Radial Phase Transitions for Gaussian Mixture NPMLEs
in Fixed and Growing Dimensions

Abstract

Can a fitted Gaussian mixture distinguish a single Gaussian population from latent heterogeneity?
Without regularization, the support of the mixture nonparametric maximum likelihood estimator (NPMLE)
diverges even when the data come from a single Gaussian component. We ask whether fitting wider
Gaussian components regularizes this overfitting. The observations are i.i.d. spherical Gaussians with
covariance (1 — &,)14, while the fitted mixture uses kernels with covariance 1.

In dimension two, the transition occurs when &, logn is of constant order. The limiting profile is
explicit and combines the largest point of a radial Poisson edge process with the aggregate contribution
of observations just inside the edge. For every sequence d,, > 3, fixed or growing, a single exact
Gamma-quantile normalization describes the transition. When the normalized coordinate tends to s, the
NPMLE is unique with probability tending to one, and its support size minus one converges to Pois(e ™).
Thus the one-atom probability tends to exp{—e~*}. For fixed d > 3, the Gamma-quantile normalization
reduces to €, = (d/2 — 1)(loglogn)/logn + O(1/logn). Under a common coupling of the data, the
support counts across each critical window converge jointly to a Poisson tail-count process. We also
identify the fitted edge masses and, in fixed dimension, their directions.

Note. This draft was produced through an iterative process in which Mark Sellke repeatedly asked GPT-5.6
in OpenAl Codex to prove, refine, and write up further extensions.
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1 Introduction

A natural way to look for latent heterogeneity is to fit a mixture and inspect the number of fitted components.
For the Gaussian mixture nonparametric maximum likelihood estimator, this suggests a basic question: when
the data come from one spherical Gaussian, does maximum likelihood select a single component mean? Our
companion paper shows that it does not when the fitted component covariance matches the data-generating
covariance [Ano26a]; in fact, the fitted support diverges in probability. Here we ask whether variance inflation
can regularize this overfitting. We determine precisely how much inflation is needed in every dimension
d > 2, including dimensions that grow with the sample size.
Letd =d, =2,letZy,...,Z, be independent N (0, I;) vectors, and observe

Xi=+v1-e,Zi, O0<ey<l. (1.1)

We fit location mixtures of NV (u, I7) densities, whose component covariance is therefore larger than the data
covariance. For a probability measure G on R¢, write

160 = [ bulx-)dGl.  6(6) = Y logaa(x)
i=1

where ¢ is the N(0, I;) density. A mixture NPMLE is any maximizer 6n of £,,. Because multivariate
NPMLESs need not be unique [SGS25], we measure their support complexity by

K, = min{| supp(G)| : G maximizes Kn}. 1.2)

Lindsay’s support-reduction theorem gives a maximizer with at most n atoms, so the minimum in (1.2) is
attained [Lin83]. Nonuniqueness does not affect the one-atom event: Proposition 2.1 shows that, almost surely,
any one-atom maximizer is the unique NPMLE. The minimum-support convention is likewise immaterial in
the critical regimes below: our proof shows that the NPMLE is unique with probability tending to one.

For each sample, the one-atom event is monotone in the variance defect. Increasing &, damps every
likelihood perturbation away from the sample mean, so once a one-atom fit is optimal, it remains optimal



under any larger defect. We can therefore study a samplewise critical value of €,; Lemmas 2.2 and 2.3 show
that this critical value is well defined. The asymptotic law of the critical defect changes sharply between
dimensions two and three: in dimension two, observations just inside the radial edge have a nonvanishing
collective effect, whereas in dimensions at least three the radial extremes alone govern the transition.

1.1 Main results

We first state the exceptional two-dimensional limit. Put

& /
Kp = —na Pn = 210gl’l, /ln = Knpgl (13)
2(1 —&,)

For A > 0, let x, be the unique real number satisfying
72
sup {®(—r) +exp [x1 — = |} = e, (1.4)
reR 2

where @ and ¢ are the standard normal distribution function and density, respectively, and set

02(1) = exp{—e "}. (1.5)

The term ®(—r) in (1.4) is the limiting contribution of observations just inside the radial edge, while the
exponential term comes from the largest radial observation. The function Q5 extends continuously and strictly
increasingly to [0, oo], with 0»(0) = 0 and Q5 (o0) = 1; see Lemma 3.1.

For dimensions at least three, an exact radial normalization covers all growth regimes. Let Y;, have the
Gamma(d,,/2, 1) distribution, with density f,, and upper tail F,. Define

= Fp(bn)
nFn(bl’L) = 1’ an = ) (1'6)
Jn(bn)
and put
-1 2 1 v (n- 1)2 * '}’nR;{/O-r% —bn
vn=(1—-g,)"", o, =1--, Ry = —log(n—-1), §, = —" 1.7
n n(n—2) an

Thus b,, is the 1 — 1/n quantile of the radial energy | Z|?/2, and a,, is its extreme-value scale. The correction R*
is asymptotically negligible in fixed and moderately growing dimension, but changes the limiting coordinate
when d,, < n?logn.

We state the transition directly as a limit law for the support size; the one-atom probability is then the
probability that K, -1 equals zero. Here Pois(u) denotes the Poisson law with mean .

Theorem 1.1. Under either critical-window hypothesis below, the NPMLE is unique with probability tending
to one. For the model (1.1), the support-size variable in (1.2) has the following limits.

1. Ifd =2 and 2,, — A € (0, ), then
K,—1= Pois(e ™),  P{K,=1} - 02(1). (1.8)

Moreover, I?n = Op(1) whenever liminf, A,, > 0.



2. Ifd, >3 and s} — s € R, then
K, — 1= Pois(e™), P{K, = 1} — exp{—e~*}. (1.9)

Moreover, K,, = Op(1) whenever liminf, s; > —oo, and K, = 1 with probability tending to one if
s¥ — oo,

For fixed d > 3, the Gamma tail expansion gives
d
bn:logn+(5—l)loglogn—logF(d/Z)+o(1), a, — 1.
The critical scaling forces &, — 0 and &2 logn = o(1). Thus s* — s is equivalent to
d
enlogn — 5—1 loglogn + logT'(d/2) — s. (1.10)

The transition therefore occurs at scale (loglogn)/logn in fixed dimensions d > 3, but at scale 1/logn in
dimension two.
The exact normalization also gives explicit scales when d,, grows. For d,, = o(logn) with d;,, — oo, the

critical defect satisfies
dy 1 2logn

" 2logn o8 d, ’
and the transition window has width asymptotic to 1/log n. In larger dimensions, the implicit Gamma quantile
(1.6) is simpler and more accurate than separate expansions for different growth rates. At scale d,, < n*logn,
the O(n~"') correction in R¥ shifts the Gumbel coordinate by order one, and the exact formula incorporates
this shift.

The two fixed-parameter limits in Theorem 1.1 describe one variance defect at a time. In fact, a single
radial Poisson cloud governs the entire regularization path. The path theorem below makes precise the sense
in which an extreme observation creates a fitted atom and then loses it as the fitted variance is increased. Let
X be a Poisson point process on R with intensity e~ dx. Couple each path through one standardized sample

Eeon (1.11)

Ziy. .. Zn. Write Kp,(z1.n) for (1.2) computed from the data z;.,,, and define
21 ~
8n,2(/l) T Kn,Z(/l) = Kn( Vl - 8n,2(/l) Zl:n)a (1.12)
Pn +24
R* -
Sn,ZS(S) =1- = Kn,23(s) = Kn(\/1 - 3n,23(s) Zl:n)- (1.13)

0'%(19,1 +a,s) ’

The parametrization in (1.13) applies to any sequence d,, > 3; both defects lie in [0, 1) uniformly on the
compact intervals considered below, once 7 is large.

Theorem 1.2. For every compact J € (0, o), in dimension two,

{Kn2(D) —1:2eJ} = {X((xy,00)): A € J} in D(J). (1.14)
For every compact I C R and every sequence d,, > 3,

{Kn>3(s) —1:sel} = {X((s,0)) : s €1} in D(I). (1.15)

Here both Skorokhod spaces carry the J| topology. In either case, with probability tending to one, the NPMLE
is unique simultaneously throughout the specified interval.



The map A — x, is a smooth increasing bijection; write A for its inverse. The limiting path is a decreasing
step function: a Poisson point x disappears at 4 = A(x) in dimension two and at s = x in dimensions at least
three. Proposition 6.23 gives the corresponding mass profiles and spatial marks.

Samplewise monotonicity turns these probability limits into limit laws for the critical variance defect
itself. For a standardized sample zi.,,, define

£:(z1:n) = inf{e € [0,1) : V1 — & 71, has a one-atom NPMLE}.

In dimension two, the corresponding variable p2 &, (Z1.,)/{2(1 — &.(Z1.,))} has limiting distribution function
0». For d,, > 3, define
RY/[02{1 - £(Zia)}] - b

n
Sen =

dan

Then S, ,, converges in distribution to a standard Gumbel variable.

1.2 Ideas of the proof

The first-order optimality criterion for a one-atom fit can be written as a random field. After centering the
observations and rescaling displacements from the sample mean, this field becomes a sum of unit-width
Gaussian bumps. The direction and radius of Z; — Z,, determine the center and height of the ith bump. A
sufficiently large observation can therefore push the field above its critical level and force an additional fitted
atom.

In dimension two, observations just below the radial maximum have an order-one aggregate contribution.
In a local window centered at the maximizing direction, this contribution converges to ®(—r) at radial offset
r. Angular separation leaves at most one extreme observation in the same window, which yields (1.4). In
dimensions at least three, the aggregate inward contribution vanishes at the transition. The radial exceedances
converge to a Poisson process with intensity e dx, and each observation above the critical radial-energy
threshold contributes one additional fitted atom.

Although the limiting law is universal for d,, > 3, proving that no other field crossing occurs requires
two forms of control. In the lower-dimensional regimes, radial edge points are well separated, and spatial
empirical-process estimates control the contribution of the remaining observations. When the dimension is
large enough that the centered observations form an approximately regular simplex, an entropy dual replaces
Euclidean covering and reduces the local optimization to an ordered mean-field Potts problem. Section 6 then
converts the surviving field crossings into fitted atoms. For the path limit, we differentiate the fixed-parameter
local likelihood expansions in the variance parameter. After the dimension-dependent normalization of the
edge masses, each mass crosses zero with a derivative bounded away from zero. The support identity therefore
continues uniformly across the critical window.

1.3 Related literature

The mixture NPMLE goes back to Robbins and Kiefer—Wolfowitz [Rob50, KW56]. Lindsay developed its
likelihood geometry and finite-support reduction [Lin83]. In empirical Bayes, the fitted mixing distribution
estimates the prior; representative treatments include Jiang—Zhang [JZ09], Koenker—Mizera [KM 14], Dicker—
Zhao [DZ16], and the multivariate theory of Soloff-Guntuboyina—Sen [SGS25].

Recent work distinguishes statistical accuracy from the combinatorial complexity of an NPMLE.
Polyanskiy and Wu proved logarithmic upper bounds on the support size in one-dimensional subgaussian
models and asked what happens under a single Gaussian component [PW20]. Our companion paper proves
that the support diverges under every fixed finite mixing distribution [Ano26a]. Polyanskiy and Sellke study



certified computation and generic support behavior for multivariate Gaussian mixtures [PS25]. A separate
companion paper treats one-dimensional variance misspecification, where the critical scale is polynomial and
the limit is governed by a two-sided compensated Poisson field [Ano26b].

A separate line of Gaussian-mixture NPMLE theory concerns density estimation or empirical-Bayes
risk; see Zhang [Zha(09], Saha—Guntuboyina [SG20], Doss et al. [DWYZ23], and more recent stability and
adaptivity results [ZV26, GGMT26, CW26]. Smooth mixture NPMLEs provide a closely related form of
variance inflation for estimation and inference [KS26]. In the present problem the variance inflation vanishes
with n, and we study the support of the likelihood maximizer rather than its estimation risk.

Mixture homogeneity tests compare a point-mass null with an unrestricted mixture alternative; see
Gu—Koenker—Volgushev [GKV 18] and the references therein. Our criterion asks for more than rejection or
acceptance at a likelihood-ratio threshold: it requires the unrestricted optimizer itself to collapse to one atom.
Because this event is monotone in the variance inflation, each sample has a critical inflation level, analogous
in spirit to the critical bandwidth in modality testing [Sil81, HYO1].

2 Likelihood Geometry and Radial Normalization

Both Theorems 1.1 and 1.2 rest on two dimension-free reductions. The KKT criterion identifies one-atomicity
with a supremum of a Gaussian-bump field and makes its monotonicity in the variance defect explicit. The
Gamma normalization then puts the radial extremes on a common Poisson scale for every sequence d,, > 2.
This section establishes the KKT and radial reductions and the exact centering identities used in all later
regimes.

2.1 Notation and one-atom likelihood geometry

The deterministic part of both main theorems is the reduction from mixture likelihood to a Gaussian-bump
field. This subsection derives that KKT criterion, proves monotonicity in the variance defect, and records the
exact single-contact calculation used later in the simplex regime. We first fix the notation used throughout the
paper.

All asymptotic notation is as n — oo, For a deterministic positive sequence r,,, the relation U,, = Op(r;,)
means that |U,|/r, is tight, while U,, = op(r,) means that U, /r, — 0 in probability. We write r,, < s,

when r,, < Cs,, for a constant independent of n, and use >, =, <, and > analogously. We write U, ﬂ U
for convergence in probability and U,, = U for convergence in distribution. A positive random sequence
satisfies U, = n®1) when, for every > 0, P{n~" < U,, < n"} — 1. A subscript on asymptotic notation
records allowed dependence: for example, Op g (1) is tight for each fixed R. In iterated limits, 0 4 (1) denotes
a deterministic quantity that tends to zero as A — oo after the n — oo limit. Constants implicit in O, (-) may
depend on the fixed integer m, and other constants may change from line to line. Point processes carry the
vague topology, and a standard Gumbel variable has distribution function s — exp{—e~"}.
Letd =d, >2,let Zy,...,Z, be independent N (0, I;) vectors, and observe

X, =+1-¢,7;, O0<eg,<1.

We fit location mixtures of N'(u, I;) densities. The only one-atom maximum-likelihood candidate is the
point mass at the sample mean. Writing Z,, = n! YiZiand Z; = Z; — Z,, the directional-derivative criterion
says that this candidate is optimal exactly when

I v = t)?
E,(ll) = {sup D, (1) < 1}, D,(t)=- Zexp {t AR Yul] }, 2.1
n 2

teRd i=1



where |
€n
—_—, = — = 1 + 2 . 22

Indeed, if a denotes displacement of a fitted component mean from the sample mean, the usual directional

derivative is
Ial2
- E expia- (X; - X, =N

The change of variables ¢t = Vi-¢€,a gives (2.1). Notice that D,,(0) = 1, so the issue is whether the field
rises above its value at the origin.

Although a multivariate mixture NPMLE need not be unique, this causes no ambiguity for the event
studied here. The following dimension-free fact shows that E,(Ll) is almost surely the event that the NPMLE is
unique and one-atomic.

Kn =

Proposition 2.1. Letn > 2, and let Xy, . . ., X, be i.i.d. from a nondegenerate spherical Gaussian distribution
inRe. The probability that & %, and a different mixing measure both maximize the Gaussian-mixture likelihood
is zero.

Proof. 1f 6% and G # 6% both maximize the likelihood, strict concavity in the vector of fitted values implies
qc(X;) = 455, (X;) for every i. Since the one-atom fit is optimal, its physical-coordinate directional field

n

2
Dx.nla) = %ZCXP {a (X - Xp) - %}

i=1

satisfies Dx ,(a) < 1. Moreover,

[ Pratu=Taci = 1 3SR <1

Thus Dx ,(a) = 1 for some a # 0.
Write Y = (X; — X,,..., X, — X,,) = RU in polar form in the subspace {(y1,...,yn) : >; Vi = O}.
Conditional on its direction U, the radius R has a density. After setting t = Ra, the directional-derivative

field is
_1 1t*
Dru(t) = - Zexp t-U; - R

1

For fixed U and ¢ # 0, this is strictly increasing in R. Consequently, for each U, at most one radius can
admit both a one-atom maximizer and a nonzero contact: at any larger radius that same contact would make
the directional derivative exceed one. Thus, conditional on U, the radius belongs to an at-most-singleton
exceptional set, which has probability zero because R | U has a density. Integration over U proves the
claim. O

The one-atom event is monotone in the variance defect. This elementary fact allows all sharp-window
limits below to be converted into laws for a samplewise critical shrinkage.

Lemma 2.2. Fix zi,...,2, € R%, and let xl@) =+Vl—-¢gz for 0 < e < 1. If the sample based on
xisl), ,(f‘) admits a one-atom NPMLE and &> > &1, then the sample based on xi‘%), .. (82) also

admits a one-atom NPMLE.



Proof. Letz=n"1Y,z and

n

1 P
K, (1) = ;Zexp{t-(zi _Z)_T}'

i=1
After the change of variables ¢t = aV1 — &, the one-atom directional field is
2 g
e *l g (1), k(g) = ———.
Because « is increasing, the supremum of this field is nonincreasing in €. The directional-derivative criterion
proves the claim. O

The next lemma shows that the monotone one-atom set is nonempty and closed, hence has the form
[£., 1). Its endpoint &, is the samplewise critical defect used in the introduction.

Lemma 2.3. For every fixed sample z1, . . ., zn € RY, the set of € € [0, 1) for which V1 —ez1,..., V1 — ez,
admits a one-atom NPMLE is a nonempty interval of the form [&., 1).

Proof. Lety; = z; — 7 and M = max; |y;|. The empirical random variable taking the values ¢ - y; has mean
zero and range of length at most 2M |¢|. Hoeffding’s lemma gives

1 > M? -1
- ryi-lt?2] < nes
og(n El_ e < |]

Hence the one-atom field e <1"’n=1 3, e!¥i=11"/2 i5 at most one for every 7 once k > (M2 — 1), /2, proving
nonemptiness. Lemma 2.2 makes the set an upper interval. Finally, if &, belongs to the set and &,,, — & < 1,
then the one-atom criterion holds at & by pointwise convergence of its field for every ¢. The interval is
therefore closed in [0, 1) and contains its infimum. O

For the spatial analysis, it is useful to rewrite D,, as a Gaussian radial-basis field whose centers and
heights are determined by the sample. This representation will allow the radial and angular contributions to
be studied separately.

Lemma 2.4. Set

1
W =ynt, qi = — hi:;exp{%}-

Define the bump-coordinate field
By (w) := Dp(w/\yn)-

Then, exactly,

N W —qil?
Bu(w) = ; h exp {_T} . 2.3)
In particular, the ith bump has maximum h;, attained at w = q;, and
Z:|?
h; > 1 1Zi > y, logn. (2.4
Proof. Completing the square gives
B 1 N 1 GO 7 O e 1
o2 ) 2 2
Summing proves (2.3); maximizing one summand proves (2.4). O



The bump representation isolates the basic mechanism. A radial extreme creates a localized bump whose
height is close to one. Other observations contribute a diffuse background, and one-atomicity fails precisely
when the full bump field exceeds one. At the transition the centers capable of producing a crossing have
radius approximately /2 log n in w-coordinates, even when the original dimension is much larger than log n.

There is also an exact dual formulation which will be decisive in Section 5.1. Let A,, = {p € [0, 1]"
>ipi =1} letu, = (1/n,...,1/n), and write

K(pllu,) = > pilog(npi)

i=1
for relative entropy, with Olog0 = 0.

Lemma 2.5. For every centered collection q1, . . .,qn € R,

1< ?
5 Zl?iqi
i=1

The expression on the right is always nonnegative, since it vanishes at p = u,,.

log sup B,(w) = sup - K(plu,) ¢ . (2.5)

weRd PEAL

Proof. The Gibbs variational formula gives, for every w,
1
log < — eV = sup w- piqi — K(plla,) ;.

Subtract |w|?/2, take the supremum over w, and use sup,, {w - v — |w|?>/2} = |v|?/2. Finally, }; ¢; = 0, so
p = u, gives zero. O

The point-mass choice p = e; in (2.5) gives the one-bump obstruction (2.4). A slightly diffuse competitor
gives an exact and strictly stronger finite-sample threshold.

Proposition 2.6. For n > 3, define

(n -1)? logn
* —
e —) log(n—1) =logn — — + 0 el B (2.6)
if
12
max l9il” R,
1
then sup,, B, (w) > 1. Consequently, E,(ll) implies max; |q;|*/2 < RY.
Proof. Fix i, and define p € A, by
n—1
.= . j = —— ] :,t ) .
pi=— Pi= a=D (j#1)
Since X, g; =0,
n—2 n—2
>ipiaj=—ai  K(plluy) = —=log(n-1).

- n—1 n

The expression in braces in (2.5) is therefore positive exactly when
lgil> _ (n—1)
> log(n -1
2 oo ogn- b

The expansion in (2.6) follows from Taylor expansion of log(n — 1). O



2.2 Gamma extremes and empirical centering

The normalization in Theorem 1.1 is chosen so that the largest centered radial energies have an order-one
Poisson limit. This subsection proves that limit uniformly over arbitrary dimension sequences and quantifies
the effect of replacing Z; by Z; — Z,,.
Put
L, =logn, k,=—

and let Y, have the I'(k,,, 1) distribution. Write f,, and F,, for its density and upper tail. Define b, and a,, by

_ Fu(bn)
ACH

Thus b, is the exact radial 1 — 1/n quantile and a,, is the reciprocal hazard there. Unlike the fixed-dimensional
expansion of b, these definitions remain valid without specifying a relation between d,, and n.

We first verify that a,, is the correct extreme-value scale for every triangular array of Gamma shapes. The
proof is included because uniformity in &, is essential here.

nF,(by) =1, an (2.7)

Lemma 2.7. For any sequence k, > 1, the quantile b, in (2.7) satisfies
bn - kn
Vi

—> 00,

Moreover,

dn

by
= {1+ o)), 2.8)

and, uniformly for x in compact subsets of R,

f,,(bn + a,x) .

— -, 2.9
Fo(bn) ‘ 29

Proof. We may argue along subsequences. If k, remains bounded, then b,, — oo, and the first assertion is
immediate. If k,, — oo, the central limit theorem gives

P{Y, > kn + M\Jkn} — 1 — ®(M)

for every fixed M, where @ is the standard normal distribution function. Since F,,(b,) = 1/n — 0, eventually
by > kn + Mk, Letting M — oo proves the first claim.
For y > k, — 1, changing variables z = y + u in the Gamma tail gives the exact identity

?:((;)) - ‘/Oooexp {—u + (k, — 1) log (1 + %)} du. (2.10)

Set6y, =1—(k,—1)/y =(y—kn+1)/y. The inequality log(1 + v) < v shows that the last integral is at
most J, I, After the substitution v = Oyu, its exponent is

10



on every bounded v-interval. Aty = b,

ki i
= —>
b (bp—kn +1)?

Dominated convergence in (2.10), using the upper envelope e™", therefore yields a, 05, — 1, which is (2.8).
If y = b, + O(a,), then

6)’ _ Fn()))
T Y o

uniformly over the indicated range. The first relation follows by differentiating 6, and using k,, / (b, —k,+ 1)? —
0; the second follows because the dominated-convergence argument applied to (2.10) is uniform for
y = by + O(ay). Since (log Fp,)' (y) = —fu(y)/Fn(y), integration from b,, to b, + a,x gives (2.9). m|

=ap{l +o(D)},

The triangular-array maximum therefore has the usual Gumbel law. No dimension-dependent centering
expansion is needed.

Proposition 2.8. LetY, 1, ...,Y, n be independent I'(k,, 1) variables. Then, for every x € R,

Yni_bn -
P{max _ Sx} — exp{—-e *}. 2.11)

I<isn  ap

More generally, the number of indices satisfying Y, ; > b, + ayx converges to a Poisson variable with mean
X
e ~.

Proof. By Lemma 2.7, nF, (b, + anx) — e *. The exceedance count is binomial with success probability
asymptotic to e~ /n, proving the Poisson limit. Its probability of being zero gives (2.11). O

Throughout the radial analysis, put

1
ol=1--. (2.12)
n
The exact transition coordinate and the associated centered radial excesses are
R*/o2—b Zi—=Z,*/(20%) - b o2
SZ: Vn n/ n }'l’ g;’i: | l nl /( n) n —SZ, 6;: nan‘ (213)
an an Yn
Thus, for g; = (Z; = Zu) /\/Yn>
|q:1?
% =Ry + 0560 . (2.14)

These exact quantities will be used in every theorem statement. Some proofs temporarily replace R}; by log n;
the comparison is recorded once in Lemma 6.14.

The exact Gamma normalization agrees with the moving-shell normalization in every fixed dimension.
The following bridge is used when the bounded- and growing-dimensional arguments are combined.

Lemma 2.9. Fix d > 3, put k = d /2, and define
bn.a =logn+ (k—1)loglogn —logI'(k).

