201
Differentiating ¥(t) =1+t — T'(t)/G(t) from the right at 0 gives
T7'(0)G(0) — T(0)G'(0 31255005 6759999 51

G(0)2 T 12510002 6255001 ° 2

We next give a numerical sign certificate using only elementary estimates. Since

1 1 5 1 49 11

S 1414- L0 - 2

e=l+lts+) SSH) TET RS
n>3 k>0

where n! > 6 - 4"=3 for n > 3, we have ¢ < 51/2 and hence log(51/2) > 3. Therefore

31255005 6759999 9304989 <
12510002 6255001 12510002 '

U'(0+) <

By Equation (10) and the definition of the right derivative, there is some sufficiently small € > 0
such that
D(l+¢€) =T(e) < ¥(0) =P(1).

Thus @ is not nondecreasing on the support of S. O

Proof of Theorem 1.1. Let X1 and Xs be independent random variables with the common distri-
bution constructed in Lemma 4.1. That lemma shows that the common distribution is regular.
The proof of Lemma 4.3 computes the right derivative of the virtual value of § = X; + X5 at 1
as the quantity in Equation (10) and proves that it is negative. Therefore the virtual value of S
decreases immediately to the right of 1, and the distribution of S is not regular. This proves that
regularity is not closed under convolution, even for two i.i.d. nonnegative continuously distributed
random variables. O
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