Then a, — 1, by —bp.g — 0, and R* Jo? =logn +o(1). If sk = O(1), then

logn — b
gx = YR OB T On (1) = 2" logn — (k- 1) loglogn + log T'(k) + o(1). (2.15)
En

n a, 1-

11



Moreover, uniformly over 1 <i < n,

|Zi - anz/(zo-r%) - bn — |Zi|2
a, 2

— bpa + op(1). (2.16)

Proof. The fixed-shape Gamma tail expansion gives
yk—l eV

W{I'FO(y_l)}, y — 0.

Fn(y) =

Substitution in nfn(bn) = 1 yields b,, = b,,.q + 0(1), and Lemma 2.7 gives a, — 1. The expansion of R}
in (2.6) gives R* /o2 = logn + o(1). Since s* = O(1) forces y, = O(1), the first equality in (2.15) follows.
The second uses y, — 1 = &, /(1 — &,).

Finally, max; |Z;| = Op(;flogn) and | Z,,| = Op(n~'/?). Hence

\/ logn) = op(1),
n

while multiplication by ;2 = 1 + O(n~") changes the maximum energy by Op(logn/n) = op(1). Together
with a, — 1 and b,, — b, 4 — 0, this proves (2.16). O

ml?lX||Zi ~ Znl* = 1Zi]*| = 02

The Karush—Kuhn-Tucker (KKT) field uses centered observations. The next condition is sufficient for
empirical centering to be negligible on the Gamma extreme scale:

\Vbud,/n

an

— 0. 2.17)

It is automatic throughout d,, = o(logn). In high dimension the direct norm bound behind this condition is
wasteful; the leave-one-out estimate below reaches d,, logn = o(n?).

Lemma 2.10. Assume (2.17). Then

\Zi = Zu|* = |Z:)?
ax
i 2a,

m

—p 0. (2.18)

In particular, .
|Zi = Z4|*/2 = by |Zi>/2 = by
max —max ———
1 an 1 an

—p 0. (2.19)
Consequently, the centered maximum has the Gumbel limit (2.11).

Proof. Proposition 2.8 and tightness imply max; |Z;|?/2 = b,,+Ogp(a,). Lemma2.7 also implies a, = O(b,),

so max; | Z;| = Op(Vby). Since | Z,| = Op(+/dn/n),

Zi = Zu)? = | Zi?| _ max; | Zi| | Zn] + |Z,?/2
ax < = op(1)

i 2an An

m

by (2.17). This proves (2.18); taking maxima gives (2.19). O

The norm bound in Lemma 2.10 controls Z; - Z, by the product of two norms and is unnecessarily
wasteful when d,, is large. A leave-one-out decomposition retains the cancellation in this inner product.

12



Lemma 2.11. Uniformly over d,, > 1,

\Zi = Za|* = |Zi)?
max

1<i<n 2

=0P{d_+ d +_}. (2.20)
n n \n

Consequently, if L,, = o(d,) and d,L,, = o(n?), then (2.19) holds.
Proof. Write
Z..Z_@Jrz..z. Z._EZZ.
i n — n i —1i> -i = n L Jj*
J#i
The two vectors in the second inner product are independent, and Z_; ~ N'(0, (n — 1)n™21,,). Its moment
generating function therefore gives the subexponential bound

= nLn Ln
maX|Z,~~Z_,~|:0p{\/d +—}.
i n \n

The standard chi-square tail bound and a union bound also give

max |Z;|? = Op{d, + VduL, + Ly}, |Zal* = Os{(d, + 1)/n}.

Substituting these estimates into

Zi — Zo|* = |Z;|? _ 7|2
|Zi — Zu|” = | Zi] :—Zi-Z,,+|"|
2 2

proves (2.20).
In the stated range, a;, ~ \/d,,/(4L,). Dividing the three terms in (2.20) by a,, gives, respectively,

v, L, L, L2
o|l—, o|l—]. 0 ,
n \n Vdun
all of which tend to zero. This proves (2.19). O

The two norm-based centering lemmas do not use the exact marginal distribution of a centered residual.

In fact, _
Zi - Zn

~N(0,14,)

n
for every i. The residuals are dependent, but their correlations are weak enough that the extreme exceedance
counts still have Poisson limits. The next proposition uses this exact marginal law to reach dimensions beyond
the range of Lemma 2.11.

Proposition 2.12. Suppose

L, = o(dy).
For every fixed x € R,
Zi—Zu*/(203) - b x
P{max' i = Zal"/(20%) = bn SX} — e ¢ . 2.21)
i ay

More generally, the number of indices for which

|Zi - an2

————— >b,+anx

20_'% n n

converges to Pois(e™).

13



Proof. Fix m > 1. We prove, uniformly for x in compact subsets of R, that

P{Y1 > yu,....Ym >y} = {1 + o(1)}P{Y] > y,.}'", Y = by + apx, (2.22)
where _
yooZizZn o, Vil
On 2

The proposition will then follow by the method of factorial moments.
We first record the Gamma estimates needed below. Put k = k,, = d,,/2, L = L,, = logn, and

h(6) =6 —log(l +9), 6> —1.

IfY ~T'(k,1) and y = k(1 + &), where § — 0 and k6> — oo, then

1+o0(1)
P{Y >y} = exp{—kh(5)}. (2.23)
oV2rk P
Writing fi for the density of Y, Stirling’s formula gives
1+o0(1)
Jilk(1+06)} = —————=exp{-kh(0)}.
(1+06)V2rk

Moreover, the exact identity

—P{;]/((;)y} = /Oooexp {—v + (k—1)log (1 + ;)} dv

shows that
P{Y>y}  y

fey) oy —k+
For completeness, set n = (y — k + 1)/y and substitute s = nv in the integral. Its exponent becomes

-1
—s—k s2+0(3k3s3)
y'n

l{1+0(1)}: ?{1+0(1)}. (2.24)

on bounded s-intervals, while log(1 + v/y) < v/y supplies the dominating function e~*. Since k/(y’n?) ~
(k6%)~! — 0, dominated convergence proves (2.24), and hence (2.23).

Let
_bn—k

k
The central limit theorem and P{Y > b,,} = n~! imply 6,,Vk — co. The Chernoff bound

On

P{Y > k(1 +6)} < e K9
gives kh(6,) < L = o(k), and therefore 6,, — 0. Applying (2.23) at b,, yields
L =kh(6,) +log(6,V2rk) + o(1).

Because 4(8) ~ 62/2, this implies
2L 1 k
On ~ |7 by —k ~V2kL, an~ = ~57- (2.25)

14



Ify, = by +ayx = k(1 + 6,.), then, uniformly for bounded x,

8
;”‘ =1+o0(1).

Using A’ (6) = 6/(1 + 6), (2.23), and a,6,,/(1 + 6,)) — 1, we obtain

612

k{h(6nx) —h(6pn)} =x+0O (7”) +o(1) =x+o(1).

Consequently,
e " +o(1
pu(x) :=P{Y; > yn} = T() (2.26)
We next compare the joint law of Y1, ..., Y, with m independent Gamma variables. For each Euclidean
coordinate, the Gaussian vector (Vy, ..., V,,) has covariance
n 1 T
A=A, m= Iy — 1" =7,+C,
’ n—1 n—1
where |
Cii =0, Cij = 1 (i #J), ICllop + ICllE = O (n™").
Set
k k
t=t,=1-—, B=B,=1—-t=—.
Yn Yn
By (2.29),
t— 0, t\d, = 2+ 0(1)\L,, dut*> = (4 + 0(1))L,,. (2.27)
Let M,ff’,%(t) be the joint moment-generating function of (Y1, ...,Y,,) at the common argument z. The
Gaussian quadratic-form formula gives
MED, (1) = det(L,, — tA)~4/2,
For m independent copies,
MEL (0 = B
Since trC = 0,
Mo (@) dy '
0 — :——logdet(lm——C)
Mo (1) 2
dnt? L
=Om (”—2) =Om (—;‘) =o(1). (2.28)
n n

Under the dependent exponential tilt, each coordinate vector is Gaussian with covariance
sdp = (A7t = 11,) 7 = AL, —tA) .
Under the independent tilt the corresponding covariance is

Zlnd - ﬁ_llm

15



We write Efep and Eit“d for expectation under these two tilted laws, and use EX when the same formula applies
to either one. Writing f;(a) = a/(1 — ta) and expanding f; (I, + C) at I,,, gives

2P = B+ BC+ R IRnmllop < Cunt [ICII3,.
In particular,
-2
() =7+ 0,(tn7?),  (2%P);; = - f —+ Om(tn™?) (i # ). (2.29)

The eigenvalues of both tilted covariance matrices therefore lie in a fixed compact subset of (0, 00).
We now prove the local limit estimate needed for the tilted overshoots. Let f,f,e,ﬂ and f,‘f},ﬁ‘,, denote the
respective densities of

1
Wn:‘/7_n(Y1—yn,...,Ym—yn)

under the dependent and independent tilted laws. We claim that

SUp £ W) = @mW)| — 0, @m(w) = 727 (2.30)
weRm
for x € {dep, ind}.
To prove the claim, let £* be the appropriate tilted covariance, let D, = diag(zi, ..., Zm), and define

The characteristic function of W, is

. m . —dn/2
* LYn I "
z7) =expy-— zjpdet|l,, — —X"D . 2.31)
(2 = e | D e = (

For fixed z, expansion of the logarithm gives

N, m . ~
log 7 m(2) = N;Z{(Z )ii =B}z
j=1

Lo oxpy v |z
~ (D2 D) + 0 | =]

Vd,

The linear term vanishes identically in the independent case and is O,,,(tVd,|z|/n?) = o(1) in the dependent
case by (2.27) and (2.29). Since =* — I,,,, it follows that

X m(2) — 12/

for every fixed z.
We next give an integrable domination uniform in the two tilted laws. Since B} is real symmetric,

(B;>2)“’"'/ )

(2.32)

n

Lxrm(2)] = det (Im +
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If pi, ..., 4 are the eigenvalues of B}, the uniform lower eigenvalue bound for X* gives
m
2 2 2
D45 = IB2IE = el
Jj=1

Hence

(2.33)

_dn/4
CmIZIZ)
n

(@l < 1+
Choose cq > 0 sufficiently small. If |z| < coVd,,, then all ,u?/dn < 1; using log(1 + v) > v/2 in (2.32) yields

W (2)] < emlal’, (2.34)
n,m

On the complementary region, polar coordinates and (2.33) give

—dp /4
/ (1+ Cm|Z|2) / dz
|z|>coVdn dn

d
< Cd™*(1 + ¢)~n/3B (T Sn _ %) = o(1).

278

Here B denotes the Euler beta function. Thus the characteristic functions are uniformly integrable. Pointwise
convergence, (2.34), and the last tail estimate imply

/.

Fourier inversion proves (2.30). Notice that this argument treats the dependent and independent tilted densities
separately; both converge uniformly to the same density ¢,,, and in particular

Xorm(2) = e"z|2/4| dz — 0.

0 (0), £1(0) —> @ (0) = 772,

It remains to compare the tilted overshoot integrals. For x € {dep, ind}, put

‘Irtm:E:( expy ! (Yj_yn) 1{Yj>y,,,1§j§m} .

m
J=1

Writing ¢, = tVd,,, the density of W,, gives

G = [ LGl b

RY

By (2.27), g, — 0. The uniform local limit theorem supplies a common bound on the densities, so dominated
convergence yields

qnInm — om(0).
Therefore
Jdep
n,m
Jind 1
n,m

17



The exponential-tilting identities are
d - d
P{Y1 > Yns oo Yo > ya} = Mo (£)e™"™ Ty

and ) i
Pa(X)™ = M5 (t)e™ "™ Jing .

Together with (2.28), they prove (2.22).
Finally, let

n
Nn(x) = Z 1{Yi>bn+anx}‘
i=1
For an integer-valued variable N, write {N},, = N(N = 1)--- (N — m + 1), and similarly (n),, = n(n —
1)---(n—m+1). For every fixed m, exchangeability, (2.22), and (2.26) give

E{Nn()}m = (W)mPY1 > yu, oo Y > yn} — ™

for every fixed m. These are the factorial moments of Pois(e™*), so N, (x) = Pois(e™). Taking the
probability that N,,(x) = 0 proves (2.21). ]

3 The Two-Dimensional Sharp Window

This section establishes the field estimates for the two-dimensional clauses of Theorems 1.1 and 1.2. At the
critical scale, the KKT field near its maximizing direction contains both a single extreme radial spike and a
nonvanishing contribution from observations just inside the edge. We identify their limiting profile, confine
every possible crossing to a compact radial window, and prove a uniform decomposition used for support
recovery in Section 6.

Throughout this section let Zi, . .., Z, be i.i.d. N(0, 1), let p,, = \/2logn, set Z,, = n~! >.i Z;i, and put

n

1 P 2
H,(1) = ;Zexp{t-zi — 11?2}, Du(t) = e Zme™ T H, (1), A, = kepl.

i=1

The one-atom event is E,(Ll) = {sup, D,(t) < 1}. We write @ and ¢ for the standard normal distribution
function and density.

3.1 The limiting profile

The KKT supremum chooses its direction after seeing the sample. A fixed angular interval of width 1/p,
contains a point with bounded radial excess with probability O(1/p,,), but the maximizing interval can be
centered on such a point after the sample is observed. This selected extreme creates one random spike. The
many observations whose radial energies lie just below log n produce the deterministic background.

Write
2

. R:
Z,'=R,'Ui, Ui=el®i ESI, §i=7’—logn,

and let ang(¢ — ) € (—n, ] denote the principal signed angular displacement from direction ¢ to direction
¢. We also write ang(u, v) for the same displacement from v to u, and set Y;(v) = p, ang(U;, v). The global

radial edge process
n
n = Z 0(£.0:)
i=1

18
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converges to a Poisson point process E = 3 6(¢;.0,) on R X T, where T = R/2x7Z, with intensity

d¢
e " dx —.
2n
For a fixed deterministic direction i, however, the locally rescaled process
Z O(&. pnang(©i-y))
i

has intensity

1 1
+—0() e_x dx dy
27pn

on compact x, y-sets, and hence converges to the empty process. The nontrivial local limit is obtained only
after conditioning on, and recentering around, a radial edge point.
For t = (p, + s)e'?, one observation contributes

(pn +9)*
29,

1 .
Wai (. ) = 5, CXP {(Pn +s)e'V -z, -

If &, s, and
yi = pnang(0; — )

are bounded, then
Woi(W, ) = exp{é&; — s/2 = y; /2 + o(1)}.

Thus a radial edge point (¢, ®;), viewed in the angular coordinate ¥ = ®; + y/p,, creates the local spike
e.f_,'—sz/Z—yz/Z'

The spike has O (1) width in blown-up coordinates, hence O(1/p;,) width on the original circle.
For fixed A, C < oo, the O(1)-radial edge spikes are separated:

P{3i#j: &6 2~A, palang(®; - 0;)| < C} =0,

because the expected number of such pairs is

o 2
0 {(/_A e " dx) /%} =o(1).

Consequently, after the uniform compactness estimates are proved, at most one radial extreme contributes at
order one near any maximizing direction. All other observations form the deterministic background. The
limiting event is therefore determined by the largest radial excess rather than by a nontrivial random process
on the entire circle.

The following calculation identifies the background. Let t = (p,, + s)v, v € ', and truncate observations
at the one-dimensional projection edge in direction v:

. 1 < +5)2
HSIH(V, S) = Z Zexp {(pn + S)V ) Zi - %} 1{V~Z[S,Dn}

i=1
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satisfies
2
e

EHYT (y, 5) = ®(-s), Var HIf (v, 5) < le(“”’J"“)ZQD(—,z),L - 2s) ~
n 27pn
uniformly for s in compact sets. Thus the non-extreme cloud contributes ®(—s) to H,,, or e ‘®(—s) after the
damping factor in D,,.
A radial edge point with
1z
2

&i

and direction U; contributes, at t = (p, + s)U;,

—logn

e texp{&i — s2/2 + o(1)}.
Combining the two contributions, a radial excess x can produce a crossing precisely when

g(x) 1= sup{®(=s) + 1%}
seR

exceeds the damped threshold e*. This gives the one-atom limit
0>(4) = exp{—e™ ™},
where x, is uniquely determined by

sup{®@(-s) + exﬂ_sz/z} = et
seER

Equivalently, if a; > 0 solves

D(ay) + $(ay) el
a,

then
xa = —log(V2ra,), 02(1) = exp{-V27a,}.

The optimizer is s = —a,, obtained from
—¢(s) — seXs' 2 = 0,

The map a — ®(a) + ¢(a)/a is strictly decreasing, since its derivative is —¢(a)/a?, so a, is unique.
The optimized profile crosses every level above one exactly once. Its strict monotonicity later converts a
fixed radial gap into a fixed KKT gap.

Lemma 3.1. Let

2(x) = sup{®(—s) + 7/},
seR

Then g is finite, continuous, and strictly increasing, with limy_,_, g(x) = 1 and limy_,., g(x) = co. Hence,
for every 1 > 0, there is a unique x 3 such that g(x,) = e, and for every n > 0,

glxa—-n) <et <glxa+n).
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Proof. For every finite x, the objective exceeds 1 at some finite negative s. Indeed, with s = —a, Mills
ratio gives 1 — ®(a) ~ ¢(a)/a, whereas eX=@’2 = V2re*¢(a); the second term dominates the first for
sufficiently large a. On a compact x-interval, the objective converges uniformly to 1 as s — —oo and to 0
as s — +oo. Its supremum is therefore attained in a common compact s-interval. Continuity follows from
compact maximization, and strict monotonicity follows because e* -s?/2 g strictly increasing in x at every
finite maximizer. Finally, 1 < g(x) < 1 + ¢* implies g(x) — 1 as x — —oo, while g(x) > ¢¥ — oo as
X — oo, ]

The explicit parametrization also gives the endpoint behavior

1-0) ~e™? (1> ), log 02() = —24/mlog(1/){1 +0(1)} (2]0).

Indeed, as 1 — oo, the defining equation gives a, ~ ¢(0)e~*. Since e™** = V2ra,, this proves the first
relation. As A | 0, the two-term Mills expansion gives

o= ¢E;/1)
2

{1+0(aH)}).

Thus aﬁ ~ 21log(1/4), which proves the second relation. For large A, the diffuse background is negligible and
the radial Gumbel tail determines the limit. By contrast, Q»(1) | 0 as the shrinkage tends to zero.

3.2 Radial compactness

Radial compactness reduces all possible crossings to |¢| = p, + O(1), without yet identifying the limiting
field.

Proposition 3.2. Assume d =2 and A,, = k,p% — A € (0, ), where p, = \[2logn. Then
lim limsupP sup Dy(t)>1;=0.
TP noe 1t]=pn|>A
Thus, up to a probability which vanishes after n — oo and then A — oo, every crossing has the form
t = (pn+95)V, Is| <A, vesh

Write

: 1 o2 1 o2
Hglﬁ(r’v) = Zerv Zi-r /zl{v-Z,-Spn}’ To(r,v) = - Zerv Zi-r /21{V-Z,->pn}-
i i

Thus H, (rv) = HT(r,v) + T,,(r, v). The split is at the one-dimensional edge in direction v.
The diffuse part cannot create a crossing below the compact window or at its upper boundary.

Lemma 3.3. For every 6 > 0,
lim limsupP sup Hgiff(r, v)>1+6;, =0,
A—>00 p 00 Pn/2<r<pn—A, vesS!

im limsup P { sup Hgiff(pn +A,v) > 6} =0.

1
A>®0  ps00 ves!
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Proof. Put
_ IZi|2 far _
& = — - logn, ¢, = 8logpy,
and let

Rn(A) ={r :pn/2 <r < pp— A} U{p, + A}.

Completing the square gives the radial identity

_ 2 2
%} 2@ = 5 ogn, 3.1)

1 exp{rv -z —r*/2} = exp {X(Z) -
. 2

First remove the near-edge layer. Let Hgiff’o be HY with the additional restriction & < —£f. Every

. . iff.0 - _ pfar . . . .
summand retained in Hﬁ' 0 is at most e~%" after normalization. Hence the unnormalized summand is
far far
bounded by ne = t

, and its second moment is at most ne " “» times its first moment. Since
EHYTO(r,v) <BEHYT(r,v) = ®(p, 1) <1 (r € Ru(A)),

Bernstein’s inequality gives, at each fixed (r, v),

P{HITO(r, v) — BHIMO(r, v)| > n} < 2exp{—c, e}

Let ¥, be the class of normalized summands

| R
Vil and ;erv < r2/21{v-z§pn}I{X(Z)S_frf;ar}’ r e Rn(A), Vv E Sl,

so that Hﬂiﬁ’o(r, v) is the sum of n functions from %,,. This is a VC-subgraph class of fixed dimension: after
taking logarithms in the subgraph coordinate, its subgraphs are intersections of a fixed ball, a halfspace in
z, and a halfspace in (z,logy). Standard closure properties therefore give polynomial covering numbers,
uniformly in n; see [vdVW96, Sections 2.6.2 and 2.14.1]. In the present bounded-envelope setting, the
Bernstein maximal inequality from that entropy bound has the form

2
P sup >7n SCpffexp{—L}.
feFn

e_frflar + ne_frflar
Moreover, identity (3.1) bounds every member of 7, by e “» , and the sum of its variances by e~". The
Bernstein maximal inequality for VC-subgraph classes now upgrades the pointwise estimate to the whole
: : o . . far
class. Its entropy cost is O (log p,,), whereas its deviation exponent is of order e’ = p8. Hence

D {F(Z) -BF(Z))

i=1

far
[n

- i P
sup |H21ff’0(r, V) — EHSIH’O(r, v)| — 0.
reR,(A),veS!
It remains to control the removed layer. Write Z; = R;U; and Y;(v) = p,ang(U;,v). If & > 0 and
v-Z; < pn, then
|Zi —rv]> > |Zi)> + 7% - 2rp, =2& + (r — pn)z,
so every such positive-edge term is bounded by e~ 2 uniformly over » € R,,(A). Thus their total contribution
is at most e‘Az/ZN,J{, where N;' = #{i : & > 0} = Op(1).
For —{™ < & <0, R; = pp + O(£™ /p,,). Uniformly over r € R,,(A), for all large n,

|Z; —rv]? > cA? + cYi(v).
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Therefore the negative part of the removed layer is bounded by

2 ey (v)2
e~ A sup Z ebig=cYi(v)”

1
VvES Py

The last supremum is tight. Indeed, partition (—£%", 0] into the slabs —k — 1 < & < —k, 0 < k < [£], and
cover S' by O(p,,) arcs of length O(p;; ). If Ny, denotes the number of points in the k-th slab and in the £-th
enlarged arc, then the Gaussian angular kernel has summable tails and

Y ()2 _
sup Z ebie=¥iV)” < C Z e km?XNk,g.
Vo _grcgi<0 k<[efr

Here ENy, < Ce*/p,.. Chernoff’s bound and a union bound over the O(p,,) arcs give, with probability

tending to one,
k

m;lXng <C (e_ +k+ 1) for all k < [£%7.
Pn

Consequently the displayed shot-noise supremum is Op(1). We have proved

sup  {HIT(r,v) — HITO(r 1)} < e 205(1) + e Y 0p(1).
reR,(A),veS!

On the lower side, EHgiﬁ’O(r, v) <1, SO the first assertion follows from the concentration estimate and
then A — oco. At the upper boundary, EHS‘H’O(pn +A,v) <EHYT(p, + A,v) = ®(-A), and ®(-A) — 0.
The concentration and removed-layer bounds above therefore prove the second assertion as well. O

The tail part 7}, is likewise negligible away from |r — p,| = O(1).

Lemma 3.4. For every é > 0,

lim limsupP sup  T,u(r,v)>d;=0.
—00 p—co r>pn/2, veS!
[r—pnl=A

Proof. Put & = |Z;|?/2 —logn and N = #{i : & > 0}. Since |Z;|?/2 is exponential in dimension two,
N,;; = Pois(1) and
P{max&; > A*/4} — 1 - exp{—e_A2/4}.
4

Hence the event ,
max&; < A%/4,  Ni<et/8
1

has probability tending to one as first n — oo and then A — oo. If v - Z; > p,, then & > 0. On the displayed
event, write R; = |Z;|. Forr < p,, — A,

2

, 2 2
rv-Zi—?—logns(pn—A)R,-—

= A A
(pn = A . ) ~logn < &~ = +o(1).

For r > p, + A, the maximum over r is attained either at 7 = p,, + Aoratr = v - Z;. Since & < A%/4 implies
R; = pn + O(A?/p,) < pn + A for large n, the boundary case applies and gives

2 +A2 AZ
rv-z,-—%—logns(p,,+A)Ri—%—1ogns§,-—7+o(1)s—A2/4+o(1).
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Therefore
sup  Tu(r,v) < Nie A/4o(l) < p=A/8ro(D)

r>pn/2, veS!
[r—pnl=2A

on the displayed event, which proves the lemma. O
An ordinary bulk estimate removes the remaining range 0 < [t| < p, /2.

Lemma 3.5. Assume d = 2 and 1, = k,p> — A € (0,0). Then

0<|t|<pn/2

P{ sup D, (1) > 1} — 0.

Proof. We repeat the three estimates behind Proposition 4.10, proved for fixed d > 3 in Section 4.4, and
verify them at the two-dimensional scale k, =< p,% < 1/logn.
First consider 0 < |f| < coky,. The sample covariance satisfies

= O0p(n™"7?) = 0p(kn).
op

lZ:(Zi - Zn)(Zi - Zn)T - 12
n i

The Hessian argument in Lemma 4.7 therefore applies unchanged: for a sufficiently small fixed co > 0, with
probability tending to one,

D) <1—ciult> <1 (0< 1] < cokn).

For cok,, < |t| < 1, use the quadratic empirical-process expansion from Lemma 4.9. The only scale
conditions needed there are

-1/4 >
1z

9
Kn 2

= 0s(n"'?p) — 0.

=

They imply, uniformly on this range,

|Hy (1) = 1] + |t - Zy|

1 — e_Knltl2

= op(1).

For 1 < || € pn/2, repeat the dyadic decomposition and clipping argument from Lemma 4.9. Explicitly,
partition the squared radii into dyadic intervals [x;,x;], put

1/2

Rj=x/7, 7, = 201og(1/k,) + 10010g py. gquadB; = exp{R3/2 + R;T,},

and clip each likelihood ratio at B ;. Here |t]?> < (log n)/2, so the variance and envelope bounds are et < plf2

and B; < n'/4*o(1) The net entropy is still O (log n), while the Bernstein exponent is at least
n'270W 2 5 Jogn.
Thus there is a deterministic §,, | O such that, with probability tending to one,
[Ha(1) = 1 + [t Zy < 658(1),  g(r) = 1= e I'F,

uniformly on cok, < |t| < p,,/2. (In particular, p,,|Z,| = op(1).) The algebra in the proof of Proposition 4.10
then gives
Dp(1) < %801 - g()H{1 +6ng(} < 1

uniformly on that range for all large n. Together with the microscopic estimate, this proves the lemma. O
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Proof of Proposition 3.2. Lemma 3.5 controls the bulk range:

0<|t|<pn/2

P{ sup D, (1) > 1} — 0.
For the upper exterior, use the centered representation

D, (rv) = l Zexp {rv (Zi = Zp) -

1+ 2Knr2} '
n

2

4

With probability tending to one, max; |Z; — Z,,| < p, + A/2. On this event every summand is decreasing in r
for r > p, + A, so the upper exterior reduces to the boundary r = p,, + A. Since p,|Z,| = op(1),

sup D, ((pn + A)v) < e "W sup(HT (p, + A, v) + T, (pp + A, )}
v 14

The upper-bound parts of Lemmas 3.3 and 3.4 make the right side smaller than one with probability tending
to one after A — oo.
It remains to consider p, /2 <r < p, — A. On this range

—Kknr? < e—/l/4+0(1), —rv-Zp, — eOP(l)‘

e sup e

r,v

Lemma 3.3 gives H3(r,v) < 1+ 0p(1) + 04(1) uniformly, and Lemma 3.4 gives T, (r,v) = op(1) + 04(1)
uniformly. Since e~/* < 1, the lower exterior also cannot contain a crossing once A is large. O

3.3 Compact-window decomposition

We now approximate the full field on the compact radial window. Observations below a slowly receding
radial cutoff form the deterministic background; those above it produce narrow angular kernels.

Proposition 3.6. Assume d = 2, put p,, = \2logn, and let K C R be compact. Let ang(u,v) € (—n, n]
denote the principal signed angular displacement from v to u. For Z; # 0, write Z; = R;U;, and set
R?
§i=— —logn,  Yi(v) = py ang(Ui,v),

so that Y; (v) is the blown-up signed angular displacement from v to the observation direction U;. If I ¢ S' is
a closed arc and ffldge = 4log p,, then

2 2
Y; P
sup |H,((pn + s)v) — ®(=s) — E eXp{ - - i(v) } — 0.
vel, seK . edge 2 2
i:&>-C, &
Proof. Write rg = p,, + s. First separate the diffuse contribution below the radial edge. For L > 0, define

; 1 v r?
Hgii(V,S) = ; Zexp {I”SV . Zi - 79} l{fi<—L}'

i=1

We use L = €2dge. If¢é; <—L,thenR; < Ry = (/),21 —2L)'/2, and uniformly for s € K,

1 2 - R1)?
— exp rsv-Z,-—r—S <exp —L—(FS—L) < Cge L.
n 2 2
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The sum of the variances is therefore at most Cxe~ . Bernstein’s inequality gives, for each fixed (v, s),
P{IHYT (v,5) —EHLT (v, 5)| > n} < 2exp{-ck,pe"}.

The field H3'"} is smooth in (v, s). Each summand has logarithmic derivatives bounded by Ckpy, in the
angular coordinate and by Ck p,, in s. Fix > 0, and choose an angular mesh of order p;, % and an s-mesh of
order p;;!. The mesh constants can be chosen so that neighboring values of both Hgi,fi and EHfli’fz differ by a
factor at most 1 + 7. The grid has polynomial size in p,;, so a union bound upgrades the pointwise Bernstein
estimate to the grid. Because EHfli’f{ < 1, interpolation from the grid costs only an additive O(7); letting
n | 0 gives

sup |HYT (v,s) —EHYT (v,5)] >0,
n n

vel, sek ol o
because e[fldgc = p* dominates the grid entropy.
It remains to compute the mean. By exponential tilting,
EHIT (v,5) = P{|G + ryv|* < pj — 2L}, G~ N(0,1).
After rotating v = ey, this probability is
P{(rs+G1)> +G3 < p2 -2L}.

Condition on G,. On the event |G;| < p,ll/ 3 the boundary for G| is

2% L G212 29 L G2 4 1)2
TP R o ST L

Pn I

uniformly for s € K. The quadratic inequality also has the lower boundary

Gy 2 —ry — P}~ 25 ~ G} = ~2p, + Ok (1)

on this event, whose Gaussian probability is uniformly o(1). The complement of {|G;| < p,ll/ 3} also has
probability o(1), and the displayed upper boundary converges to —s uniformly on K after conditioning on G».
Dominated convergence and the Lipschitz continuity of the Gaussian distribution function give

sup |EHYT (v, s) — ®(—s)| — 0.

[edge
vel, seK »‘n

Thus the contribution from {&; < —t’,idge} is ®(—s) + op(1), uniformly on 7 X K.
Now consider the edge contribution

AT (v,s) = Z d %exp{rswzi—g}.
in&>-0%
We compare it with the displayed atom sum. Let
Cn=logpn, Y, = (logp,)'/.
The event max; & < C, has probability tending to one, since nP{¢&; > C,} = e~». Also

D S =0 + C),

. d,
-0, <& <Cy
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because &; has shifted exponential intensity e~ dx in dimension two.
On the event max; &; < Cy,, the exact contribution of an edge observation with —f,idge < & < C, satisfies

1 2
~exp {rsv " Zi - %} < Cke® exp{—c min(¥;(v)*, p;)}.
n

This follows from

ra (Ri_rs)2

rev-Zi — 55 —logn =& — 5 —rgR;{1 — cosang(U;,v)},

and r¢R; =< p2 in the displayed range. Hence the total contribution of terms with |¥;(v)| > Y,,, in either AS* or
the Gaussian atom sum, is ,
Oz (6,5 + Ca)e™ Y = 0p(1)

uniformly in v € I and s € K, by the definition of Y¥;,. For the remaining terms —ffldge <& < Cyand
|Y; (v)| < Yy, Taylor expansion gives, uniformly in i, v, s,

2 2 ()2
log [%exp {rsv-Zi - %S}] - {f,- - % - Y[(2v) }

d
GE+C Yy

= Ok

Pn Pn  Pj

The total atom weight is Op(log p,,), while the relative error is O (log p,,/pn)- Their product is op(1), and
hence

2 Yi 2
sup  |AR (v, ) = Z exp{i—s—— (2‘))}10.

el, seK 2
v &> L
Combining this with H,, = Hd“;edge + A% proves the proposition. O
n,ty,

Proposition 3.6 uses the slowly receding cutoff ff,dge = 4 log p,, which makes the background concentrate
uniformly. For the final supremum bound, we replace it by a fixed cutoff. For every fixed A < oo, the edge
points with &; > —A are finite in the limit and have no 1/p,-scale angular collisions:

P{3i#j: &.& > ~A, pulang(Ui,Uj)| < L} < CaL/pu — 0.

Edge points in the lower radial strip —£2"%° < & < —A have negligible total contribution after A — oo,
allowing a fixed cutoff.

Lemma 3.7. Let é’fldge = 41log pn, and write Y;(v) = p, ang(U;, v) for the principal angular displacement

between U; and v. For every 6 > 0,

lim limsupP{ sup Z R QNN S )
A oo veSl | cdee
-0 <g<-A

Proof. Putm}; = [{’,e,dge] and, for integers m > 0,

Ipp={i:—-m—-1<§& <-m}.
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These are unit radial-excess layers; on I,,, ., the weight e is of order e ™. Since |Z;|*/2 is exponential in
dimension two,

P{i € Iyn} < Ce™/n, m < mj),
and the angle O, is independent and uniform on the circle.

Forg=0,1,...,|7p.], let
Nmg.n = sup#{i € lmn: pnlang(®; —¢)| < g+ 1} .
¢peT
Covering the circle by O(p,,) arcs shows that every interval appearing in the supremum is contained in one of
the covering arcs, with length enlarged by only a fixed factor. For one such enlarged arc the count is binomial
with mean
Hm.g.n < C(g+1)e™/py.

Set

(g +De™ log pn

Pn 1 +1log, (pu/((g + 1)e™))’
The binomial Chernoff bound P{Bin(N, p) > r} < (eNp/r)" for r > eNp, together with the multiplicative
Chernoff bound when r is a fixed multiple of N p, implies that for a sufficiently large numerical constant B,

Am,gn =1+ log, x = max{log x, 0}.

P{Nu,gn > Bamgnforsome A<m <mj, 0<q <mp} — 0
for each fixed A. Indeed, if u,, 4., < 1, the last term in a,, 4 , makes

Am,q,n 1Og{am,q,n/,um,q,n} > clog py,

while if p, 4 » > 1, the term log p,, gives the same union-bound margin unless i, 4. » > log p,, in which
case the linear mean term does. Choosing B large makes the tail summable over the O(p2 log p,,) enlarged
arcs, layers, and angular scales.

On this high-probability occupancy event, uniformly in v,

my L7pn ]
Z eéf*Yi(V)z/2 <C Z e ™M Z €7q2/2Nm,q,n
- g <A m=|A] q=0
L7pn] my
<C Z e 412 Z e M am g n.
q=0 m=|A]

The first two terms in a,, 4, contribute
- d
O(e™) + O(6,%pn).

For the logarithmic occupancy term, fix A and split the m-sum at log{p,,/ (g +1)}. This gives the deterministic
bound

& _ logpn —A (C] + 1) logpn
e <Ce™l+log(qg+2)}+C12ckn
m:ZLAJ T+ Tog, (pa/((g + De™) i o

for all n > ng(A), uniformly in ¢g. This fixed-A qualification is essential; the estimate is not asserted for a
simultaneous choice A = A,,. After summing in ¢ against e~9"/2, the right side is

O(e™) +0(1).
Thus the displayed supremum is at most Ce™* + o(1) with probability tending to one, and the lemma follows

by letting A — oo. O
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The moving-cutoff decomposition can therefore be replaced by the fixed-cutoff form needed for the reverse
inequality.

Lemma 3.8. For each compact K C R, each C < oo, and each 6 > 0,

Hp((pn + 5)v) = @(=s)

>6}:0.

Proof. Apply Proposition 3.6 on a finite closed-arc cover of S!. On {max; &; < C}, its fixed-cutoff sum omits
only the observations with —f,eldge < &; < —A. Their absolute contribution is bounded uniformly in s € K by

lim limsupP{maxé; < C, sup
A0 oo ! ves!
sekK

e&ims?/2-Yi(v)?/2

Ii—A<&<C

V. 2
sup &Y,
1
VEST g g o
because e~*"/2 < 1. Lemma 3.7 makes this term vanish after first taking n — oo and then A — oo, proving
the fixed-cutoff form. O

4 The Spatial Edge in Dimensions d,, > 3

This section proves the spatial-exclusion estimates needed for the d,, > 3 clause of Theorem 1.1. The exact
Gamma normalization gives the same radial Poisson limit in every growth regime, but the argument showing
that subthreshold observations cannot create additional KKT contacts changes with dimension. We first
derive the common radial coordinate, then prove the required exclusion in bounded and growing dimensions
below the simplex scale. Section 5 treats the remaining high-dimensional regimes.

4.1 The radial coordinate

The exact coordinate s* appears in Theorem 1.1. In the range d,, logn = o(n?), the spatial estimates are
cleaner in the following log n-based coordinate:

L,-b
sy = Lamn = O 4.1)
an
The corresponding critical variance defect is
L
S =1- b—:, (4.2)
and an O(1) change in s, changes &, on the scale
a,L
Ag, < % (4.3)

n

Lemma 6.14 shows that s,, agrees with the exact coordinate s* whenever d,, logn = o(n?). Define

Z-22—b,1 a,
g, = A2 o an

an Yn
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At the normalization (4.1), the bump height is exactly
hi = exp{6n(&n,i — sn)}- (4.4)
The score radius satisfies the exact identity

2= |1Z;|?

n

|Qi =2L,+ 25n(§n,i - sn)- 4.5)

Consequently, |g;|*> = 2L, + Op(8,) for edge observations with &, ; = Op(1) whenever s,, = O(1). Thus the
top bumps live on a sphere of radius v2L,,. The dimension affects their angular geometry and the height
scale ¢,,, but not their leading score radius.

When d,, > L,,, however, 6, — 0, so a radial gap of a,n below threshold creates only a height gap of
order 6,7n. The remainder of the field must therefore be op(8, ), not merely op(1).

4.2 Consequences across dimension scales

The exact definitions (2.7) are preferable in the main theorem, but their asymptotic expansions reveal how
the critical defect and window width depend on dimension. In this subsection €., = 1 — L,,/b,, denotes a
leading-order proxy for the critical defect. Section 5.2 restores the finite-sample correction that becomes
visible when d,, = n?logn.

Sublogarithmic dimension.
Suppose k, = o(L,). Then b,,/L, — 1, a,, — 1, and

k
by =Ly+ (k,—1)logL, —logl'(k,) + O L_n {1+ (kp,—1)logL, —logI'(k,)}|. (4.6)

n

When in addition k, — oo, Stirling’s formula gives the simpler leading term

L
b, — L, ~ k,log k—” 4.7)
n
Consequently, L . p . 1
n n _ n ogn -
Eeon L, log P 210gnlog a0 Ag, < Togn’ (4.8)

For fixed d > 3, (4.6) reduces to
d
b, =logn + 5~ 1)loglogn —logI'(d/2) + o(1),

recovering the fixed-dimensional normalization used in Section 4.3. If d,, — oo, then b,, — L, — o0; this
makes the diffuse edge background vanish, leaving the radial maximum as the limiting obstruction.

Justification of (4.6). Fory >k, — 1, (2.10)and 1 < F,(y)/fa(y) < {1 = (k, — 1)/y}~" give
log Fu(y) = =y + (kn — 1) logy —logT'(ky) + O (kn/y).
Standard Gamma Chernoff bounds first give b, /L,, — 1. Substitute y = b,,, write b,, = L,, + r,, and expand

logb,, =log L,, + O(ry,/L,). The resulting equation first gives r,, = O((k,, — 1) log L,, —logI'(k,) + 1), and
a second substitution gives (4.6). Formula (4.7) follows because L, /k, — oo. O
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Logarithmic dimension.
Suppose k,/L;, — ¢ € (0,00). Let x. > 1 be the unique solution of

1
xc—1—-logx, = —. 4.9)
c
Stirling’s formula and the Gamma saddlepoint estimate yield
b 1
o Xer Ao —— Eea o - —. (4.10)
kn xe—1 ’ CX¢

The transition therefore occurs at a nonzero constant variance defect, while its width in g, remains of order
1/logn.

Superlogarithmic dimension.
Suppose k, /L, — co. The Gamma quantile is in its moderate-deviation range:

b = kn + \2knLp{l +0(1)},  an =+ /;L" {1+o(1)}. 4.11)

Hence

VL, Ly
o N 4.12)

L
gen=1-"{l1+0(1)}, Aeg,x=
kn
The fitted variance must now be much larger than the data variance: the critical defect tends to one. The
shrinking factor 6, in (4.12) is also the precision required of the single-bump approximation.
In particular, the usual proportional-dimensional regime d,/n — 7 € (0, ) is a special case of the
superlogarithmic regime, not the logarithmic regime d,, < logn. In that case,
2logn 2logn A Vlogn

~
=S

, £y X ———.
d, ™ "Tp32

The raw squared radii are of order n, but after the variance rescaling the likelihood of one empirical bump
still has to overcome its factor 1/n; this is why the KKT threshold remains log 7.

For completeness, all three regimes follow from the same saddlepoint formula. If k, — oo, put
Xy = by /ky, > 1. Uniformly at the extreme quantile,

1+o(1)
(x, — D21k,
Indeed, Stirling’s formula gives the density at k,x,, while Lemma 2.7 gives the tail-to-density ratio
Xn/(xn, — 1){1 +0(1)}. Equating the logarithm of (4.13) to —L,, proves (4.10); when k,, /L, — oo, expanding
x—1-logx = (x = 1)?/2+O((x — 1)?) proves (4.11).

Finally, (2.17) is automatic when k, = O(L,). If k,,/L,, — oo, (4.11) reduces it to

I —é&cn~

Fo(knxy) = exp{—kn(x, — 1 —logx,)}. (4.13)

koL, = o(n). (4.14)

4.3 Bounded-dimensional radial patches

This subsection proves the fixed-dimensional spatial exclusion needed for the d > 3 support law in Theorem 1.1.
The moving radial shell identifies the candidate KKT patches, and the uniform estimates in Subsection 4.4
exclude every other score location.

Let Zy,...,Z, beiid. N(0,1;),d > 3, and set

1 n
Ha(1) =~ Dlexp{r-zi—12/2},  teR?
i=1

31



4.3.1 The moving radial shell
Let

1Zi? Zi

Y = ——, U; = e s4-1 k =
|Z;]

d
X
Since Y; has the I'(k, 1) law,

bn.qa =logn+ (k —1)loglogn —logI'(k),

the fixed-dimensional specialization of the Gamma extreme-value theory in Section 2.2 gives the marked
radial limit.

Lemma 4.1. The extremal process

&

En=) O(i-bpa,Ui)
i=1

converges to a Poisson point process on R x S¢~1 with intensity e *dx oq_1(du), where o4_1 is normalized
surface measure. In particular, M,, = max;(Y; — by, q4) satisfies

P{M, <x} — exp{—e *}.

Proof. Proposition 2.8 and Lemma 2.9 give the unmarked radial limit. Radius and direction are independent,
and U; has law o;_1, so the standard marking theorem gives the displayed point-process convergence. 0O

Put p,, = /2b;.4 and

A, = Knp%l.

In the critical window A,, = O (loglogn), and it is useful to write
Sn = Ay — (k=1)loglogn +logI'(k).

Completing the square in one summand of D, or equivalently using Lemma 2.4, shows that an observation
with Y; = b, 4 +x has optimized log contribution x — s, + op(1), uniformly for bounded x. Thus an observation
is locally supercritical precisely when its radial excess x exceeds s,,; these observations index the candidate
KKT crossings.

To resolve each candidate spatially, write the score and observation in normal coordinates about a direction
v. Letexp, : 7,891 — §9-! be the Riemannian exponential map and put

t = (pn + i) v, z= (pn + i) exp,, (l) , y € Tde_l.
Pn Pn Pn

Then, uniformly for x, ¢, |y| = O(loglogn),

2 2 4

t log1

t-z-— % —logn — ku|t]> = (k — 1) loglogn —log T'(k) — A, +x — % + O(M).
Pn

The radial score offset g cancels to first order. A radial excess x therefore raises the optimized contribution by
x, whereas an angular displacement y/p,, lowers it by |y|?/2; the variance defect subtracts 1,,. The estimates
below show that the rest of the sample contributes op(1) uniformly on each candidate patch. Subsection 6.2
uses these patch estimates to recover the fitted support.
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For the uniform exclusion argument, use the centered radial maximum

: Zi — Zn|?
ME :max(%_bn,d)-

n 1
It differs from M,, = max;(Y; — b, 4) by op(1), since

- Zn|?
M5 = M| < max (2] 12+ 225 = 021,

4.4 Uniform moving-shell estimates

This subsection supplies the estimates used to prune subthreshold radial patches in Lemma 6.10. Bennett’s
inequality controls the center of each angular patch, while scaled derivative bounds and Morrey’s inequality
control oscillation across patches of diameter 1/p,. The following bulk estimates handle smaller score radii
by a clipped empirical-process argument.

For the moving-shell bound, replace the field by an independent truncated field. On the radial-maximum
event used in the comparison, every observation lies below the deterministic truncation radius, so the two
fields agree.

Fixagapa > 0. Setr = |t],

Tq(a) = logn+ 4, —a, Ry(a) = {2Tn(a)}1/2,

and write R, = R, (a). Define

2
()_1 _nz r ()_ (@)
Vl‘tl _;e KnT exp{t-Zi—§}1{|Z,~|sRa}, Sta = E:Vz?
13

Let
Tu(B) = {t: |[t1*/2 = bya| < Bloglogn}.
The centered field is compared to this independent truncated field with a small deterministic loss in the gap.

Put
a, = (loglogn)~2, G = {pnlZn| < an}.

Since a,Vn/p, — o0, P(GS) — 0, and on G,,, for all large n,

sup |t - Z,| < 2a,.
t€7,(B)

If MS < s, — 1, then |Z; — Z,|?/2 < logn + A, — n for all i. On G, this implies |Z;|>/2 < logn + A, — n/2
for all large n. Consequently, uniformly over ¢ € 7, (B),

D, (1) < Pns(?.

It is therefore enough to prove that, for fixed a > 0, the independent truncated field stays below 1 — o(1)
uniformly on 7,,(B).

The first input bounds the moments of one truncated summand. Exponential tilting turns each moment
into the probability that a noncentral Gaussian lies in the truncation ball; a one-dimensional Gaussian tail
estimate then gives the required decay.
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Proposition 4.2. Fixd > 3, Cy < oo, B < o0, p > 1, and a > 0. Suppose the sharp-scale relation
d
Sp=Ap — 5~ 1|loglogn +1logI'(d/2)

satisfies |sy| < Co. Uniformly over deterministic sequences satisfying this relation, over directions t/|t|, and

over
}"2

5~ b,.q4| < Bloglogn,

one has
n

DBV < Cpap.coapy exp{-dn = (p — a+o(1)}.
i=1

Proof. The exact identity is
& 2 2 2
DBV = n! P emper (P PR 4 pr| < Ry(a)),
i=1

where G ~ N (0, 1;). Alignt = rey, write G = We| + U, and put A = pr — R,,(a). In the moving window,
A= (p-1)p,+0((loglogn)/pn),so A > cpp,. If |G + pt| < R,(a), then

W < - (pr - VRi()? = 1UP) .
Mills’ bound and the inequality
U?
2Ry (a)

pr—VR,(a)? = |U|? > A+

give
pr- Rn<a>>2} |

P{IG + pt] < Ru(a)} < Cp.apy! exp{ .

Substitution gives
N p
DEVEY < Cpapy exp {=prcar? + (p = D(An = @) = S = Ru(a)?}.
i=1

Since the sharp-scale assumption gives 1, = O(loglogn), one has k,r> = A,, + o(1) uniformly in the
displayed shell. This proves the stated estimate. O

Under the same sharp-scale assumptions, the truncation also gives the pointwise jump bound

Vz(,?) < e—a+o(1)

uniformly in the moving shell. Indeed

1’2

1
log Vl(?) < —logn - Knr? — > +rR,(a) = Ay —a — kpr® — E(r - Rn(a))z.
Thus Vl(f) < ¢4 < 1 for large n, where c,, is deterministic.

The moment and jump bounds give a fixed-location tail strong enough for the angular union bound after
the Morrey step.
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Proposition 4.3. Fix d > 3, Cy < oo, B < oo, and a > 0, and suppose the sharp-scale relation in
Proposition 4.2 satisfies |s,,| < Co. Uniformly over deterministic sequences satisfying this relation and over
the moving shell, for every deterministic §,, — 0 with 0 < 6,, < 1/2 eventually,

e (1-8,)-0(1)
P{S' > 1-6,} < Cap.cod (p,;le-ﬂn) .

In particular, at level 1 the exponent is e — o(1).

Proof. Let u; = ESt(a), v, = ZiVar(Vi(';)), A, = p;'e™, and x,, = 1 — 6,. Proposition 4.2 with p = 2
gives
v, < Cpr:le—/l,,,—aﬂ)(l)’ w < e—/ln+o(l) — 0(1)

under the displayed d > 3 sharp-scale assumption. Bennett’s inequality for 0 < Vl(f) < cq4 < 1 gives

PS> x,} < exp [—:—;h(M) . ) = (1 +uw)log(l+u) —u.
a t

Using the sharp jump bound Vl(’;) <e M andlog A;! = (d - 1) log p, + O(1), the Bennett rate is at least
{e9(1 = 6,) —o(1)}log AL

This proves the displayed estimate. Only the second moment is needed at a fixed location; the derivative
estimates used for the Morrey transfer require higher moments. O

At the sharp scale s, = O(1), equivalently 1, = (d — 2)logp, + O(1), the quantity p;'e " is
On (d=D+o() "The srict near-unit exponent ¢“(1 — o(1)) > 1 is therefore exactly what is needed to union

bound over pz_Ho(l) angular locations. Throughout the remaining d > 3 estimates, “at the sharp scale

sn = O(1)” means uniformly over deterministic sequences satisfying |s,| < C, for each fixed C < oo;
constants may depend on C.

Scaled derivatives control oscillation on angular boxes at scale 1/p,,, reducing the continuum to a net of
. d-l1+o(1)
size py, .

Lemma 4.4. Fixd >3, p > d, a > 0, and suppose s,, = O(1). Let Q < R4 be a fixed cube, and let {uy}
be a bounded-overlap family of smooth charts such that {uo(Q/pn)} covers S¢=1, the number of charts is
0 (p¢~"), and all first two derivatives of the charts are bounded uniformly in a and n. For each fixed B < oo,
in moving-shell coordinates

t=1(q,y) = V2(bna +q)ua(y/pn), lg| < Bloglogn, ye€Q,
one has

E / /IV , s@) P dy dg < (loglogn)C.
; lgl<Bloglogn JQ Y"1(q,y)

The displayed derivative-moment bound also holds on every fixed physical-offset annulus

l:t(h,y) = (Ra—h)ua(Y/Pn), |h| SA’ yEQ,
with C = C(a, A, B,d, p). Consequently, in either region and for every fixed y > 0, a net of cardinality
P~ (loglogm) ™ = pj ™1tV

suffices, with probability tending to one, to approximate S t(a) up to the prescribed error

€n,y = (loglogn)™.
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Proof. The truncation set {|Z;| < R,} is independent of ¢, so S,(a) is C! in the displayed coordinates. For any
coordinate & € {q,y1,...,Ya-1} or§ € {h, y1,...,ya-1}

0V = VIO M (Zi1),  Me(z0) = {z = (1+ 26,1} - Ogt.
The coordinate choices give
0411 = O(p, ), ol =1, |8y11=0(1),  1-8,1=0.
For m € {2, p}, exponential tilting gives the exact identity

Z E|0 V9" = nl et on = 2R |01 (G 4 mt, )™ (Gt <Ra} ] -
i

We next bound the tilted expectation. Align ¢ = re, write z = G + mt, and decompose
z=2z1e1 + 2y, {=Ra—-z, Am =mr — Rq.

In both the moving shell and fixed physical-offset annuli, A,, = (m — 1)p, + O(loglogn), and hence
Ay = cmpn for large n. We claim that, for every fixed integer L,

_ _A2
E[(1+ ¢ + 12D Vjzi<rar] < CLompy'e /2,
Indeed, write G = We + U. If |G + mt| < R, then

U

W< =Am=30=
a

because VR2 — |U|?> < R, — |U|*/(2R,). The one-dimensional Gaussian tail-moment bound
E{(1+ (=x - W) ) Elwe s} < Crxle ™2 x> 1,

with x = A,,, + |U|?>/(2R,), gives the claim after integration in U: since A,,/R, stays bounded away from
. . 2 . 2 2
zero and infinity, the factor e =*"/2 is at most e ~2m/2¢=¢IUI",
In these coordinates the derivative marks have the following deterministic bounds on {|z| < R, }:

My (z,1) = {z = (1 + 2&,)t} - Ogt = O{(1 + {4)/pn + knpn},
Mh(29 t) = {Z - (1 + ZKn)t} - Opt = OA(1 + {4+ Knpn),
My, (z,t) = {z = (1 + 2kn)t} - dy;t = O{1 + |z, | + (loglogn)(1 + 1)/ pn}.

For My, use R, —r = O(loglogn/p,) in the moving shell; for My, use |h| < A; for My, use 7 - dy;1 = 0 and
the uniform chart derivative bounds. Since «, 0, = O(loglogn/p,) = 0(1), the tilted tail-moment estimate
from Proposition 4.2 shows that the derivative marks cost only fixed powers of log log n. Combining this with
the same algebra as in Proposition 4.2 yields, uniformly in the moving shell and in fixed physical-offset annuli,

ZE|8§vi(’f)|m < (loglogn)cpr—lle—/ln < (loglogn)cp,_l(d‘l),

Here we used e~ < Cp,, "™, which follows from s, = O(1).

Apply Rosenthal’s inequality to 0 S t(a) =2 0¢ Vl(?) The centered pth-moment term is bounded by the
display with m = p, and the variance term is bounded by the display with m = 2 raised to the power p/2,
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which is smaller. It remains only to bound the mean. Rotational symmetry makes the angular means zero.
For radial derivatives, write

ES\@ = ¢~ ’p,. P, =P{|G +rei| < Ra}.

The derivative P;. is uniformly bounded, because
Pi= [ @-neac-rend:
|z|<Ra

and the absolute value of this integral is at most E|G|. Hence 6q]ESt(“) =0(e " /p,), since Oqr = 1/r =

0(p;') and «, = O(loglogn/p?). On a fixed physical-offset annulus, 9,ES'?) = 0 4(¢4). Their pth

powers are also O(p;(d_l)), because p > d and d > 3. Therefore

E|0:S“|? < (loglogn)€p, @™V
uniformly in all coordinates and all displayed parameter values.

Integrating this pointwise bound over O(pZ~!) angular charts and over g-length O (loglog n), or fixed
h-length O 4(1), gives the displayed integral bound. By Markov, the total gradient integral is at most
(loglogn)€" with probability tending to one. Fix y > 0, choose

y+C'/p
1-d/p’

and, on this event, partition every coordinate patch into d-dimensional cubes. Take the side length to be

K >

£, = (loglogn)~X.
The Morrey—Poincare inequality on each cube gives

O(grll—d/P(loglogn)C//P) — 0((loglogn)‘K(l—d/pHC//p) ’

as a uniform bound for the oscillation of S,(“) on that cube. For the displayed choice of K, this is at most
(loglogn)~". Taking one point from each cube gives a net of size p¢~!(loglogn)€ in either coordinate
region. O

The Morrey estimate is used below only to transfer fixed-location bounds to the angular continuum. Its

net has size pﬁ‘“"(”, which is small enough for the Bennett exponents in Proposition 4.3.

For radii below the moving shell, use physical distance from the truncated sample edge. Put
Ry = Ry (a), h=R,—|t].

A bounded interval of & corresponds to a radial-energy interval of length O(p,,), so a direct energy-coordinate
net would be unnecessarily large. The fixed-location estimates retain the Gaussian penalty in 4.

Lemma 4.5. Fixd > 3, a > 0, and A < oo, and suppose s, = O(1). Uniformly over directions and |h| < A,
for each fixed p > 1,

Vi(,?) < efa7h2/2+0(1)’ ZE{‘/i(,?)}p < Cp’a’A’dp;Llef/ln7(p71)a7ph2/2+0(1).
i
Consequently, for every fixed { € (0, 1),
ea+h2/2{_0(1)

2(S\) 2 ¢} < (o5 e )
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Proof. The completing-square and Mills-ratio calculation used in Proposition 4.2 sharpens in the physical
coordinate & = R, — r. Uniformly for bounded /4 and every fixed p > 1,

Vi <expl-a-r/2+0(D)}, D BV < Cplexp{-dn - (p = Da - ph*/2+o(1)}.
The first bound is the completing-square inequality
1
log V) < Ay = a - knr® = 5(Ra~ 1?2 =—a—-h/2+o(l).

For the second bound, exponential tilting reduces ;; E{Vi(j) }? to a Gaussian probability of the ball {|G| < R}
under a mean shifted by pr in the ¢-direction. The nearest boundary distance is

pr—=Ra=(p—-1DRa - ph.
Using the Mills bound as in Proposition 4.2 gives

(pr - Ra)z} )

P{IG + pt| <R.} < Cp,A,dp;;l eXp {_ 7

Substituting r = R, — h, R2/2 = logn + A,, — a, and k,7*> = A,, + o(1) into the exact tilted identity gives

2
nl=P e Prnr+(p?=p)r?/2 oy {_W}
< exp{=A, = (p = Da - ph*/2+o(1)},
which is the displayed moment estimate for p > 1. Separately,

pr = BS\Y = e PG +1] < Ry} < e = e~ oD = ().
The p = 2 case gives
V1= Zvar(vl(?)) < Cp;le_’l"_a_hz"'o(l),
i

—a-h?

and the jump bound is Vl(?) <e /2+o(1)  Bennett’s inequality gives

ea+h2/2§_o(l)

P(SIY 2 0} < (o e )

For growing physical offset 7 = R, — |¢|, the fixed-location tail becomes much smaller.

Lemma 4.6. Fixd > 3, a > 0, Ag > 0, and v € (0,1). At the sharp scale s, = O(1), uniformly over
directions and over
h =R, —|t| € [Ao, pn/2 + 2],

one has
e = ]ESt(a) =o0(1), max Vi(?) < B = exp{-a — h*/4},
; ,
and
v, o= Zvar(vl(j)) < ﬁh p;(d—2)+0(1).
i
Consequently,

P{St(a) >7} < exp{—cT’de‘““hz/4 log pn}

for all large n, with c+ 4 > 0.
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Proof. Write R = Ry, 7 = |t| = R — h, and use R = p, + O((loglogn)/pn), An = knp2 = O(loglogn).
Since h > Ay,
kn(py = 17) < CAnh/pn < W[4

uniformly on the displayed range, for all large n. The pointwise completing-square bound therefore gives
log Vl.(,?) <dp—a—ker>=h*)2=-a—-h*)2+ Kn(p% -r?) < —a - h*/4.

This proves the jump bound.
The mean satisfies

e = e PG + 1] < R} < e < om0 = o(1),

because r > R — p,,/2 —2 = 2p,, /5 for large n, and 4,, = (d — 2) log p, + O(1).
It remains to bound the variance. The exact second-moment identity is

Z E{V}? = n~le 2"+ B(|G + 21| < R}.

If h < R/2 — 1, then the ball event implies a one-dimensional left-tail event of size R — 2h. Hence
P{|G +2t| < R} < Cexp{—(R —2h)?/2},

and the algebra
—logn+r?—(R-2h)?/2 =1, —a—-h?

gives
Z E{Vi(,?)}z < Cexp{—a —h? = A, + 2k, (p2 = 1?)} < Cea~h*12p=(d=2)+0(1)
i

This is bounded by Brp; "2 W It h > R/2 - 1, then P{|G + 2¢| < R} < 1 and
n-le 2+ < expl—(1/2 + 0(1)) logn},

because r < R/2 + 1. Since h < p,,/2 + 2, this is again < ,Bhp;(d_2>+0(1): here the left side is exp{—(1/2 +
o(1))logn}, whereas ﬁ;l is at most exp{(1/8 + o(1)) logn}. The variance bound follows.

For large n, u; < 7/2. Bennett’s inequality for centered summands bounded by 3;, and total variance v,
yields

, H(u) = (1 +u)log(l +u) —u.

P{S(a) > T} < exp [ (ﬁh(T ,ul‘))
B

Ve

Since B (T—ps) /ve = chzfzfo(l), the exponent is at least cT,dﬁgl log p,,. This is the claimed tail bound. O

The exponential decay in 4> permits a union bound over a polynomial-size Euclidean net. The next
lemmas handle the remaining bulk |7| < p,/2. Very close to the origin, negative sample curvature rules out
a KKT crossing without any edge analysis. The next lemma uses that curvature to prove the small-radius part
of Proposition 4.10.

Lemma 4.7. Fix d > 3. At the sharp scale s, = O(1),

P{ sup D, (1) > 1} -0

0<|t|<cokn

for a sufficiently small constant cy > 0.
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Proof. Write

n

1 ~ - _
D,(t) = ;ZeXP{I'Zi—(1/2+Kn)|f|2}, Zi=Z;—Z,.
i-1

On an event whose probability tends to one,

1 _
— 3 ZZ -1
n & op

Att =0, D,(0) = 1, VD,(0) = 0, and

— 1 —
<kafd,  max|Zi<3p,, - |ZP <C.
i n 7

o == 7
V2D, (0) = - Z ZiZT — (1 + 20) g = ~knla.

For |t| < coky, uniformly over unit vectors v,
[VT{V2D, (1) - V2D, (0)}v|

1 _
< Clel= > (1 +1Zi*) + Clel* < Ceorn.
n i

The first inequality follows from the explicit Hessian formula and max; lt-Zi] = o(1). Choosing c¢( small enough
makes the Hessian at most —«,, /4 throughout the ball. Taylor’s formula then gives D, (1) < 1 — ck,|t|* < 1
for 0 < |#| < cokp- O

Empirical centering is negligible relative to the deterministic bulk damping.
Lemma 4.8. Fix d > 3. At the sharp scale s, = O(1), for every fixed cy > 0,

2}

sup
corn<|t|<pn/2 1 = €XP{—Knt

Proof. Since the supremum over directions is |¢| |Z,]|, it remains to bound
sup r |Zn|
CoKn<r<pn/2 1- e_K”rz
Forr < K,_ll/z, the denominator is at least ck,, 72, and this part is bounded by C|Z,|«;>. For r > K,_L]/z, the

denominator is bounded below by a positive constant, and this part is bounded by Cp,,|Z,|. At the sharp
scale k,, =< (loglogn)/logn, while |Z,| = Op(n~'/?). Hence both bounds are oz (1). O

The full empirical moment-generating function is likewise negligible relative to the bulk damping.

Lemma 4.9. Fix d > 3. At the sharp scale s,, = O(1), for every fixed cy > 0,

sup |Hn(t)_1|+|t'Zn| E)
cokn<|t|<pn/2 1 —CXP{—Kn|t|2}
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Proof. Lemma 4.8 proves the empirical-centering part, so it remains to prove the same display with |H,,(¢) — 1|
in the numerator. Write
m(r) = 1 — exp{—k,r*}.

We first remove the tiny radii. Put¢ = ru, u € §9-1"and define, continuously at r = 0,

exp{ru-z—r*/2y—=1-ru-z

lI’r,u (z) = 2
Then E¥, ,(Z) = 0. On the compact parameter set [0, 1] x S¢~!, the first derivatives of P, ,, are bounded by
A(z) = Cze!?l(1 + |z]?), which has finite moments of all orders. Take an n~!/4-net, whose size is O (n%/%).
Rosenthal’s inequality gives an O(n~%/%) g-moment bound for any fixed ¢ > d large enough, hence an
O (n~9/*) tail at threshold n~'/4. The union bound is O (n(4=9)/*) = o(1). The bound n™' ¥; A(Z;) = Op(1)
then extends the estimate from the net to the continuum and gives

H,t)-1-t-Z
sup |H, (1) . nl _ Op(n~114),
0<|t|<1 |t

Since m(r) > ck,r? for r < 1, uniformly on cok, < |t] < 1,

|Hn(t) - 1| |Zn| n_1/4
< +C = 1).
m( = St T = oF W

Here |t| > cokn, | Zn| = Os(n~1/?), and «,, = (loglogn)/logn.
It remains to control 1 < |¢| < p,, /2. Let

1=X0<X1<"'<XJ=bn,d/2, Xj+1S2)Cj,

be the dyadic partition in squared radius, and set

12

L —KnXj
j+1 :

Aj={t:x; <P <xpa}. Rj=x mj=1-e

Since m(|t|) > m; on A, it is enough to show that

1
max — sup |H,(t) — 1| 50
JoMjteq;

Fix n > 0. Put
7, =20log(1/ky) +20(d +3)log pp.  Bj = exp{R3/2+ R;Ty},

and write f;(z) = exp{t -z — |t|*/2}, fj = f; AN Bj.
The discarded lognormal tail is uniformly negligible. For ¢t € A},

Eft(Z)l{f,(Z)>Bj} <P{G > 1,,} =0(mj), G~ N(0,1).

For the empirical tail, use

£ el?l/2, lz| <R,
sup zZ) =
l1|<R ' eRIZI-R*[2, |z| > R.
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Because B; > eRi/z, the event SUP|;|<g; fi(Z) > B; implies |Z| > R + 7,,. Therefore

_ _ 2
E sup ft(Z)l{ft(Z)>Bj} < C4(R; +Tn)d Te Tn/z:o(mj/J).
|l‘|§Rj

Markov’s inequality and a union bound over j give
L LS 2 tisen 50
max — sup — ‘ Ry

Jomj te}{)jn P t\&i) M fi1(Zi)>B,}

It remains to control the clipped process. On the event max; |Z;| < 3p,, whose probability tends to one,
1 B
te - Zl: fi.i(Zi)

is Cp, B -Lipschitz on A}, and its expectation is no less regular: a.e. in 1,
\VEfZA(Z2)| <B{Z - 1|£:(2)} < Ca.

Take a Euclidean net of A; with mesh
nm;
0j = —.
16Cp,B;
Its cardinality satisfies
logN; < Cq{log(pn/nm;) +1log B} < Cqlogn.

At a fixed net point, Bernstein’s inequality gives

1 B B an
PAI= D B2 — BB (20 > nmj 4 < 2exp [-e——1—|.
n - e +Bjmj
Here , )
Var{f2(2)} <Ef(2)* = ' <N, |fE| < By,

which gives the displayed Bernstein denominator. Here R? <bnal/2,Bj < nl/4+e() and m j = cky. Hence

the exponent is at least
n1/2—0(])Kfl’

which dominates log N; +logJ = O(logn). A union bound over all net points and all j, followed by the
Lipschitz extension from the net, proves

1 P
max — sup — 0.

J Mj e,

) B 2)

i

Combining the clipped concentration, the truncation bias, and the empirical tail bound proves the dyadic
estimate and the lemma. O

The two bulk estimates exclude all crossings with |7| < p, /2.

Proposition 4.10. Fix d > 3. At the sharp scale s, = O(1),

lt]<pn/2

P{ sup D, (1) > 1} — 0.
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Proof. Lemma 4.7 handles 0 < |t| < cok,. On the event in Lemma 4.9, put g(¢) = 1 — exp{—«,|t|*}.
Uniformly on cok,, < |t] < py /2, for a deterministic 6, | 0,

|Hn(t) - 1| + It : an < 6ng(t)-
Therefore ) ,
Dy(1) = e #re™ T H, (1) < e {1 — () {1 +6,8(1)}.

The right side is at most 1 — cg(z) for all large n, uniformly in this range. Hence D, (t) < 1 there with
probability tending to one, and the microscopic lemma completes the proof. O

4.5 Sparse edges in growing dimension

This subsection extends the spatial exclusion required by Theorem 1.1 from fixed to growing dimension below
the simplex regime. We split the sample into a sparse upper radial cloud and a truncated lower cloud. Angular
separation controls the upper cloud, while dimension-uniform concentration controls the lower cloud.

Fix a sequence A,, — oo and define the upper radial cloud

In(An) = {i . 'fn,i > _An}- (4-15)
The expected size of this set is e47+°(An) whenever A,, = o(L,). Write B, = B + B for the two sums in
(2.3), split according to 7,,(A,).
4.5.1 Separation of the upper radial cloud

Conditional on their radii, the uncentered Gaussian directions are independent and uniform on §dn=1_1f
#1,,(A,) = exp{Op(A,)} and A,, = o(d,,), spherical concentration gives

9 4

lgil gl

max
i#jel,(An)

Since the upper centers have radius V2L, {1 + op(1)}, (4.16) implies

. 2
—qi? = 4L, {1+ op(1)}).
#jer{;ir(lAn)lql q;l {1 +op(1)}

Thus no location w can lie within o(+/L,) of two upper centers. The contribution of all nonnearest upper
bumps is exponentially small in L,,.

Centering by Z, perturbs every direction by Op(+/d,,/n) in Euclidean norm. Under (2.17) and the rate
ranges considered below, this does not affect (4.16).

4.5.2 The lower cloud and the inner field

At the critical normalization, every low bump has height at most

h; < —6,(A, +5,)}. 4.17
emax i <exp{—0,(A, +sn)} 4.17)

Before empirical centering, let

o 1 C Zi |W|2
Bn(W):;ZeXp{WW—T}



For a fixed w, its population mean is

2
Enll } (4.18)

EB; (w) = exp {— 5
Thus the deterministic background is already negligible near |w| = y2L,, whenever d,, — oo, because then
&g, L, — oo at the critical scale.

The proof below establishes the following low-cloud estimate. Its precision op(d,) is essential in
superlogarithmic dimension: for a deterministic radius r,, = o(VLy),

sup B (w) = 0p(3,), (4.19)
[w|zr,
provided A, is chosen so that
Ap =o0(L, ANdp), 0nAp —log(d,Ly,) — oo. (4.20)

For fixed w, (4.17), (4.18), and Bernstein’s inequality give much more than (4.19). The work is to transfer
that bound over w. A direct Euclidean net of the relevant ball has logarithmic size O(d, log L,); the second
condition in (4.20) is designed to make the bounded-jump exponent dominate this entropy. Radial peeling
avoids an unnecessarily fine net near the origin.

The inner region contains the deterministic equality B,(0) = 1, so it cannot satisfy (4.19). The
corresponding target is strict concavity away from zero:

P{ sup Bp(w) < 1} — 1. 4.21)

0<|w|<r,
At the origin, s
1 Z;Z'
VB,(0)=0,  V2B,(0)=- ) Z -1,

Its expectation is —&,14, + o(1). Standard covariance concentration therefore gives a negative Hessian
whenever +\/d,, /n = o(&,). The remaining task is to propagate this local curvature through the interval up to
r, using a clipped exponential process. This is easier than the outer-edge estimate because the population gap
in (4.18) grows monotonically with |w|.

Equations (4.19) and (4.21) give the field exclusion used later in Proposition 6.18. On the event
max; &,.; < s, — 17, every upper bump has height at most

e - 6n, 77 s
and hence lies below one by at least ¢,6,, whenever 0 < 6, < 1. At the center of any upper bump, the

separation estimate makes all other upper bumps op(8,,), and (4.19) makes the low-cloud contribution op(6;,).
Hence the outer field is below one, while (4.21) handles the inner field.

4.5.3 The direct truncation range

The truncation and angular-separation conditions can be imposed simultaneously in the range

loglogn < dy, dn{logd,}* = 0{(logn)*}, dnlogn = o(n). (4.22)
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Indeed, in the worst part of this range, §,, < /L, /d,. Conditions (4.20) admit a choice of A,, precisely when
6. og(d,Ly,) = 0(Ly A dy),

which is implied by (4.22). The lower bound d,, > loglogn ensures A, = o(d,), so the upper radial points
are uniformly separated. Smaller dimensions are handled below by constant-mesh estimates. At the upper
end, where 9, is too small for (4.20), Section 5.1 replaces spatial truncation by the entropy dual.

4.54 Slowly growing dimension

We first treat growing dimensions below (log L,,)%. A constant-mesh argument is enough; its key input is an
exact semiconvexity property of every Gaussian-bump field. Fixed dimensions use the moving-shell estimates
in Section 4.3.

Lemma 4.11. Let

m 2
F(w)—chexp{w qj—%}, c; >0
j=1
Then
V2log F(w) = Covp,, (q;) = I = ~I, (4.23)

where p,, is proportional to c;e” i lwl/2, Every global maximizer w. belongs to the convex hull of
qis--->qm, and

F(w) = F(wy)e W2 (e RY), (4.24)

Proof. Differentiating log F gives (4.23). At a maximizer, 0 = Vlog F(w.) = X pw,(j)q; — W=, which
proves the convex-hull assertion. Integrating the lower Hessian bound along the segment from w., to w proves
(4.24). ]

Fix a > 0, put

and define the independent truncated field

n

1 2
Sn,a(W) = n Z;ew'Ql 21 10:1<Rp ) -
<

The next lemma gives the only outer-field estimate needed below. It uses only bounded summands, their
population mean, and a constant Euclidean net.

Lemma 4.12. Suppose
d, — oo, d, < (log L,)?, sp=0(1).

For every fixed a > 0, choose a fixed { > 0 with {*|2 < a, let G, be a {-net of B(0, R,..o), and fix
0<p< e SN2 _pma,
Then

Pooomax o Sue(w) 2 el . (4.25)
(WIRna/2-¢
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Proof. For fixed w, every summand of S, o (w) is at most

R _ 2
M, (w) = exp {—a - w} , (4.26)
while ,
ES,. o(w) < e onlWI/2, (4.27)
If independent nonnegative summands have sum of means y, are bounded by M, and ¢ > u, the exponential-
Chernoff bound is
1 t
P{;XjZI}Sexp [_M {tlog;—t+ﬂ} . (4.28)
Apply this with ¢ = o672 - p. Uniformly for R, /2 — ¢ < |w| < Ry 0,
—logP{S,.a(w) 21t} > (1 —o(1))e“te,Ly.
Indeed, the infimum of e Rn.a=)%/2;2 over this interval is (1- 0(1))R%,a.
In the present range, k;, = d,,/2 — oo and
L
enly = (1 +0(1))knlogk—" = (1-o0(1))k,logL,. (4.29)
n
On the other hand,
log |Gnl < d, log —== =k, log L, + O(d,,).
Since et > 1, the union bound proves (4.25). O

The population gap in (4.18) controls the entire inner half-ball once the microscopic curvature estimate is
combined with a relative empirical-process bound.

Lemma 4.13. Suppose 3 < d,, < (log L,))? and s, = O(1). Then
P sup B,(w)>1; — 0. (4.30)
O<|W|SRn,ar/2

Proof. At the origin, B,,(0) = 1, VB,,(0) = 0, and Gaussian sample-covariance concentration gives

1 Z7Z! &n
Vv2B,(0) = - Z it b
with probability tending to one. Since max; |Z;| = Op(+v/L,,), Taylor’s theorem makes the inequality strict on
0 < |w| < ron = &/ (16L3/%).
For completeness, we give the empirical-process estimate used beyond this microscopic ball. Before
centering, put
w|?

1
Hy(w) = ;Zexp{W'Qi_ >

}’ EHH(W) = 1’
n
and g,(r) =1- e~#n*/2 On ro.n < W < Rn.af2,
H -1
supM —p 0. (4.31)
w o &n(Iwl)
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To verify this, split the range into squared-radius annuli A; = {r; < |[w| < R;} with R? < Zr;, and put
gj = &n(r;). There are O(log L,) annuli. On an annulus with outer radius R = R;, clip the lognormal
summands at

Br = exp{R>/(2y,) + RT}}, T2 = C{d,log L, +log gu(ro..)"'}.
We first control both discarded tails. For a fixed w, exponential tilting gives

w-0—|wl*/(2yn) —cTy
sup Ele L o gy | S €
|w|<R R

Indeed, tilt Q from N(0, v, 'T) to N(w/yn, v, 'I); the threshold is then at least \¥nT, standard deviations in
the w-direction. For the empirical envelope, use

nlal?/2
sup e a=MwP/@ym) - erld! /2’ ¥nlql < R,
wl<R eRlaI=RIGyn) -y, |q] > R.

Thus exceeding Bg forces |q| > R/yn + T,,. Completing the square against the N (0, y;;'I) density gives

E| sup v @ Iwl/@mq

.O-Iv|2
Iwl<R {S“PMSR eV Q-Ivl /(2)/n)>BR}

(o)
)
SCeCd"IOgL"/ e cu du.
Ty

Taking the constant in 72 sufficiently large makes this o(g j/log L,). Markov’s inequality and a union bound
over the annuli control the empirical discarded tails at the same order.
It remains to control the clipped fields. Fix p > 0. On the event max; |Q;| < C+/L,, each is C\/L,,Bg-

Lipschitz. Use a net on A; of mesh
PE;j

CVL,Br

Its logarithmic cardinality is O (d,,L,). Because R? < L, /2+O(1), one has B < n'/**°(1) 'while Bernstein’s
inequality at deviation pg;/4 has exponent at least

2
cngn(r) S pl/2-o(D)

2
= r .
eRz/'}’n + BRgn(r) gn( O,n)

This dominates d,, L,,. The union bound over all net points and all annuli shows that the probability that the
left side of (4.31) exceeds p tends to zero. Since p > 0 was arbitrary, (4.31) follows.
Now
B,(w) = e_w'z"/‘/ﬁe_g"lwlz/an(w).

Moreover, _ _
NZal/NTn o 2]

ron <r<Rn.a/2 gn(r) Enl0,n

= op(1),

because d, < (log L2, |Z,| = Op({dn/n), and &, > ¢ log L,,/L,,. Thus (4.31) preserves a fixed fraction of
the population gap g, (|w|), proving (4.30). ]
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4.5.5 Moderately growing dimension

We now prove (4.19) and (4.21) under (4.22). The argument deliberately uses a deeper truncation than
(4.20): this makes every remaining low-cloud summand so small that elementary Bernstein bounds survive a
Euclidean net.
Put
b, = log M
Onén
The expansions in Section 4.2 and (4.22) imply

L L
Enlnp —> 00, log —;1 = O(log Ln) (432)
bn En

For d,, = o(L,), these statements follow from 6,, = 1 + o(1) and &,L,, ~ (d,,/2) log(2L,/d,); in particular,

bn = 10g Ln,

b, =2log L, —loglog(2L,/d,) + O(1).

When d,, < L,, both &, and §,, stay bounded away from zero and infinity. When d,,/L,, — o0, &, — 1 and
O0n < \L,/dy,. The last two conditions in (4.22) then give all three relations in (4.32). They also permit
deterministic sequences w, — oo and

A, =D o a ). (4.33)
On
Indeed, this is immediate when d,, = O(L,,); when d,,/L,, — oo, it is equivalent, up to logarithmic factors, to
d,(logd,)? = o(L}). Finally set
2 _ 409,

Ty

=o(Ly). (4.34)

n
We shall also use a uniform count for the upper radial cloud. It is a moderate-deviation extension of
Lemma 2.7.

Lemma 4.14. Under (4.22), if A,, — oo and A, = o(L,, A d,), then
nP{Y, = b, — a,A,} = exp{(1 +0(1))A,}.

Consequently, the number of indices with (|Z;|*/2 — b,)/a, > —A,, is at most e*An with probability tending
to one.

Proof. On [b, — a, Ay, by], the reciprocal Gamma hazard equals a, {1 + o(1)} uniformly. Indeed, (2.10)
gives this once a, A, = o(b, — k,, + 1). For k,, = O(L,), that relation follows from A, = o(d,, A L,); for
kn/L, — oo, it follows from a,, < \k,/L, and A, = o(L,,). Integrating the hazard gives the displayed tail
ratio. The count is binomial with mean ¢!*°(1))An 5o Markov’s inequality proves the second claim. O

The next proposition proves the low-cloud estimate with more precision than is needed for the Gumbel law.
The stronger factor L0 leaves enough slack to differentiate the field up to three times in the support-count
argument.

Proposition 4.15. Suppose (4.22) holds and s,, = O(1). Choose A, ry, as in (4.33)—(4.34). Then
sup B°(w) = 0p(6,L; ). (4.35)

[w|>rn

The same conclusion holds after differentiating the bump field up to three times, with the right side replaced
by 02(6uL;,").
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Proof. We first work before empirical centering. Put &) ; = (1Zi|*/2 = b,))/a,, and define
n

1 Z; wl?
S}f(w) = ; Z exp {W . \/’;_n — %} 1{§;,i<_An+1}.
i=1

Completing the square and using y, L, = b,, + a,s, show that every summand is bounded by

in = exp{_én(An —1+s,)} = exp{—(l +o0(1))wnbn}. (4.36)

For fixed w,
ES(w) < exp{-&,|w|*/2}. (4.37)
Since a nonnegative summand bounded by j,, has variance at most {,, times its mean, Bernstein’s inequality
gives
2
t
P{S'(w) — ES'(w) > 1} < ex {—c—} . 4.38
{S, (w) n(w) >1} <exp T ES ) 1) (4.38)

With probability tending to one, all score centers have norm at most C+/L,,. Every local maximum of the
low bump field lies in their convex hull, so it is enough to consider |w| < C+/L,. On this ball the field is
multiplicatively C+/L,-Lipschitz:

S1O(") > e CVEnlv=wiglo(y). (4.39)

Take a net of mesh ¢/+/Ly; its logarithmic cardinality is at most Cd,, log L,,. For |w| > r,, (4.37) is at most
e~ 205 Apply (4.38) with ¢ = §,,L;;'°. Equations (4.32) and (4.36) give

2

t
— >d,loglL,, ———
n n ]ne‘zobn

In

> d,logL,.

The union bound and (4.39) prove the uncentered version of (4.35).
The proof of Lemma 2.10 gives

max [&,i - & ;| = 0z(1).
Moreover,
Zn o Zn
B, (w) =exp {—w . }Bn(w), sup  (w- = Op(L,/Vn) = 0p(6,).
\Yn wi<cyhp|  V¥n

Replacing A, — 1 by A, therefore proves the centered statement. For a multi-index 8 of order j < 3,
differentiation gives

‘age—|w—qf|2/2‘ <Cj(1+|w—qi)e a2,

On a fixed enlargement of the convex hull, both |w| and max; |g;| are Op(V/L,,). Repeating the net-and-
Bernstein argument used for the order-zero field with this polynomial envelope costs at most L{/ 2; the base
estimate Op (5, L;;'?) is therefore op(5,L;,") for every j < 3. Outside that enlargement, the polynomially
weighted Gaussian envelope is radially decreasing toward the convex hull once the enlargement radius exceeds
V3. 1Its supremum is consequently attained on the controlled boundary, proving the derivative estimate
globally. O

The inner field requires a different argument because it equals one at the origin. Sample-covariance
curvature handles a microscopic ball, and the bounded-jump estimate (4.38) handles the remaining annuli.
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Proposition 4.16. Under the assumptions of Proposition 4.15,

P{ sup Bp(w) < 1} — 1. (4.40)

0<|w|<r,

Proof. At the origin,
1
VB,(0)=0,  V’B,(0) = - Z qiq; —1.
l

The Gaussian sample-covariance bound and (4.22) imply
1 + 1
il E gl — —]
n - ql ql yﬂ

with probability tending to one. On the same event max; |¢;| = O(+/L,), so the Hessian is O(Lf’,/ 2)—Lipschitz
near zero. It follows that

= op(sn),  V2B,(0) < —‘%"1 (4.41)

op

En

3/2°
161

B,(w)<1 for O<|w|<rg,:= (4.42)

It remains to consider ro , < |w| < ry,. Putg(r) =1— e~#n12_ 1In this range

3
2 €n .
g(r) = CERIG y 2 CF = 80.n-
n

The scale relations above give logg;! = O(logL,). Cover each dyadic radial annulus by a net of mesh
g €80.n g Yy y

cg(r)/VLy. The total logarithmic cardinality is O(d, log L,), and (4.39) shows that a crossing of level one
would produce a net point at level at least 1 — g(r)/8.

For the low cloud, apply (4.38) with r = g(r)/4. Uniformly over all annuli, its exponent is bounded below
by

2
gO,n

c > d,logL,.

.

In

Its mean is at most 1 — g(r) by (4.37). Lemma 4.14, with a one-unit buffer, shows that the upper cloud
contains at most e>4” points with probability tending to one. On |w| < r,, = 0(v/L,,), each corresponding
bump is at most e ~Ln+0(Ln) 5o their total contribution is e~ Ln+°(En) = o(gg ,,). Finally, empirical centering
changes the logarithm of the field by at most

|Zn| |Zn|/\/7n
e Sup -
VVn r>ro.n Enlr

where the last relation follows from |Z,|/~/y, = Op(y/Ly/n) and

lwl = op(1),

Ly
\/ﬁgz = 0(1)’
n

which follows from (4.22). The union bound now excludes every crossing outside the microscopic ball.
Together with (4.42), this proves (4.40). O

Together with the upper-cloud separation established at the start of this subsection, Propositions 4.15 and
4.16 exclude all subthreshold contacts in the direct-truncation range.
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4.5.6 The logarithmic crossover

The slowly growing and direct-truncation arguments cover the sparse-edge regimes except the crossover scale
d, =< L} /(log L,)?; the larger entropy regime is handled in Section 5. Here a direct entropy comparison is
unnecessarily delicate. A spatial argument is more effective: distinct sample centers are separated by order
VL, whereas a neighborhood of radius v/log L,, already makes every nonnearest Gaussian bump negligible.

Lemma 4.17. Fix0 < ¢_ < ¢4 < oo, put {,, = log L, and suppose

3 L3
c-— <dp<ci—, s, = 0(1).
n gn
Then 5
L; a, tn
n= "5 ==X, en — L. 4.43

Moreover, with probability tending to one,

Z; Z [L
max 2l < ¢ Ly,  minlg; —q;|* > 3Ly, | "|=(9p —ﬁ). (4.44)
i ATn i#] V¥n n

Proof. The scale relations follow from (4.11) and (4.12). Also |Z,| = Op(+/d,,/n), which gives the last
estimate in (4.44). A Gamma Chernoff bound and a union bound over i give the first estimate there. Finally,

Zi-Z; 1Z: - Z;)? 2
n 2 n

Since d,/yn ~ 2L, the lower-tail Chernoff bound for Xﬁn is at most e ~““» at the threshold |g; — ¢ j|2 =3L,.

qgi —4j =

This remains summable over the fewer than n? pairs because d,,/L,, — oo. O

We next use this separation together with truncation of the independent, uncentered field. The truncation
is only needed away from the sample centers, where each individual bump is already small.

Proposition 4.18. Under the assumptions of Lemma 4.17, for every fixed n > 0,

P {maxfn,i <sp—-mn, sup B(w)> 1} — 0.
1

weRdn

Proof. Work on the high-probability events in Lemma 4.17 and on {max; &,; < s, —n}. Then

|Qi|2 an gn
— <L, -g,, =n— =, —.
M Sl @S
Put B
Zi n ! Qi- w2
Q' = ’ Cn = ’ S (W) = - ew Qi—lw .
l VVn " VVn " n Z
Then g; = Q; — ¢, and, exactly,
B,(w) = e S, (w),  ES,(w)=e enlW/2 (4.45)
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Lemma 4.17 gives

sup lw-cp| = OJP’(Ln/\/Z) = OP(gn)- (4.46)
lw|<V2L,

lenl = 02 (VLa/n) = 02(L,*),

which will make centering negligible even in the smallest annulus below.
We first exclude neighborhoods of the sample centers. Write R,, = 8(,. The bump representation and
the radial buffer give

In particular,

B Lolal2 ¢ gmgn < _ 81
n

for all large n. If |w — g;| < R,,, pairwise separation gives
1
B,(w) < e ¥ + nexp {—5( 3L, - Rn)2} =1- ‘%" + e~ Enf2%o(Ln) <,

Thus a crossing cannot occur within distance R,, of any g;.
We next exclude a fixed ball around the origin. Standard Gaussian sample-covariance concentration and

dn/n — 0 imply
1 1
- iq; 2 ~1
LS el < b,

with probability tending to one. Hence V2B,,(0) < =31, /4. On the radial-buffer event, max; |¢;| < V2L,,
so the operator norm of the third derivative of B, is at most C Lf,/ 2 throughout a ball of radius coL,_l3/ ?, where
co > 01is a sufficiently small universal constant. Taylor’s theorem therefore gives

2
B,(w)<1- %, 0 < |w| < ron = coLy>">. (4.47)

It remains to pass from this microscopic ball to a fixed radius. On the event max; |Q;| < CVL,,
sup |Vlog S,(w)| < CL,. (4.48)

lw|<3

Partition {rg , < |w| < 3} into the O(¢,) annuli A; = {r; < |w| < 2r,}, where r; = 2/rg ,, truncating the
last annulus at radius 3. For each j, take a deterministic net of A; with mesh

2

J

VL,

where ¢ > 0 is a sufficiently small constant. The logarithm of the total number of net points is O(d,¢,) =
O(L; /).
For a fixed net point v, define the independent variables

r

pPj=Ci

1
Yi(V) ) min {_ev'Qi_l‘}lz/z’ Un} 4 Un = n_1€Cl\/E7
n

with C; chosen so that truncation is inactive on {max; |Q;| < CvL,} for |v| < 3. Since g, > 1/2 for all large

n,
SEN) <e MR e, <3,
i
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for a numerical ¢, > 0, while }}; VarY;(v) < U,,. Bernstein’s inequality gives
P {Z Y;(v) > emenlVIP/2 cyf} < exp{—crj/U,,}.

The exponent is at least nl“’(l)L,‘f, uniformly in j, and therefore dominates the total net entropy. Thus, with
probability tending to one, S, (v) < 1 — C4r§ at every such net point.

If B,(w) > 1 at some w € Aj, then (4.45) and |c,,| = op(ro,,) give S,(w) > 1 - o(r?). At the nearest

2

net point v, (4.48) and the choice of ¢ then give S, (v) > 1 — c4r ;

(4.47), this proves

, a contradiction. In combination with

sup Bp(w) <1 (4.49)

0<|w|<3
with probability tending to one on the radial-buffer event.
We finally exclude the part of the field outside the fixed ball and the center neighborhoods. Let G, be a
deterministic 1/4-net of B(0,v2L,,). Then

10g |G| < dylog(CL,) = O(L} /).
Forv € G,, with |v| > 11/4, set

—~ 1 _
Yl(V) = min {;ev~Qi—|V|2/2, bn} s bn = 2Ln15/4.

These variables are independent, and

D EN() < e~ VP2 £ 0,05
for all large n. Since }; VarY;(v) < 0.05b,,, Bernstein’s inequality and a union bound give

Py max DY) > 09 <exp{O(L3/6,) - Ly} = o(1). (4.50)
VEGn "
[v|=11/4 !

Suppose now that sup,, B,(w) > 1, and let w, be a global maximizer. Lemma 4.11 places w, in the
convex hull of the ¢;’s, hence in B(0, v2L,,). The preceding two parts of the proof imply

|W*| >3’ m_inlw*_Qi| >Rn-
1
Letv € G, satisfy [v — w,| < 1/4. The semiconvex estimate (4.24) gives
Ba(v) > e 3B, (w,) > e~ /32,

Moreover, |v| > 11/4 and min; |v — g;| > R, — 1/4. The exact identity
1

—e
n

v-Qi-|v[*/2 _ eV-Cnhie—|V—qz‘|2/2
b

together with the radial-buffer bound on 4; and (4.46), shows that every uncentered summand at v is at most

elvenl = (Ra=1/0712 _

Thus truncation is inactive and, by (4.45),

D Vi(v) = 8u(v) = € By(v) > 0.9
i
for all large n, contradicting (4.50). O
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The exclusion propositions in this section cover, respectively, slowly growing dimensions, the direct
truncation range, and the remaining crossover band. They are combined with the entropy estimate in
Proposition 6.18; no separate regime-by-regime limit theorem is needed.

S Entropy and the Simplex Regime

This section completes the spatial-exclusion part of the d,, > 3 analysis in Theorem 1.1. Once Euclidean
covering becomes inefficient, an entropy dual reduces the KKT optimization to the nearly regular simplex
formed by the centered sample. The resulting estimates both rule out subthreshold contacts and identify the
finite-sample correction in the exact Gumbel coordinate s}, .

5.1 Entropy reduction above the sparse-edge range

The spatial truncation argument is no longer efficient once the dimension is much larger than (logn)3. We
use the entropy dual under

dpflog(dn /L)Y

5 o0, dyL, = o(n?). (5.1)

This range includes d,, = | (logn)*| and d,, < n. The entropy dual (2.5) provides a different route: away from
the vertices of the probability simplex, entropy beats the quadratic likelihood gain by a quantitative margin;
near a vertex, the corresponding radial observation controls the optimization.

5.1.1 Deterministic entropy inequalities

We first record the entropy estimate used to separate the diffuse and near-vertex regions of the simplex. Write
H(p) = — X; pilog p;, so that K(p|lu,) = L, — H(p), and let

hyin(y) = —ylogy = (1 —y)log(1 - y)
denote binary entropy, with the usual continuous values at zero and one.

Lemma 5.1. There are universal constants co > 0 and ng < oo such that, for all n > ny and p € A,

n—1
K(plluy) = ~—log(n = DIp = unl3 > Lulp = wal5. (5.2)
Moreover, if max; p; < 1 — L2, then
25 Co 2
K(p“un)_Lnlp_uleZL_lp_unll- (5.3)
n
Proof. Write
n—1

Cn = log(n — 1), Bn =2¢y,
n-—-2
and first consider
Gu(p) = K(pllun) = culp — wyl3.

We identify the global minima of G,,. A minimum cannot lie on the boundary of the simplex: if p; = 0 < p;,
transferring mass ¢ from coordinate i to coordinate j changes the entropy part by #log ¢ + O(t), whereas the
quadratic part changes by O(#). The total change is therefore negative for all sufficiently small > 0.
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At an interior minimum, the Lagrange equations are
log pi = Bupi = constant. (5.4)

The function x +— log x — B,,x increases up to 1/4,, and decreases thereafter, so the coordinates of a stationary
point take at most two values. If these values are a > b, then b < 1/8,, < a. Moreover, the larger value has
multiplicity one: if two coordinates were equal to a, the second variation in the direction that transfers mass
between them would be 2(1/a — ;) < 0. Thus every nonuniform local minimum has the form

l-a l-a 1

p(a): a’ P ] ) _<Cl<1.
n—1 n—1 n

Put x = (n — 1)a/(1 — a). Direct differentiation gives

x—1

L Gu(p(@) = ga0),  2alx) = logx—f,

x+n-1
The three zeros
x=1, x=n-1, x=(n-1)>

are immediate from the definition of ,,. They are the only zeros: indeed,

Foy= Lo P
g”(x)_x (x+n-1)32

has at most two zeros. Also g/,(1) > 0and g/, ((n—1)?) > 0, because 8, < n. For n = 3 the second inequality
is immediate; for n > 4 it follows from logm < m/2 — 1/(2m), m = n — 1: this holds at m = 3, and the
derivative of the right side minus the left side is (m — 1)2/(2m?) > 0. Hence g, is positive on (1,n — 1),
negative on (n — 1, (n — 1)?), and positive on ((n — 1)?, 00). Now G,(u,,) = 0, while at x = (n — 1)2,

n—1 1 1
pla) =

n ‘nn-1"""nn-1) and  Gn(p(a)) =0.

The preceding sign pattern therefore gives G, (p(a)) > 0 for every a € [1/n, 1]. Since every global minimum
of G, is among the points just considered, this proves K (p|ju,) > ¢,|p — un|§. Finally, ¢,, > logn = L,, for
n > 3. For example, after writing m = n — 1, this is equivalent to r(m) := mlogm — (m — 1) log(m + 1) > 0.

Here r(2) > 0, and
m

—+
m+1l m+1
because —log(1 —¢) <t/(1 —t) <2t fort = 1/(m + 1). This proves (5.2).
We next prove the quantitative gap from the vertices. In the remainder of the proof take L = L,, > 16 and
set

r'(m) = log (m 2 2),

Fu(p) = K(plw,) = Lip —ual3,  T(p) = |p —u,l:.
We shall prove

1 2 1 2

We first dispose of diffuse vectors. The elementary scalar inequality

(x - 1)
1 -x+1> s >0,
xlogx —x Z 2+ D) X
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follows by differentiation. Applied coordinatewise, it gives

2
Kiplwn = 34, A= 3, B0

i+ 1/n

If max; p; < (8L)~!, then p; + 1/n < (4L)~! for all i, once L > 16. Consequently,
1
Lip~uw3< AP, T(p)* <A(p) ) (pi+1/n) =2A(p),
i

and hence F,,(p) > T(p)?/8, which is stronger than (5.5).
It remains to consider m = max; p; > (8L)~'. Relabel so that p; = m, put y = 1 —m, and write

P =(myqi,....¥qn-1), q €M1
Let p, = (m,y/(n—=1),...,y/(n—1)), and define
fn(m):Fn(p_m)s 1o = |p_m_un|1 :2(m—1/n).

The entropy chain rule and the orthogonal decomposition of the squared Euclidean distance give the exact
identity
Fu(p) = fu(m) + y {K(qllun-1) - Lylg —u,_115} . (5.6)

The first part of the lemma in dimension n — 1 gives

n—2
K(qlun1) = Cootlg = Un13,  Cot = ~—log(n=2) > L.
The last inequality holds for n > 4: with x = n — 2, it is equivalent to xlogx > (x — 1) log(x + 2); the
derivative of the difference is log(1 —¢) + 3¢/2, where t = 2/(x +2) € (0, 1/2]. This derivative is nonnegative
because —log(1 — )/t is increasing and its value at # = 1/2 is 21og 2 < 3/2. Pinsker’s inequality then yields

L
K(qlto) — Lylg - w12 (1 .

n—1

m
)K(‘]Hunl) > Elq—umli (5.7

Here Pinsker’s inequality with natural logarithms follows by grouping the positive and negative coordinate
deviations and applying the binary bound whose second derivative is at least four.
It remains only to bound f,. Put

(n—1)m — x—1
= — = 1 - 2L—
8 l-m ’ gn(x) = logx x+n-1
Then f, (m) = g,(x), while
-~ 1 2nL
gn(x) = -~

x (x+n-1)2
has at most two zeros. Thus g,, has at most three zeros on (0, o), one of which is x = 1. Moreover,
g, (1) =1-2L/n > 0. At the left endpoint m = (8L)~!, we have xo = (n — 1)/(8L — 1) and, since
xo-1  n- 8L 1

2L = -,
xo+n—-1 4n-1) <4

~ 1
gn(x0) > L —log(16L) — 7 > 0.
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At the right endpoint M = 1 — L™, where x = (n — 1)(L?> - 1),

2n

Zn(x) = =L +2log L +log(1 — 1/n) +log(1 - L™2) + ———
(n-1)L

4
S—L+210gL+Z<O.

Thus the derivative of f;, is positive at the left endpoint and negative at the right endpoint. If f,, had an interior

local minimum, its derivative would have to cross first from positive to negative, then from negative to positive

at that minimum, and finally back to negative before M. Together with the zero at x = 1, this would give at

least four zeros of g, a contradiction. Therefore the minimum of f;, on this interval occurs at an endpoint.
Atm = (8L)~!, using —(1 — m) log(1 —m) < m and |p,, — u,|? < 2m?, we obtain

fu(m) = m{L —log(8L) — 1} — 2Lm*> = m{L — log(8L) — 5/4} > 1i6

Atm = M, puty = L™2. Since |p,, — un|% < m? and hyip(y) < ylog(e/y),

fu(M) 2 Ly(1 = y) = hpin(y)
11 _l+2logL 1

L I3 L2 2L

All numerical inequalities in the last three displays hold for L > 16. It follows that, throughout [(8L)~!, M],

fa(m) 2 — > —1;. (5.8)

Combining (5.6), (5.7), and (5.8), and using m > (8L)~!, gives

té y2 2
F, > —+—|qg—-u,_1|].
a(p) 2 8L 16qu | I

Finally, T(p) < to + y|lq — u,—1]1, so the last display implies (5.5). Thus (5.3) holds with ¢y = 1/32 and, for
example, ny = [e'6]. O

Remark 5.2. The sharp constantin (5.2) is the mean-field Potts transition coefficient. The proof also identifies all
equality cases: the uniform distribution and the n permutations of ((n—1)/n,1/[n(n—-1)],...,1/[n(n—-1)]).

The next proposition converts the entropy estimate into a deterministic one-atom criterion. It is tailored
to a radial gap much smaller than the largest off-diagonal inner product.

Proposition 5.3. Let q1, ..., q, € R? satisfy 3, q; = 0. Put
gt = max|g; - qjl.
1#]
Suppose, for some 0 < g,, < 1,

2
max % <L,-gn /,t‘,’ff = o(L,Zl), ng, — oo. 5.9

Then, for all sufficiently large n,
sup B,(w) < 1.

weRd
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Proof. Fix p € A,,. Since }}; g; = 0, writing r = p — u,, gives

Zpiqi = % ’Z rigi

If max; p; < 1 — L;%, Lemma 5.1 and 3% = o(L;;') show that this is at most K (p||u,,).

2 2

,uoff
n
2

< Lylrl3 + |r[3.

1

2
1

It remains to consider a distribution with max; p; = 1 —y > 1 — L. Let i be its largest coordinate and

write
ZPjCIj = (1 =y)qi + 4.
J

where g is a convex combination of the remaining ¢ ;’s. Convexity of the squared norm and (5.9) give
41* _
TSLn_gna C]i'qﬁﬂzﬁ-

Consequently,
2

1
5 < (Ln = g {(1 =)+ 57} + 3" y(1 = ). (5.10)

LS o
J

On the other hand,
H(p) < hpin(y) +ylog(n —1) < hyin(y) + yLy.

Subtracting (5.10) from K(p|lu,) = L,, — H(p), and using y < L2, gives

o
J

2

1 o
K(p“lln) - 5 2 8nt {2(Ln - gn) - #nﬁ}y(l - y) - hbin(y) —yLy

>gn+y{L,—4+logy}

for all large n, because hpin(y) < ylog(e/y). The minimum of y — y(L,, —4 +logy) over y > 0is —e3/n.
The last display is therefore positive by ng, — co. The entropy dual in Lemma 2.5 completes the proof. O

In very high dimension, the absolute off-diagonal bound in Proposition 5.3 discards the regular-simplex
geometry created by centering. The next criterion retains it. The quantity C,, measures the deviation of each
row of the Gram matrix from the identity g; - {(n — 1)~! 2z dj} = —|qil?/(n=1).

Proposition 5.4. Let q, ..., q, € R? satisfy 3; q; = 0, and put

lgi?
Gn=0(qi-q)ijen. My =maxlg;-q;l,  Cp=max|q-q;+——|.
i1#] i#] n-—1
Suppose, for some g, > 0, that
|Qi|2 <R* off _ L—l G _ 0 L C _ L2
max —— <Ry —gn.  py =o(Ly), 1Gnllop = O(Ln), n=0(gnLy).

Then, for all sufficiently large n,
sup B,(w) < 1.

weRd
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Proof. Fix p € A,,. If max; p; < 1 — L%, the argument away from the vertices in Proposition 5.3 applies:
since R < L,, Lemma 5.1 and 5% = o(L,,') give

ZPiqi
i

Suppose instead that p; = 1 —y > 1 — L. Write pj=yrjforj#i, wherer = (rj)jz € A,_1, and let
u,,_1 denote the uniform distribution on these n — 1 coordinates. Set

ny 1
Cy:1_n—1’ vr=Z(rj—n_1)qj.

J#

2

1
5 < K(plluy).

Since ;. 45 = —4i>

ijqj =Cyqi T Yvr.
J

The relative entropy separates as

K(pHun) = kn(y) + yK(r”un—l)’

where

(1) = (1= y) log{n(1 =)} + ylog

Apply the sharp inequality (5.2) to the vector (1 —y,y/(n—1),...,y/(n—1)). Since its squared distance
from u, is (n — l)ci/n, we obtain
kn(y) = Ry (5.11)

The definition of C,, gives

lgil*
lgi - vr| = er(CIi‘Qj"'n:l < Cy.
J#
Moreover,
1Gall
ol < 1Gnloplr = -3 < 2o s K rlun-1),

where the last inequality is (5.2) with n — 1 in place of n. Because y < L, and IGullop = O(Ly), it follows
that y
K(rllun-1) = v, > 0

for all large n. Combining this with (5.11) and |¢;|?>/2 < R} — g, gives

2P
J

2

1
K(pllun) -5 > gncs — yley|Ca

C
) n
> gn{l —O(L,")} - 2 > 0.

n

The entropy dual in Lemma 2.5 completes the proof. O

59



The local-simplex criterion applies when d,,L,,/n? is bounded below. When d,,L,, = o(n?), the following
criterion is more convenient: it separates diffuse probability vectors, controlled spectrally, from their heavy
coordinates, controlled by entropy and uzﬁ.

Proposition 5.5. Let q1, ..., q, € R? satisfy 3; q; = 0, and put

_ Gllp

G =(qi " qj)i,j<n Un o

ff
My =max|q; - q;l.
i#]

Suppose max; |q;|*/2 < L,, — gn, where 0 < g, < 1. Assume that there are deterministic a5, — oo and y,, | 0,
with T, = e, such that

T, of + LT, L
a=o(Ly, ooy, Hw el gy Lo (5.12)
and .
e*Lnyn i’ = 0(ngy,). (5.13)
Then, for all sufficiently large n,
sup B,(w) < 1.
weRd
Proof. Fix p € A, write f; = np;, and let ¢(x) = xlogx —x + 1. Then
1
K(p|u,) = - ).
(pllun) = ~ Z(Mﬁ)
Set |
= finTn  hi=(fi=T)e =36
l
Since }; g; = 0,
1 = 1
iqgi = — fi—f i+ - hig; =: + V.
Zi:pql ”Z‘( )q nzil iqi =1 Vo + Vi
The elementary inequality
T,
(x-1?<CLp(x), 0<x<Ty,
a}’l
and the definition of v, give, with Ko = n~' 3, ¢(£),
2
T,
Wol” _ e¥nln g o (ko). (5.14)

n

Put b; = h;/n and z = 3 ; b;. The diagonal and off-diagonal parts of the Gram matrix give

2 off
2L, T,
% <L, Z b? + “; 2, lvo - vi| < (2;15;‘* + —) z. (5.15)
i
Suppose first that max; p; < 1 — y,,. Uniformly for 7, < x < n(1 — y,,), one-variable calculus gives
Ly 2, Gn
¢(x) - ¢(Tn) 2 7()( - Tn) + Z(x - Tn)- (516)
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Indeed, after subtracting the right side, the derivative first increases and then decreases, and is positive at 7;,.
The minimum is therefore at an endpoint. At x,, = n(1 — y,), the difference between the two sides is

4

o 2
3a,T, o7, - L,T;

ao
Xn {Lnyn + log(l - yn) -1- _n}

+ 2Ln(1 - yn)Tn -

n

The first line is positive and of order nL,y,, while the absolute value of the second line is o(nL,,y;) by (5.12).
Thus the upper-endpoint value is positive. Summing (5.16) yields

o

a
K(pllu,) — Ko > Lan? + Tnz'
i

Equations (5.12), (5.14), and (5.15) now show that |vo + v{|?>/2 < K(p|lu,,): indeed, z < 1, and the last two
conditions in (5.12) make the off-diagonal and cross terms in (5.15) at most a, z/4, while (5.14) is at most Kp.

It remains to consider p; = 1 -y > 1 -y, for some i. If g is the barycenter of the remaining ¢ ;’s under
their normalized weights, convexity gives

1
S =y)qi + ¥al* < (Ly = gn){(1 = »)* +y*} + 18Ty (1 - y).

On the other hand, K (p|ju,) = (1 — y)L, — hyin(y). Their difference is at least

g?n +y{Ln _2Lny_ﬂzﬁ+10gy - 1}-

The negative part of the second term is at most exp{—L, + 2L, y, + ,ufl‘f + 1} = 0(gy,) by (5.13). Thus the
difference is positive. The entropy dual in Lemma 2.5 completes the proof. O
5.1.2 The random Gram matrix

Under (5.1), the next lemma verifies the off-diagonal and spectral Gram assumptions of Proposition 5.5.

Lemma 5.6. Suppose the first condition in (5.1) holds and

7nLn 1
oitbn '
For
Zi—Zn off g 1(qi - q;)i,j<nllop
. = N = .. ils C = P . + . — R
“s M Iggxlql q;l n=max\qi g+ n o
one has 3
L, L L? L, L
off n n n n n
=0p — + +— >, =0p|l— +—|. 5.17
My ]P{ p T dn} Un P(dn ” ) (5.17)
Moreover,
2
o L
gt o= 2ndn 12 4 o(1)). (5.18)
Yn dy,
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In addition,

C, =0Op

Vd,

If d, L, /n? is bounded below by a positive constant, then

pot = op(L 1Y), 1(qi - q;)i.j<nllop = Op(Ln). (5:20)

Proof. Section 4.2, with k,, = d,,/2 > L, gives

3/2
Ly ). (5.19)

k, a?b, d,

n
L Y

by ~ ky, an ~

This proves (5.18).
For the Gram bound, let P,, = I, — 117 /n. For every coordinate ¢, the vector

is centered Gaussian with covariance P,,, and these vectors are independent over £. Hence, fori # j,

~ = d,
E(Zl . Z]) = —7.

Products of two standard Gaussian variables have uniformly bounded subexponential norm. Bernstein’s
inequality and a union bound over fewer than n” pairs therefore give

OP{\/d L,+L }

0 {L LQQ L2
P
va. .

as claimed. The nonzero eigenvalues of the Gram matrix agree with those of ;! Z7Z. Hence the standard
Gaussian operator-norm bound gives

2
C d
nf—(l"'w/—n
Yn n

For the centered row bound, Gaussian regression gives, conditionally on Z;,

max
i#]

Dividing by v,, < d,,/L,, yields

L, L,
= O]P (d—n+7) .

et Zi n—2
Zi+ —— ~ 0, ——1I [ £1).
]+n_1 N(’ _ldn) (.];tl)
Thus _
~ Z;
7. (Z+ )
n-—1

is conditionally centered Gaussian with variance at most |Z;|?. Since max; |Z;|* = Oz(d,) in the present
regime, a conditional Gaussian tail bound and a union bound over the n(n — 1) pairs give

= Op(VduLy).

max
i£]

Z(Z+
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Division by y, =< d,,/L, proves (5.19).
Finally, suppose d,, L, /n” is bounded below. Since
off max; |q;|*
uy <Cp+ ———
n-1

and max; |¢;|> = Op(L,), (5.19) gives u°T = op(L; ). Applying the standard Gaussian operator-norm bound

once more gives
(Vi + )’
(qi - qj)i,j<nllop = Op {ny— = Op(Ly).
n

This proves (5.20). i

5.2 Exact centering and the high-dimensional correction

The entropy reduction in this section uses logn as the radial threshold. When d,, < n?logn, empirical
centering and the regular-simplex geometry shift that threshold by an amount visible in the Gumbel coordinate.
The exact coordinate s} in (2.13) includes both effects.

The following calculation translates the exact coordinate into a critical variance defect and records when
this finite-sample correction is visible.

Lemma 5.7. Define

R* R*
eh,=1-—me,  wh=2Tn (5.21)
o;by, oy b
Ifx, = (g, — &} ,)/w) = O(1), then
* Xn
= = + 1 .
T anXn/bn *u+o(1)
Let 5
geen — Vn log l’l/O’n - bn
n a, .
If sy = O(1), then
s¥ =54 0(1)  whend, = o(n®logn),
whereas, if d,, [ (n*logn) — 1 € (0, ),
sh= 50— AT +0(1). (5.22)

Proof. The first identity follows by substituting &, = £}, + x,,w}; into y,, = (1 — €,)”'; Lemma 2.7 gives
a,/b, — 0. Also
geen _ ox 7n(logn - R:{) )

n n
olan

Under s* = O(1), the expansion R¥ = logn —n~! + O(logn/n?), together with the Gamma asymptotics in
Section 4.2, gives
cen * ‘/E

syt =8t = +o(1)
" " n+/logn
in the superlogarithmic range; the error is smaller when d,, = O(logn). The two assertions follow. m]
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6 From Radial Edge Points to NPMLE Atoms

This section completes the proofs of Theorems 1.1 and 1.2. Sections 3-5 locate every possible noncentral
KKT contact; the propositions below convert those field crossings into an exact support identity. In both fixed
and growing dimensions, we show that each superthreshold radial observation creates exactly one fitted atom
and that quantitative gaps away from the edge exclude all others. Subsection 6.4 combines these identities
with the radial Poisson limit, and Subsection 6.5 proves that the support identities hold uniformly along the
variance path.

6.1 Fixed-dimensional likelihood localization

Fixed-dimensional likelihood localization is the first step in converting the field estimates into the exact
support identity of Theorem 1.1. We apply the one-atom geometry around a fit that already carries a small
amount of mass away from its central atom. The resulting comparison shows that edge mass cannot create
new KKT contacts where the central directional field has a quantitative gap below one.

It is convenient to work in score coordinates. Replace a component location u by t = V1 — &, u;
this bijection preserves support size. We reuse G for the transformed mixing measure. Recall that
Yn = (1=g,)"" =1 + 2«,. If the central atom is at 7, the likelihood ratio of the atom at T + a to the atom at

7, evaluated at Z;, is
N Yalal®
Qn,-r,a(l) =exXpa- (Zi - YnT) - ) .

For a perturbation G = (1 — W)&, + G*™, write

ma(i) =1-W+ / G rer (i) G (du)

for its likelihood ratio to ¢, and define

Dn,T(a) = %ZQn,T,a(i), \PG(T"'a) Z Qn-ra(l)
i=1 =1

mg (i)

The KKT conditions are W < 1, with equality at every support point.
The deterministic no-propagation estimate below separates the total mass of the edge atoms from the
geometry of their locations.

Lemma 6.1. For every measure G = (1 — W), + G defined above,

Dn,‘r(a)

, a € R?,
1-W

lI’(;(T+CZ) <

Consequently, if D,, + <1 —nonaset Aand W <n/2, then G has no support point in T + A.

Proof. Every likelihood ratio is nonnegative, so mg (i) > 1 — W. Substitution in the definition of W gives
the first inequality, and (1 —r)/(1 —7/2) < 1 gives the second. O

An NPMLE places almost all its mass near the true score origin. The following coarse estimate isolates a
central component before the dimension-specific edge analysis. For a mixing measure G in score coordinates,
put

2
mG(Z)=/exp{t-z é' }G(dt) ZDn(G)=/{1—e‘“"|’|2}G(dt).
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If P is standard Gaussian measure, then Pmg = 1 — D,,(G), and hence
Plogmg <log Pmg =log{l — ©,(G)} < -D,(G). 6.1)

The population loss yields a uniform empirical bound whose coarse polylogarithmic precision is already
sharper than the critical KKT gaps used in the fixed-dimensional support argument.

Lemma 6.2. For each fixed d, there is Cy < oo such that, uniformly over 0 < g, < 1,

D(Gy) = op{%}

for every NPMLE G n-

Proof. It suffices to optimize over mixing measures supported in conv{Z /v, ..., Z,/vn}. Indeed, if p is
the Euclidean projection of ¢ onto this convex hull, then

(t=p)-Zi= LU = 1pP) = (t = p) - (Zi = yup) = 22t = pI? <0,

so moving ¢ to p weakly increases every fitted density. With probability tending to one this hull lies in
B(0, C+/logn).

For M(R) = {mg : supp(G) C B(0,R)}, let N[j(n, M(R), L'(P)) be the least number of brackets
[(Lul ={f:1< f <u}, with P(u — 1) < n, needed to cover M(R). We use the compact Gaussian-mixture
entropy bound from [Ano26a, Section 2]; see also [GVDVO01, Section 3]:

log Njj{n, M(R), L' (P)} < C4(1 + R)*{1 +log(1/n)}**1. (6.2)

The constant is uniform in «,,, since
no(0a() = [ e u(z -1 Gan,

and an L' (P) bracket for m¢ is an ordinary L' bracket for a Gaussian location mixture of total mass at most
one.

Write P, f = n~! 2y f(Z;). Fix a dyadic shell 6 < D,(G) < 26, and cover it by upper brackets u of
L'(P)-width §/4. If mG < u, then Pu < 1 — 35 /4, and Markov’s inequality gives

P{P, logmg > —6/4, mg <u} < "/*(Pu)" < e™"9/2.

For R = O({logn}'/?), the logarithm of the number of brackets is at most (log n)“ whenever § > n=2. A
union bound over brackets and dyadic shells therefore shows that every measure with D,,(G) > C(logn)®4/n
has negative likelihood gain relative to dp, with probability tending to one. Such a measure cannot be an
NPMLE, proving the claim. O

The defect bound does not rule out several nearby atoms. The local collapse lemma shows that every
maximizer carries all central mass on one atom, with the remaining edge mass smaller than the KKT gaps
used later.
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Lemma 6.3. Assume either d = 2 and 1, — A € (0, ), or fixed d > 3 with s}, converging in R. For a
sufficiently small fixed ro > 0, every NPMLE can, with probability tending to one, be written

Gn=(1-W,)6,, +Go, supp(G™) c B(0, ro)°, 6.3)
where C
1 d
W+ I7al? = O {—( s } .
nKy,

In all these regimes, W,, = op(k,,).

Proof. Lemma 6.2 and 1 — e~knltl® > ck, min{|¢|?, 1} imply the displayed bounds for the mass outside
B(0,rp) and for the second moment of the restriction to that ball. Normalize the central restriction to a
probability measure G*", and let T and V be its mean and covariance. Cauchy—Schwarz gives the asserted
bound for |7]?.

We show that replacing G°*" by ¢, strictly increases the likelihood unless V = 0. Keep the outside part
fixed and interpolate

Gu,=1-W){(1 -u)d; +uG*"} + G, O<uc<l.
By concavity it is enough to show that the derivative at u = 0 is negative. With &7 = — 7, put

ynlh|?

gi(h) = exp {h (Zi = yn1) = >

} . o= / n,z.i-7 (D) G (dt).

The likelihood ratio under Gy is m? =1-W+ Q%" Define w; = (1-W)/ m?. The derivative is
n
Yo [ et - 116 an. (64)
i=1

First replace w; by one. Let f,(h) = n~!'Y,; gi(h). Uniformly for |7| = op(\/k,) and || < 2rp, a
compact finite-dimensional empirical-process bound after two differentiations gives

sup [[V2Fr(h) = V2 F(W)llop = Op(n™'?) = 0p(ky).
|h|<2rg

Here the differentiated class has an integrable envelope of the form C(1 + |Z|?)e?lZ], and the population
average is
Fr(h) = eXp{—Kn|h|2 — YuT - h}.

Indeed,
V2F(h) = Fr(h) [(2knh + ¥ T) 2knh + ¥u7) T = 2k014] -

The bound on |7|?, together with k,, 2 1/logn, gives |7|> = 0p(k,). Thus, after decreasing the fixed r
if needed, szT(h) =< —ckplg throughout the ball, with probability tending to one. Taylor’s theorem and
/ h G°"(dt) = 0 now show that the unweighted version of (6.4) is at most —cnk, tr V.

It remains to restore the weights. Let ml1 be the likelihood ratio under the original NPMLE G, and let

L el G )

13
m!
1
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be its posterior responsibility for the outside component. Integrating the componentwise KKT equality over
G gives Y rl = nW.

We next compare the two sets of weights explicitly. Put g; = f gi(h) G**"(dt), so that ml1 =(1-W)g; +
Q¢"'. On the event R, := max; |Z;| < C+/logn,

e_K” <g SeK", Kn:Cr0(1+Rn)9
uniformly in i. Consequently ml1 / m? < eXn, and hence

qut
l-—w; = lo < eK"rl.l, E (1 —wy) < eKnnw.
m -
13

i

For each i, another second-order expansion, again using f h G (dr) = 0, gives

< Cry (1 +|Zi| el %l ry,

‘ / (8:(h) — 1} G ()

It follows that restoring the weights changes (6.4) by at most
Cr,nW (1 +logn)e€o Viegn ¢y,

Relative to nk,, tr V, the last expression is

loc n Cd+leCr0\/10gn
op{( gn) = op(1),

nK?
since k, 2 1/logn in both stated critical windows. The derivative is therefore negative whenever V # 0,
contradicting the maximality of G;. Hence V = 0, which proves (6.3). The same rate and «,, = 1/logn give
W = op(ky). m|

6.2 Fixed-dimensional support recovery

This subsection proves the fixed-dimensional support identity used in both parts of Theorem 1.1. Exposed
radial points are separated by much more than the 1/p,, width of a likelihood patch, so their local optimizations
decouple: a superthreshold patch contains one fitted atom and a subthreshold patch contains none. Here
pn =+2logn ford = 2 and p,, = /2b, 4 for fixed d > 3, while T denotes the central score location from
Lemma 6.3. Put A =y, 7 — Z,. The exact anchor identity is

1 R — - A\NC 1 (7T \_ 2
Due(@) =+ dnrali) =€ Dy(@), Dpula) = - 3 e B2 (65
i

i

The central location is tied to the sample mean by an exact barycenter identity. For a score-coordinate NPMLE
G, let
exp{t - Zi — yalt|*/2} G (dr)

ma(Z;)

be the posterior mixing distribution for observation i. KKT equality G-almost everywhere gives

I1;(dt) =

1 zn: I1;(dt) = G(dt).
n i=1
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On the other hand, differentiating the likelihood when every score location is translated by the same vector

0=%Zn:{zi—)/n/lni(dt)}.

i=1

gives

Consequently,
Zpn="Yn / tG(dt). (6.6)
For the decomposition in Lemma 6.3, this implies
ape =y [ (x=0 G an).

Support reduction places G in conv{Z; /vy, ..., Z,/yn}. Since max; |Z;| = Op(p,) in fixed dimension, the
rate in Lemma 6.3 therefore gives

PulA| = Op(Wapy) = 02 (kn) 6.7)
in both fixed-dimensional critical windows. For the last equality, use
logn)©4 1
pfl = O(logn), W, = Op (M) , Kn 2 .
e logn
We use one symbol for the dimension-specific radial excess:
|Z:|?/2 —logn, d=2,
Xni = (6.8)

|Zi = Za1?/2 = bpa, d=3.

In fixed dimension, replacing the centered radius in the second line by |Z;| changes all excesses by op(1),
uniformly in i.

We now fix the local coordinate maps used below. In d = 2, write U; = Z;/|Z;], let Ry denote planar
rotation through angle 6, and set

af,z,}(r, 2) = (pn +1)Ryp,Uj  (r,z) €R% (6.9)
For fixed d > 3, set
Zi—ynT
(23) _ % | n d
a, ;' (h) =a, ;+h, == h e R4, (6.10)

. . . . . d) .
If v; is a measure in the corresponding local coordinates, its pushforward under a'? is a measure on score

n,j
displacements. Below we write

y = Z(afjf})#vj 6.11)
J

for the combined displacement measure.
For a finite positive measure v on displacement space, with m = v(R¢) < n, consider the anchored
mixture

1
Gn,'r,v = (1 - ﬂ) 57— + —(T + ')#V.
n n

Its exact likelihood gain over 6, is
n
m 1 .
Ln,‘r(v) = Zlog {1 + Fn,i(V) - _} s Fn,i(V) = _/ Qn,‘r,a(l) V(da)- (6.12)
— n n
Thus m = nW is the natural rescaled edge mass.
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6.2.1 Local likelihood programs

The field limits in Sections 3 and 4.3 determine the likelihood program associated with one radial extreme.
Optimizing this program shows that an active patch contains one atom rather than a split mixing measure.

Suppose first that d > 3, along a sequence on which s,, — s. For an observation of centered radial excess
x, completing the square at the displacement a = aff) (h) gives

1
_qn,-r,a(i) — Ay (h) = ex—s—|h|2/2‘
n

If a finite positive measure v of rescaled mass is placed in this patch, its limiting gain is

T (v) = log {1 + / Ay (h) V(dh)} - v(RY). (6.13)

For fixed total mass, the integral is uniquely maximized by putting all mass at # = 0. The remaining scalar
problem is

max{log(1 + ¢*°y) — y},
y=>0

whose optimizer is y§ = (1 — e~(*=)),. Hence the patch is active exactly when x > s, and every nonzero
limiting optimizer is the one-atom measure y.do.
In dimension two, use radial score offset r and blown-up angular displacement z, and write

Ba(r) = e 1®(-r), Cox(r,z) = e e 7122212,

The corresponding local program is

gﬁ”@o=kg{y+/]gﬁdv}—/Rl—Bﬂundvugy (6.14)
Put Cor(r2)
_ /l,x r?Z
Rx(r’z)— I_B/l(r)'

Ifu= [ Cydv,then

u
1-B))dv> ————,
/ (=B dvz o)

with equality only when v is supported on the maximizers of R,. The angular maximizer is uniquely z = 0.
The radial maximizer is uniquely » = —a,, where

¢(aq)

et = D(ay) + ,
ay

and the calculation in Section 3 gives sup R, = e* *1. Thus the patch is active exactly when x > x,, and
every nonzero limiting optimizer is a single atom at (—a_, 0). Its rescaled mass is

1_ ef(-xfx/l)
B 1- e"’q)(a,l)'

£

qx

For fixed d > 3, the contact argument requires differentiated control near a random radial extreme. The
next lemma supplies that control without conditioning on a sample-centered exceedance event. It first fixes
the raw extreme, so the punctured sample remains independent, and then sums over the possible distinguished
observations by the Palm formula.
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Lemma 6.4. Fix d > 3 and suppose s,, = O(1). Put

~ |1Z:|? o~
T - bn,da 8n(C) = {J : |xn,j| < C}-

For fixed A, C, R < oo, define, for j € £,(C),

Xn,i =

1 Z; Z; 2
Rn.j.a(h) = = Zexp (—f + h)- Zi- 22 n 5, <n),  h€Bg
n 5 Vn 2 Yn
Then .
R, i 0. 6.15
jerg,?(xc) I ,],A||C2(BR) - ( )

Moreover, if K, ; ;(h) denotes the exponential summand in the definition of R, j a, then

1 P
B
max max sup — E 0, K, ji(h)1iz, ., <—ay — 0. (6.16)
J€&ER(C) |ﬁ|§2h€B€2n iijl & nJl( )l (nis=A)

The same conclusions hold with the candidate condition |x, ;| < C and lower-cloud cutoff x, ; < —A, where
Xn,i 1S the sample-centered excess in (6.8).

Proof. Let RIZ1 /2 = bpa — A, choose p > d, and fix a deterministic z with ||z|2/2 - b,,,d| < C. For
t,(h) = z/yn + h, set

1 o 2
Voi(h) = ;etz(h) Zi=ynlt;(h)| /21{|Z,~ISR,L,A}-

We first establish, uniformly over these z, 4 € Bg, g € {2, p}, and |8] < 3,

n
D BV 2|1 < Cacorpapn'e™. (6.17)
i=2
Indeed, differentiation inserts a polynomial of degree at most |3| in Z; —y,,t, (h). Exponential tilting therefore
gives

D B Vi ()]

i=2
< Cnl=9p=aknlt=(M)P+(a*=q) |t () * /2 [{1 +1G + (¢ - Vn)lz(h)”’ql’g'1{|G+qtz(h)|an,A}] .

Aligning t,(h) = rey, conditioning on G, , and applying Mills’ bound to G| show that the last expectation is
at most

Cac.R.p.apy exp{—(qr — Ry.a)*/2}.
Here the polynomial causes only a constant loss: on the truncation event its longitudinal argument is
Ry.A — yur + O(1/py), which is bounded for |r — |z|/y,| < R, while the transverse Gaussian moments are

fixed. Equivalently, this weighted Mills estimate follows by integrating (1 + |u|)’”e‘”2/ 2 beyond the same
one-dimensional boundary.
The exponent outside p;, ' equals

-4
2
= (q = D{bna ~logn = A} = qiur® = 2(r = Ru.p)

1
(1-gq)logn — gr,r* + r? - 5 (ar - Ro.a)?
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Since b, g —logn = A, — su, ko> = A, +0(1), and s, = O(1), it is at most —1,, + Oa,c,r,p,a(1). This
proves (6.17). The same tilting calculation with g = 1 gives

sup < Cac.rae ™ =o0(1). (6.18)

z,h,|B|<3

ZE@ Vi z,i(h)

i=2

The same g = 1 calculation applies to the absolute values of the derivatives. Using the derivatives of order
three and the fundamental theorem of calculus on a fixed mesh of Bgr gives

SUPE < Cac.rae ™ =o(l).

max sup — oK m
FET lZ" i P LZSRe )

The Palm union bound below and Markov’s inequality therefore also prove (6.16).
Apply Rosenthal’s inequality to the centered derivatives and integrate over Br. Equations (6.17) and
(6.18) yield, uniformly in z,

=o0(1).

n,z,i

WP (BR)
Because p > d, the embedding W37 (Bg) — CZ(BR) and Markov’s inequality imply

n

Z Vn,z,i
=2

sup P
z:||z|?/2=bp,al<C

>8p =0(1)
C2(Br)

for every 6 > 0. Independence now gives the Palm union bound

P{Jergfzc 1Rn.j.allc2 () > 5}

n
§ Vn,z,i

i=2

>0 P(dz) = o(1),
C2(BR)

< n/ P
{lz12/2=bp,a|<C}

because the Gamma tail estimate gives nP{||Z|*/2 = b,.a| < C} = Oc(1).
Finally,
1Zi - Z,* - |1Zi
2

Fix 6 > 0. Apart frorn an event of probability tending to zero, |x, ;| < C implies |x, ;| < C + §, while
Xni < —A implies X, ; < —(A — §). Applying the raw result with candidate bound C + § and lower cutoff
A — 6 proves the sample centered assertion directly. O

max
1

= Op(l).

6.2.2 Uniform patch stability

We need the local approximations uniformly over the random edge patches and all candidate mixing measures.
As in Sections 4.4 and 3, the lower radial cutoff is removed after the finite-sample limit.

The candidate patches and the observational cutoff play different roles. The candidate set is fixed by the
activation threshold and remains unchanged as the cutoff is removed. The cutoff is used only to divide the
data into a finite exposed cloud and a lower cloud. The following estimate controls the lower cloud uniformly
over every mixing measure on the candidate patches.
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Lemma 6.5. Fix C,R,M,J < co. Let I,, be any set of at most J candidate observations with |x,_ ;| < C, and
let v; be supported in Bg for d > 3, or in [-R,R)? for d = 2, withm = 2jer, vj(Rd) < M. Formv by
(6.11) and write F,, ; = Fp, ;(v). Suppose s, = O(1) for fixed d > 3, or 4,, —» A € (0,00) ford = 2.

There is Ao = Ao(C, R, M) > C + 1 such that, for each fixed A > Ao, on the event max; x,, ; < C and the
usual edge-separation event,

" max F,; < CcrMe™, > Rl < CorMPe™ +0p A1), (6.19)
iixpi<—A i s-A

apart from an event of probability tending to zero. For every candidate patch, one also has the derivative-
envelope bound

1
1 B A —
max sup - § 34 qn..an, ,<u>(z)| = Op,Ap.c,r(1), (6.20)

i1 Xp,i<—A

uniformly for A > Ag. Uniformly over the same measures,

op,a(1), d >3,
Fui = ] 621
i:x;_A ZI: / B, (r) vi(dr,dz) + Os.c.rs(Me™) + 05 4(1), d=2, OV
J€1n

where
By, (r) = e_/l"d)(—r).

The observations with —A < x,; < C that do not belong to I,, contribute op s(1), uniformly over the
candidate patches and measures.

Proof. Completing the square gives, for every score displacement a,

_Zi—ynT
Yn

Yn
logn - —|a

2¥n 2

1 N |Zi - ')/nT|2

2
} . (6.22)

For d > 3, the anchor estimate (6.7) and b,, 4 —logn = A,, — s, make the first exponent at most —A — s, +op(1)
when x, ; < —A. For d = 2, the radial identity in Lemma 6.8 bounds the exponent by —A + Oc¢ g(1).
Integrating (6.22) over a measure of mass at most M proves the first inequality in (6.19).

For fixed d > 3, Lemma 6.4, followed by the translation from Z; /y,, to (Z; — ynT)/vn, gives

1 .
max sup — Z qn,r,aff)(u)(’)=0P’A(1)'

je 1, n
J&in u i1 Xp,i<—A

The translation is legitimate in C? because |7| = op(1) and the Palm lemma controls a slightly larger
compact set. The translated Palm field is multiplied by e ~7%'7; uniformly on these patches its logarithm
is Op(pn|7]) = op(1) by Lemma 6.3. Positivity and Fubini now give the first line of (6.21). Equation
(6.16) gives (6.20) in this case. The bound is uniform for A > A, because the absolute derivative sum is
nonincreasing as the lower cutoff —A is moved inward.

For d = 2, use the fixed-cutoff decomposition Lemma 3.8, the quantitative absorption bound in the proof
of Lemma 3.7, and the anchor multiplier

_.anC___ — .
e M maln — TndT =1+ op(1)
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uniformly on the candidate patches. Together, these three estimates show that the lower field in a patch
with radial coordinate r is By, (r) + Op.c r(e™) + 0p (1), uniformly in its direction. Integrating over v
proves the second line of (6.21). The radial identity bounds the absolute value of each derivative by a fixed
polynomial times the Gaussian angular kernel in Lemma 6.8. For the deep part & < —2"%°, repeat the boxwise
Rosenthal-Morrey argument in Lemma 6.8 with a polynomial majorant for the absolute derivatives; its mean
is uniformly bounded by exponential tilting. For the strip —f,eldge < & < —Ay, the slab-and-arc estimate in that
lemma, with the summable weight (1 + q4)e‘“12, is Op,c.r(e~?). Their sum proves (6.20) for d = 2. Since
the absolute sum over {x, ; < —A} decreases with A, the Op ¢, R(e‘AO) bound holds simultaneously for all
A > Aop.

The linear bound is Op(M) in either dimension. Therefore positivity and the first inequality in (6.19) give

Z nt < ( max F, l) Z Fn,i < CC,RMZE_A + OP’A(I),

. i1Xp,i<—A X
i1Xp,i<—A iiXp,i<—A

which is the second inequality in (6.19).

Finally, for fixed A, C, the exposed cloud {—A < x,; < C} has tight cardinality. Its distinct directions
are separated by £, " /p,, with £;;° — oo, apart from an event of probability tending to zero. Completing
the square and differentiating on fixed patches then show that the response of every nonassociated exposed
observation is O(e_c(f'slep)z). Summing over the tight exposed cloud proves the last assertion. O

Lemma 6.5 makes the lower-cloud contribution uniform over all mixing measures on finitely many
candidate patches. The next proposition uses its linear, quadratic, and derivative bounds to reduce the exact
likelihood to a finite collection of local programs.

Proposition 6.6. Fix C,R,M,J < oo, and let 1, be any set of at most J candidate observations with |x, ;| < C.
Work on the event max; x, ; < C and the edge-separation event. For d > 3, let v be supported in B C RY;
for d = 2, let it be supported in [-R,R)*>. Form the displacement measure using only j € I, assume
2jer, Vi (R?) < M, and suppose the anchor satisfies (6.7). Assume that s, = O(1) for fixed d > 3, or that
A — A € (0,00) for d = 2, and define

VARIOESY log{l +/eXn,f-Sn-'h'2/2 v_,(dh)} = > i),

Jeln jel,
By, (r) = e_’l”(D(—r), Chx(r,z) =e A gx=1?/2-2 /2
jn(z)(‘/) - Z log{1+/ nxnjdv]} Z /{I—B,l (r)}dv;.

je1, jel,
There is Ag = Ag(C, R, M) < oo such that, for every fixed A > Ay, uniformly over these measures,

sup | L.+ (v) = TP ()| = Op.c.rs {(M + MP)e™} + 0p.4(1), (6.23)

where the random coefficient in Op c r.y(1) is tight uniformly for A > Ag. In particular, for every § > 0,

hm lim supP{sup | Ly (v) - Jn( )(v)| > 6} 0. (6.24)

A—>00  pse0

The candidate space and jn(d) do not depend on A. After n — oo and then A — oo, the limiting functional is
the sum of the independent local programs (6.13) or (6.14) over the candidate patches.
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Proof. Putm = v(R%),v; = F, ;(v)—m/n, and split the data into the candidate observations, the noncandidate
exposed cloud {-A < x,; < C} \ 7, and the lower cloud {x, ; < —A}. For a candidate observation j,
completing the square gives, uniformly on its associated patch,

1 N xp s |h2/240(1)
4 3 gy (J) = €7

I’l,T,an’]

ind > 3, and gives Cy, x, ;(r,z) + o(1) in d = 2. The separation event makes every cross-patch response o(1).

Hence the candidate observations contribute the logarithmic terms in jl(23) or n(z), uniformly over v, up to

op,4(1). The final assertion of Lemma 6.5 shows that the noncandidate exposed cloud contributes op_4(1).
Choose Ag so that Cc gM e A < 1/4, and then take n > 4M. On the lower cloud, the elementary
inequality
[log(1 +v) —v| <22, v>-M/n, |v|<1/2,

and Lemma 6.5 give

Z {log(1 +v;) = vi} = Op.c.r.7(M*e™™) + 0p.a(1).

iiXp,i<—A

Since the exposed cloud has Op_4(1) observations,

Z Vi = Z Fui—m+opa(l).

i:xn’,‘S—A iixn,iS—A

Equation (6.21) therefore supplies the penalty —m in d > 3, and the penalty — 3 ; f {1-By,(r)}dvjind = 2.
Lemma 6.5 already includes the anchor error. Combining the candidate observations, the noncandidate
exposed cloud, and the lower cloud proves (6.23). O

An elementary coercivity estimate bounds the edge mass without assuming a fixed number of fitted atoms;
it depends only on the candidate data points, not on the mixing complexity within their patches.

Proposition 6.7. Restrict (6.12) to J edge patches, and let 1,, be their associated observations. Suppose
throughout the patches that

1 ) 1 .
; Z qn,T,a(l) <b<l, Illéajx ;qn,T,a(l) < Co.
iel, "

If m = nW is the total rescaled edge mass, then, for all large n,
Ln(v) < —cpm + Jlog(1 + Com), cp =(1-0)/3.
Consequently, every maximizer satisfies m < 4CoJ?/ ci.

Proof. Fubini’s theorem gives ;¢ Fp i(v) < bm. Jensen’s inequality then implies

Z log{l =m/n+ F,;(v)} < (n-J) log{l - % Lo

]} < —cpm.
n —
igl,

At each retained observation the likelihood ratio is at most 1 + Cyom, which proves the displayed bound. A
maximizer has nonnegative gain, and log(1 + x) < 2+/x then yields m < 4CoJ?/ ci. O
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The two-dimensional contact argument requires differentiated, rather than only uniform, control of the
inward-edge background. The next lemma upgrades the fixed-cutoff decomposition to the C? form needed
below.

Lemma 6.8. Assume d =2 and 1, — A € (0, ), and put t’,idge = 4log p,. Forv € S, define

an,v(r, Z) = (pn + r)Rz/pnv
and, for fixed R < oo, let
By (r.2) = Lemnlans(r2)P S et dilans )P
N bl n ’
i &<t

ﬂn,v,A(rv Z) - %e_’%lan,v("sz)l2 Z ean,v(raz)'zi_lan,v(raz)lz/z'

i< <A

Then .
sup B,y — e ' ®(=r)llc2((-r,Rrp2) = O (6.25)
veS!
and, for every 6 > 0,
lim limsupP { sup [[Anv.allc2(-r,r12) > 6} =0. (6.26)
—®  p—ooo ves!

Proof. Write a = a, ,(r, z). The radial identity gives

1 klal yazimlal/2 _ ,&i-skulal~|Zi—al2/2
n

Cover S! by O(p,,) arcs of angular length O(1/p,,), and on an arc centered at v, write v = Ry/pnVas With y
in a fixed interval. On the resulting fixed boxes in (y, r, z), differentiation inserts a polynomial of bounded
degree in Z; — y,a, with coefficients bounded uniformly in n. Consequently, for every multi-index |8 < 3,
a summand of the corresponding derivative of 5, , is bounded by CRe‘gzGlge

proof of Proposition 3.6, also gives

. Exponential tilting, as in the

2
c
< 2R

sup ZE‘aﬁ [le_'("m'ze“'zi"“'z/zl <
n Pn

@,y,r,z 3

{fi<—f2“ge}]

Here 08 denotes derivatives in the scaled local variables (y, r, z), and the supremum ranges over their fixed
coordinate boxes. The corresponding sum of pth moments is at most Cge™(? 26, /pn. For any fixed
p > 3, Rosenthal’s inequality therefore bounds the expected pth power of the W3? norm on one box by
Crpn? 24 o(p,? / 2). Summing over the O(p,,) boxes still gives o(1). The Sobolev—Morrey embedding
W3P < C? on each fixed box, followed by Markov’s inequality, proves uniform C? concentration over all
yeSh

The mean is rotation invariant and exponential tilting gives
BBy (r,2) = eV BYG + (py + )er? < p3 - 26, G~ N(O, ).

The boundary expansion in the proof of Proposition 3.6 is uniform after two derivatives in r; the mean has
no z-dependence. Since ffldge /pn — 0 and k,p2 — A, the last display converges in C? to e=*®(—r). This
proves (6.25).
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For the strip, let Y;(v) = p, ang(U;, v). Uniformly on the same compact set and for || < 2, the radial
identity and the elementary bound of a polynomial times a Gaussian give

108 A a(r, ) <Cr Y. e+ ¥ (v) = e M el,
il < <A
Taking the supremum over z € [—R, R] only changes the constants and the Gaussian exponent. The
slab-and-arc occupancy proof of Lemma 3.7 applies with the summable weight (1 + z]“)e_“l2 in place of
¢~9°12 Tt bounds the last display by Cre™ + op(1), simultaneously for || < 2, and proves (6.26). m]

To convert each local maximizer into an exact contact count, we need two-derivative convergence of the
fitted KKT certificate; convergence of likelihood values alone would not exclude nearby split atoms.

Proposition 6.9. Suppose an NPMLE is localized to finitely many compact patches, its rescaled edge mass is
bounded, and every associated radial excess is at least n > 0 from the relevant threshold. After the radial
cutoffs are removed, an inactive patch contains no support point and an active patch contains exactly one,
apart from an event of probability tending to zero. Here active means x, ; > s, for d > 3 and x, ; > x,,, for
d=2

Proof. 1t is enough to argue along subsequences. The radial cutoffs and threshold buffer allow a further
subsequence on which the number of candidate patches is constant and all marks x,, ; converge, say to x;.
Write a, j(u) = a,ff)(u) ind>3,and a, ;j(u) = aff}(r, z) foru = (r, z) in d = 2. The candidate index set
is fixed throughout this subsequence; only the lower observational cutoff A will later vary. For a localized
measure v = (vq,...,vy), let

Muiv) = 1+ %; [ @m0 = 11 vy,

Moving mass from the central atom into patch j has derivative

1 i Qn,‘r,an,j(u) (l) -1

l"n’j,v(u) = ; Mn7l-(v) (627)

i=1
It is nonpositive throughout the patch and vanishes at every support point.
The limiting certificate in an active d > 3 patch is

() = e 1?12 _ 1.
Ii(h) =e 1;
it has a unique zero at zero and Hessian —/;. In an active two-dimensional patch it is

R, (r,z
[j(r.2) = (1= Ba(r)) {Su% : 1},
Pu,y Rx; (1, )
whose unique zero is (—a,, 0) and whose Hessian there is —{1 — e '®(a,)}>. A threshold buffer 5 also
gives a fixed negative certificate gap in every inactive patch.

We next verify that (6.27) converges to these limits in C? on a smaller patch, uniformly over measures in a
fixed compact mass ball. Fix the observational cutoff A. At the candidate observations, completing the square
and differentiating three times gives uniform C? convergence of the associated response. Every response
from a different exposed observation carries the factor e=c(tn®) 2, and the exposed cloud has tight cardinality.
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For the lower observations in fixed d > 3, Lemma 6.4 gives, simultaneously in all candidate patches,
C? convergence of the punctured lower field to zero. The lemma is centered at Z j/Yn, Whereas the score-
displacement patch is centered at Z;/y,, — 7. Taking the Palm estimate on a slightly larger compact set and
using |7| = op(1) transfers the bound to the score-displacement patch. The accompanying multiplier e~ 7% "
is 1 + op(1) in C?, because p,|7| = op(1). Thus this is a deterministic translation of an already uniform C>
estimate and requires no conditioning on a sample-centered exceedance set.

In d = 2, Lemma 6.8 gives C? convergence of the diffuse background to e ~1®(—r) and removes the strip
between the receding and fixed radial cutoffs in the C? topology. The estimate is uniform over the patch
direction, so it remains valid for the random directions U;. The KKT field differs from the field in Lemma 6.8
by the anchor multiplier

e—a~A3,“C—a-Zn = o a7

Lemma 6.3 gives

paltl> =0

n

Ca+1
. {%} — 03(1).

and differentiation of the multiplier in the local coordinates only introduces further factors Op(|7|). It is
therefore 1 + op(1) in C? on every fixed patch.

It remains to pass from the unfitted fields to the fitted certificate. Take A > Ao(C, R, M) from Lemma 6.5.
For every lower observation,

1
M i(v)—1| < F,;(v)+M/n < CC,RMe_A +o(l) < 3

uniformly over measures of mass at most M. Hence |M, i - 1| <2|M,; — 1|. Applying Lemma 6.5 after
each of the at most two local differentiations gives

1
sup |- > Adnrian, (0@ = IHM )™ =1 = Op.crys(Me™) +0p.4(1),  (6.28)

vivR)<M ([T "2 5 o
with a tight Op(1) coefficient uniform for A > A. To see this directly, note that M,, ;(v) is fixed when the
prospective contact location u is varied. Thus all derivatives fall on the numerator, and (6.20), together with
max; |Mr:} — 1] < CMe=4 + 0(1), gives the displayed bound. The constant —1 at derivative order zero is
controlled by the same maximum. At a candidate observation, the denominator converges to its local-program
denominator. At a noncandidate exposed observation, every candidate response is op 4 (1), uniformly in
C?; the constant —1 in the numerator contributes only Op 4(1/n) after summing over the tight exposed
cloud. Thus the complete fitted certificate converges sequentially, first as n — oo and then as A — oo, to the
displayed limiting certificates.

We now make the order of the cutoff and argmax limits explicit. Proposition 6.7 confines the total rescaled
mass to a deterministic compact interval on events of arbitrarily high probability. Together with the fixed
compact candidate-patch union, this gives a weakly compact space My, g of candidate measures. Let 7. be
the sum of the limiting local programs for a vector x = (xj,...,x;) of candidate marks, and let v} be its
optimizer. The scalar optimizations above show that this optimizer is unique and depends continuously on x
as long as the marks remain outside the threshold buffer.

Choose the patch radius R so that every such optimizer is in the interior. For a fixed small § > 0, let U,
be its radius-¢ weak neighborhood in My . The mark vectors with |x;| < C and distance at least 1 from
the threshold form a compact set. Joint continuity of the local programs and uniqueness of their optimizers
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therefore give the uniform separation

C5,n,C,M,R,J ‘= inf L7;'((\/;;') - sup jx*(v) > 0. (629)
x ve Mpr R\ Ux

Decrease ¢, if necessary, so that every active patch has mass bounded away from zero throughout U,. All the
objects in (6.29) depend only on the threshold-buffered candidate patches, not on the observational cutoff.
Choose the deterministic cutoftf A > Ag(C, R, M) so large that, by (6.24), the finite-patch approximation error
exceeds one quarter of the gap in (6.29) with arbitrarily small limiting probability. Then take n large. Uniform
convergence of the local kernels shows on the complementary event that every finite-sample maximizer
belongs to U,: otherwise comparison with the pushforward of v; would lose at least half that gap. In
particular, every active finite-sample patch carries positive mass and hence contains a KKT contact.
Increase this same deterministic A, if necessary, so that (6.28) exceeds one quarter of either the inactive-
patch certificate gap or the absolute value of the largest active limiting Hessian eigenvalue with arbitrarily
small limiting probability. These constants are uniform over the threshold-buffered compact mark set, while
the candidate space does not change. An inactive patch then has no contact. In an active patch, C® convergence
confines all contacts to a small convex neighborhood of the unique limiting zero, and C? convergence makes
the finite-sample certificate strictly concave there. Since the certificate is nonpositive, strict concavity rules
out two distinct zeros. Sending the two exceptional probabilities to zero proves the claim along every
subsequence. O

6.2.3 Threshold pruning and the support law

Only observations within a fixed radial distance of the activation threshold can support atoms. The needed
deleted-field estimate is a further consequence of the Bennett—Morrey argument in Section 4.4.

Lemma 6.10. Assume d > 3 and s,, = O(1). For fixed a > 0, define

n

(a) _ 1 —Kkn|t|? t-Zi—t]%/2
S = ;e e 1{\Z,~|2/2Slogn+/ln—a}'
i=1

IfZ € (0,1) and e*¢ > 1, then
P{ sup St(a) 2{} — 0.

l11zpn /2

Proof. Put R2/2 = logn + A, —a and h = R, — |t|. On each fixed physical annulus |2| < H, Lemma 4.5
gives
a+h?/2 o _
e Z-o(1)
P{S,(a) >} < (p,fle_/l") )

Lemma 4.4 reduces the annulus to a net of cardinality pﬁf—H"(l), with o(1) oscillation. Since p;, e~

pr—L(d—l)+o(l)

A —

and e“{ > 1, the union bound tends to zero.
For h > H, Lemma 4.6 gives

P{St(a) >{/2} < eXP{—Cdea+h2/4 log pn}.

A polynomial-size Euclidean net and the same derivative control make the union bound vanish after H is
large. When [t| > R, + H, every truncated summand decreases along its radial ray, so the outward region
reduces to the controlled boundary. These ranges cover [t| > p; /2. |
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The two-dimensional analogue of the deleted-field estimate has an explicit profile gap. It is useful to
record both the global residual bound and the stronger bound on the candidate patches, where the associated
extreme observation has itself been deleted.

Lemma 6.11. Assume d =2 and A,, — A € (0, 0). Fixn > 0, put
1
L) ={i:&>x,-nh  Rug@== > qurald),
n.
i¢1,(n)

and let Py (n, R) be the union of the radius-R local patches associated with 1,,(n). Then

1
sup Ry n(a) <1—=(1—eM(1-e+op(1), (6.30)
lalpn/2 2
sup Ry p(a) < ety op r(1) (6.31)
acP,(n,R)

for each fixed R.

Proof. Fix C,K, A < oo and work first on max; & < C and | |a| — p,| < K. Write a = (p, +7)v, |r| < K.
Lemma 3.8, its quantitative absorption bound, and the anchor estimate give, uniformly in » and v,

Run((on +1)0) = Ba, (N + > Cap s (rYi(0) + Op k(e + 05k (1). (6.32)

—A<&i<xa, -1

For fixed A, C, the exposed points have tight cardinality and, with probability tending to one, their pairwise
scaled angular distances exceed a deterministic £,, — oo. If there are at most J exposed points, then for
any v all but at most one have |Y;(v)| > ¢,,/2; uniformly for |r| < K, their total contribution is at most
JeCHK2[2=0a/8 Tightness of J therefore makes this remainder op _4.c x (1), uniformly in v. Since every
retained residual mark is at most x,,, — 7,

Ba,(r) + Ca,yxp - (r,2) = €7 1{By,, (r) + Ca, x,, (1, 2)} + (1 — €7 ") By, (1)
<e M4 (l—e T)e M

=1—(1—e (1 -e"M).

Choose A so that the absorption error is less than one quarter of the limiting gap and then take n — oo.
This proves the first bound on every fixed radial window, on {max; & < C}. As |r| — oo, the spike term is
bounded by ¢€~*/2+(1) while B,, (r) tends to e~ inward and to zero outward. The diffuse- and tail-field
estimates in the proof of Proposition 3.2 make these bounds uniform as K — oo. Finally,

limsupP{max&; > C} = 1 —exp{-e €} — 0 (C — o),
n— oo i
which removes the upper cutoff and proves (6.30).

If a € Pn(n, R), its associated observation belongs to 7, (1) and is absent from the residual sum. Every
exposed residual direction is then at scaled angular distance at least £,, — R, so the entire exposed sum in (6.32)
is op_a.c.r(1). The remaining profile is at most sup, B, (r) = e~*. Taking first n — oo, then A, C — oo,
proves (6.31). O

Combining the edge and bulk gaps prunes subthreshold points before the mass-coercivity bound is used.
Thus the number of candidate patches is tight independently of the lower radial cutoff.
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Proposition 6.12. Fix n > 0, and set

Sp, d >3,

Gp=1""

XA, d=2.
In the corresponding critical window, every noncentral support point of an NPMLE lies, with probability
tending to one after the radial cutoffs are removed, in a patch of some deterministic radius R = R(n) < oo
associated with an observation whose radial excess satisfies x,, ; > U, —n. The number of these patches is
Op(1). More precisely, put

Iu(n) = {i: Xn,i > Oy — n}

and let P, (n) denote the union of their radius-R patches. There are a deterministic b < 1 and random
variables Cy , = Op(1) such that

1

: 1 .
sup - Z qn,r,a(i) < D, sup  max —qn.7.a(i) < Co.pn.
aeP,(n) I iXpi<On-1 aePu(n) iXni>0n -1 N

Proof. Call the sum over i ¢ Z,,(n) the residual field. For d > 3, every residual observation satisfies
|Zi - Zn|2/2 < bn,d t8p—N = log” +An = .
Uniformly in i,

|1Z:|? < 1Z: = Z,|?

- Zul? 1Zi = Zn)?
14

2 2

+ OP(I).

Thus, with probability tending to one, every residual observation lies below logn + A, — /2. Put

1+ e %
an:n/z, (,]:T

Since e“7{, > 1, Lemma 6.10 applied with a = a,, gives a gap of (1 — {;;)/2 below one throughout
la| = pn /2, with probability tending to one. To pass from the raw field in Lemma 6.10 to the residual field,

note that |
LS Grrali) < et Zaglon),

residual

An NPMLE may be supported in the convex hull of the rescaled observations, so |a| = Op(p,); on this range
(6.7) and p,|Z,| = op(1) make the prefactor 1 + op(1). Thus the residual field is at most (1 + ¢;))/2 < 1
throughout the d > 3 edge region.

Ind =2, Lemma 6.11 gives the explicit global edge gap

1
g2 = 5(1=e (1= >0.

On the candidate patches themselves it gives the stronger residual bound e + op(1). Thus, in the first
displayed inequality of the proposition, one may take any fixed b € (e, 1) for all sufficiently large n.

The bulk estimates in Proposition 4.10 for d > 3, and Lemma 3.5 for d = 2, retain a gap of order «,, on the
region between the fixed core and p,, /2. The candidate set has tight cardinality by radial Poisson convergence,
and its maximum radial excess is tight. On an event of arbitrarily high probability, both its cardinality and its
normalized peak heights are bounded by deterministic constants. The exact square completion (6.22) then
bounds the total candidate contribution outside radius R of the patch centers by C ¢~“R*_ Choose R so this is
smaller than one quarter of the relevant residual edge gap: (1 — ¢;;)/2 ford > 3, and g5, for d = 2. The full
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central field consequently has a fixed gap outside $,(77) throughout the edge region. Equation (6.7) transfers
both gaps to the central anchor. Finally, Lemma 6.1 preserves the edge gap because W,, = op(1) and the
bulk gap because W, = op(«k,). KKT equality therefore excludes every support point outside the candidate
patches.

On the fixed candidate patches, Lemma 6.10 for d > 3 and Lemma 6.11 for d = 2 give the first displayed
inequality with deterministic b < 1. The tight upper radial cutoff, square completion, and angular separation
give the second with Cy ,, = Op(1). m]

We can now count the patches. The following buffered sandwich is the fixed-dimensional input to the
common edge-count reduction.

Proposition 6.13. Assume A,, — 1 € (0,c00) when d =2, or s} — s € R when d > 3 is fixed. With x,, ;
defined in (6.8) and ¥, as in Proposition 6.12, for every fixed n > 0,

#i:xpi> 0w +ny <Kn—1<#{i:xp; >0 -1} (6.33)

apart from an event whose limiting probability is O (). Under either critical-window assumption, the NPMLE
is unique with probability tending to one.

Proof. First assume A, — A € (0,00) whend = 2, or s — s € R when d > 3. Fix > 0. Proposition 6.12
confines every noncentral support point to the Op(1) patches associated with x, ; > &, — n, and supplies
the two hypotheses of Proposition 6.7. Hence the rescaled edge mass is Op(1). After choosing an upper
radial cutoff and a deterministic bound on the number of patches, Proposition 6.6 and Proposition 6.9 show
that every active patch contains exactly one fitted atom and every inactive candidate patch contains none.
These are precisely the inequalities in (6.33). Removing the radial cutoffs costs o(1); the only remaining
exceptional event is a radial point in the threshold buffer, whose probability is O(1n).

On the event where Propositions 6.12 and 6.9 give the stated patch localization, the NPMLE is also
unique. If G and H are two NPMLE:s, then (G + H)/2 is also an NPMLE. Lemma 6.3, applied to all three
measures, forces their central atoms to coincide: otherwise the central part of (G + H)/2 would have positive
covariance. Propositions 6.12 and 6.9, applied to (G + H)/2, likewise force the edge contact in every active
patch to coincide. Thus all NPMLEs are supported on the same finite contact set.

The likelihood vectors at these contacts are linearly independent. Indeed, on the rows indexed by the active
observations, the edge-contact block has diagonal entries of order n, bounded away from zero after division
by n, and off-diagonal entries o(n). The finite-patch estimates also give an Op(1) empirical average for each
of the finitely many edge columns. Hence there is a noncandidate row on which every edge entry is o(n);
adjoining this row and the central column produces, after scaling the edge columns by n~!, an asymptotically
invertible triangular minor. Strict concavity of the log likelihood makes the fitted likelihood vector common
to all maximizers, and linear independence then makes its representing weights unique. The probability of
the exceptional event is O(n) + o(1); letting | O proves the uniqueness claim. O

6.3 Growing-dimensional support recovery

This subsection proves the support identity for every growing-dimensional regime in Theorem 1.1. In the
Gaussian-bump coordinates of Subsection 2.1, the buffered reductions below identify every noncentral fitted
atom with one radial exceedance while retaining the exact centering correction.

6.3.1 Exact edge coordinates

Recall the exact radial coordinate f;'l‘ ;» scale 6%, and identity (2.14) from Section 2.2. For fixed C,J < o

and np > 0, recall the buffered event B,(C, J,n) from (6.97). The centered radial Poisson limit makes the
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complement of such buffered events negligible after C,J — oo and then ;7 | 0. It therefore remains to prove
that every positive buffered excess creates exactly one noncentral support point.

When d,,L,, = o(n?), the exact coordinate agrees with the 2 log n-based coordinate used in Sections 4
and 4.5. The next elementary comparison lets us invoke the radial estimates from those sections without
carrying two normalizations through each proof.

Lemma 6.14. Suppose d, L, = o(n®) and s* = O(1). With s, &n., and 8, = an/yn as in (4.1) and (4.4),

S ot

=1+o0(1).

1

sn— sy =o0(1),

Moreover, for every fixed C < oo,

Cmax |gx . — (éni — sa)| —p 0. (6.34)
gy sCc

Proof. The second assertion is immediate from 6% = 0-2a,,/y,. The definitions give
R*
sn—s*:ﬁ(Ln——;).

Since L, —R* = O(n"") and 1 — 02 = n™!, its absolute value is O{b,,/(na,) +v,/(na,)}. This tends to zero:
itis O(L, /n) whend, = O(L,,), while the superlogarithmic Gamma expansions make it O (Vd,, L, /n) = o(1)
otherwise.

In fact, the two excess coordinates satisfy the exact identity

L,-R*

5 (6.35)

fn,i —Sn = O-}%é‘:;i -
Now L, — R¥ = O(n™"). Also (ns,)™' = o(1): this is immediate when d,, = O(L,), and in the
superlogarithmic range it is O{+/d,,/L,/n} = o(L;"). Equation (6.35), together with 0> = 1 — n~!, proves
(6.34). mi

For later use, if ¢y, ...,c, > 0, define

n

Te(w) = % D ciexp{w - qi— [wl/2}.

i=1

The Gibbs variational formula gives the weighted entropy dual

PEAn

w 2
log () = sup {w Y pigi =" Kpllw) + Y pitoge | (6.36)

The entropy argument used for one-atomicity must be made stable under the fitted denominators before it
can count contacts. The following weighted version supplies precisely that stability. It is stated only in the
random entropy regime, where it will be used.

Lemma 6.15. Suppose (5.1) holds, s, = O(1), and d,L, = o(n*). Put

Z; _Zn |CI1' dan
qi = s R: = R 6 = —,
' VVn ' 2 " Yn

? _ NICqi - g)ij<nllop

2n

off
=max|q; - q; i
Hu =2 lg: - q;l, n
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Fix C,J < oo and n > 0, and suppose
max(R; — L,) /6, < C, #{i : R; > L,, —non} < J, min |R; — L,| > nd,.
1 l

Let A = {i: R; > L, }. Suppose a random vector 8 = (Bi, ..., Bn) satisfies, uniformly on this event,

Bi=—(Ri—Ly) +e,; (icA)), max |e, ;| + max |B;] =: wp, (6.37)
€A JEA
where .
My 5. L
wp = Op {e + M} =n 1P = 5p(6,). (6.38)
n n
If
2

Fg(p) = %

Zl?iqi
i

then, with probability tending to one, every p € A, satisfying Fg(p) > 0 has one of the following two forms:

~K(pllu,) + > pii,

~1/2+0p(1)

lp—uull1 <n or 1-p; < n~12+or () for some j € A. (6.39)

In the first case | 3; piqi| = op(1); in the second, | }; piqi — qj| = op(1). Moreover, if p = p(w) is the
Gibbs vector of a weighted certificate with value at least one, then w lies within n="/>*°() of zero in the first
case and of q j in the second.

Proof. Lemma 5.6 and (5.1) imply that the deterministic bounds in Proposition 5.5 hold with probability
tending to one. Replace O and v,, by deterministic upper bounds that hold with probability tending to one
and preserve their asymptotic separation. For readability, continue to denote these deterministic bounds by
u°™ and v,,. We may then choose deterministic a2, so that

1+ u%" < a® < min{log(1/v,),log(nd,), L.},
on an event of probability tending to one, and then set
Tp=e“,  Lyya = {a;log(ns,)}"/.
These choices satisfy (5.12). Since max; R; = L,, + O(6,), the extra diagonal term in (5.15) is

0(5,) Z b} =0 (L,, > b%)

4

and is absorbed by the heavy-entropy term in (5.16).
First suppose max; p; < 1 — y,. Repeat the light-heavy decomposition in Proposition 5.5. Explicitly, put

hi |
{ = npi, ti=fi NTy, hi = (fi = Tw)+, b =—, Ko = - i), = bi,
Ji=np fi (fi )+ 0=" 2 ¢ (&) Z Ei

n

where ¢(x) = xlogx —x + 1. The active diagonal excess is canceled by the active fitted weight: because

b% < pi,
Z(Ri — L,)b? + Zpi,Bi < wp.

i€cA i
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Keeping half of the slack in (5.14) and (5.16) therefore gives
Fg(p) < —cKo = cayz + wp. (6.40)

Thus Fg(p) > 0 implies Ky + a,z = Op(w,). Moreover,

T w 1/2 w
Ip—ualli <C (”") 4 Zn o pm1/2eor(l),
a a

n n

The last inequality uses 7}, = n°‘!) and (6.38); in particular, L, (T}, w,,/ a;’l)l/ 2 = op(1). The Gram bound then
gives | }; piqi| = op(1), proving the first alternative.

It remains to consider p; =1 -y > 1—y,. Write 3; p;q; = (1 — y)q; + yq, as in the last part of the
proof of Proposition 5.5. Put

g)n = Ln - ,szf - 0(6n) - 2Lnyn - Wp.

The preceding choices give $, ~ L, and e = n~1*°() = 5(5,). Convexity, the entropy bound
hpin(y) < ylog(e/y), and the fitted weights give

Fs(p) Sai+y{log§—$§n}, (6.41)

where a; = R; — L, + ;.

If i ¢ A, the first term on the right of (6.41) is at most —n¢,, + w,. The second term on the right of (6.41)
is at most e~ = 0(§,). Hence Fg(p) <O.

Ifi € A, then |a;| < w,. Fory > ¢~ 9/2,

log(e/y) = Hn < —Hn/3
for all large n. Nonnegative free energy consequently forces

~$u/2 4 39n _ 12400 (1).

n

y<e

Since max; |g;| = Op(VL,), this gives

Z Pjd; —4i
J

which is the second alternative in (6.39).
For later use, define the weighted certificate and its Gibbs vector by

=y|g - qil = op(1),

1< |w|?
Lp(w) = ZZCXP weqi— =+ i
i=1

} pi(w) = expiw - i +Bi}
’ l Yjexp{w-q;+ B}

The exact identity
2
1

Fg{p(w)} —logI'g(w) = 5

5w = 2 pimas
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shows that the two alternatives in (6.39) also localize w whenever I'g(w) > 1. On the diffuse branch, (6.40)
gives Fg{p(w)} = n~1+o2(1) "while the Gram estimate and (6.39) give |Y; pi(w)q;| = n='/2**(1)_ On an
active branch, (6.41) gives Fg{p(w)} = n=1**(U and |3; p;(w)q; — q;| = n~'/2*°*() The displayed
identity therefore proves the asserted spatial localization. Moreover,

V2logg(w) = Covpw)(gi) — 1.

On the diffuse branch the covariance norm is at most 2%,, + O{L,||p — u,||1} = op(1); on an active branch it
is O{L,(1 — p;)} = op(1). Thus every relevant patch is strictly log-concave for all large n. O

The slowly growing range needs a local version of the truncated shell argument. Conditional first moments
are enough. Exponential tilting shows that the supremum of the background on a unit edge patch has mean
exp{—e,L, + O(Vd, + e,V L)}, which beats the number of upper centers even when d,, grows arbitrarily
slowly.

Lemma 6.16. Suppose
dp —> 0o, dy<(logLy)®,  sp=0(1),

and put A, = Vd,. There is a random set U, containing every index with &, ; — s, > —n, such that, with
probability tending to one,

U, | < e*4r, ‘min |g; — qj|2 =4L,{1+o0(1)},
i,jelU,
i#j

and, for every fixed R < oo and 0 < k < 3,

max  sup = op(1). (6.42)

vk Z hie~lw=ail’/2
JeUyn |w—Qj|SR

i¢Uy

Proof. Work first with the independent uncentered vectors Q; = Z;/+/yn, and let U, contain the indices whose

uncentered radial coordinate is at least —A,, — 1. Write h; = n~1e!Qi"/2 for the corresponding uncentered
bump height. The Gamma hazard estimate and Markov’s inequality give

U | < e

with probability tending to one. Conditional on the radii, their directions are independent and uniform. Since
log |'U;| = O(A,) = o(d,), spherical concentration gives the displayed separation, first for the Q;’s and then
for the centered ¢;’s.

Conditional on Q;, j € Uy, all remaining vectors are independent of Q ;. Write w = Q; + h, |h| < R.
For every multi-index |a| < 3, exponential tilting from N (0,y;'1) to N(Q il YnsYn '7) gives

ZE sup |5a{hfe_|Qj+h_Qi|2/2}|1{i¢(uz,} Qj]
7 |InI<R
enlQ;1?
sca,Rexp{— ”2’ +ca,R(\/d_n+gn|Qj|+1)}.

Indeed, after tilting, Q; — Q; is Gaussian with mean —&,Q ;, covariance y,, 17, and the supremum over A
contributes at most a fixed polynomial in its norm times e¢R19:=il. Uniformly over j € UZ, |Q j|2 /2 =
L, +O(A,), while

2L,

d
eynL, = (1- 0(1))7"10g y
n
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This dominates A,, + Vd, + €,VL,, since d,, — o and d,, < (log L,)?. Conditional Markov’s inequality is
applied to the random set through

P(3j € Uy By} < Y B[1jeuyP(Baj | Q)]
j=1

where B, ; is the failure of the displayed derivative bound. Since E|U,| = eI+ An the conditional
exponential moment bound in the preceding display makes this sum o(1). Passing from coordinate derivatives
to the tensor norm costs at most O (d¥) for order k < 3, whose logarithm is negligible compared with &,,L,,.
This proves the uncentered version of (6.42).

Finally,

5 Z
Baw) = e 2B ), 2= o, (any.
Vn
On the relevant balls |w| = O(vL,), this multiplicative factor is 1 + op(1), while each of its first four
derivatives is op(1). The uniform centered—uncentered radial difference is op(1), so the one-unit cutoft buffer
shows that U, := U,, contains every centered index above —77. This proves all three assertions. O

6.3.2 Uniform finite-contact continuation

The support-count argument needs a joint expansion over all active edge patches. The following lemma
supplies it. The hypotheses are stated in terms of absolute derivative envelopes; this is important because
the reciprocal fitted values used in the KKT certificate need not preserve cancellation among derivatives of
different bumps.

Lemma 6.17. Let L = logn, and let q1, . . ., qn € R satisfy
n
qu:& maxlqjlsco\/z.
: J
j=1

Suppose

02
%:L+5vi, 0<86<2,  &=1A06.

Let U C [n] contain every i with v; > —n, put A = {i : v; > 0}, and assume
|A| < J, n<v;<C (i€A), vi<-n (eU\A).

For 0 < k < 3, define

1 i +z)?
14(r) = sup ;Z{H|q,-—ql-—z|"}exp{<qi+z>-qj— il } (643)
zZ|<r jii

Fix0 <r, <R, <1/4, and put ey, = max;eq E; k(2R,). Suppose that

max &; 0(2R,) = 0p(6),  max&;1(2R,) = op(rn), (6.44)
ieU ieU
and _ _
max{&;2(2R,) + Ei3(2R)} = 0p(1),  n§— o0, 1y =0(d),
€
l SL . (6.45)
- =o(ry), Tneln + r,zleg,n + rie3,n = op(9).
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For T € R4n, Zi € R and m; > 0, set

oA 1
o I (1 - Ze—Am) Gt = > Mibgu,. (6.46)
n n “4
i€cA
Uniformly for
l7| < K6VL/n, lzil <Rn,  0<my; <K&,

its relative log likelihood has the expansion

bg(z zm) = —g|‘r|2 + Z [log{l +meli(T)) mi] + R (7, z,m), (6.47)
i€A

where 5 )
7=z
i(r,2) =0vi—-T7-qi + —— — —.
i(7,2) i qi 3 5
The remainder is op(62), uniformly on this set. The same expansion may be differentiated twice in the mass
variables and three times in the spatial variables. In particular, uniformly,

0, Rl < Op(egn +n~") = 0p(3), 105, Rnll = 0p(1),
”Van” < OIP’(gel,n) = 0]1»(5_1’”), ||6szRn” = OP(el,n) = OIP’(rn),
V2RIl + IV2IR, || < Op{S(e2,n + €3,0)} = 02(5), IVeRall = 0p(6VL), (6.48)

with all mixed blocks interpreted in the maximum block norm.
There is a critical point of {, in these patches, unique near the locations and masses displayed in
(6.49)—(6.50), for which

ta == S =g+ 0:GVL/n). 2 = 05(r), (6.49)

n
icA

and
mu;=1-e"°%+0p(5). (6.50)

In particular, all edge masses are positive. If = ;. ;,.m,, then
() =T(qi +zn0) = 1, VIG5 (tn) = VIF(qi + 20,i) = 0.
Writing ¢ = Mj(ﬁ)_l, one has

meg((log Cj)+ = Or(6L/n), logc; = —6v; + 0op(8) (i € A). (6.51)
Jé

Moreover, each active patch has the C? representation
2
Tr(qi +) = Apie PP+ Ei(y), A= 1+ 0z(D), (6.52)

where

IEn.illcoB(0.r,)) = 0B (6), IEn.illc2(B(0.r,)) = 0r(1).
Thus the certificate is strictly log-concave on every active patch and has exactly one level-one point there. On
every inactive patch indexed by U \ A,

sup I5(qi+y) <1-cy0.
|y|<Ry
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Proof. Write k,(j) = exp{w - ¢j — |[w|*/2}, my = Y;eami, and w; = g; + z;. Factoring out the moving
central component gives the exact identity

. m 1
Mj(HT,z,m):kT(])(l"'xj)’ xj:_f"'r_lzmikvija

icA
where ) )
kw, (J [w; — 7|
Kij = 22 = —1) (g —T) - ———1.
b= = {(wl ) (g;=7) =
At the observation belonging to the ith patch,
Bit _ i, (6.53)

n

For j ¢ A, positivity and (6.44) give, uniformly over the displayed parameter set,

max |v;| = 0p(1), Y oxj=-mitop(8), ) xF=o0x(8).
7 A jgA

Indeed, after putting a; = w; — 7, the positive response away from the own observation equals
m; 1 g —la|? =
_lZKij = mye 9T~ Zeal qj-lail*/2 _ OP(52)-
J#i J#i

The negative part is m, /n per observation. Omitting the at most J active observations therefore costs O (5/n),
which is 0(6?) by nd — co. Positivity also gives

1 , (1
5 255 = )

1 2
p Z Kij| < Op(eg ),

J#

which controls the quadratic Taylor remainder. Applying the same product bound after inserting the polynomial
factors from (6.43) yields

|Rul < Op{e0n + €5, +6/n},

10mRnll < Op(eqn +n7h), 102 Rl = 0r(1),
HVan” < OP(gel,n), ||6szRn” < OIP(el,n),
V2Rl + IVIR I < Op{5(e2,n + €3.0)}- (6.54)

Differentiation with respect to 7 produces the same relative displacements, together with terms bounded by
VL /n from the finitely many omitted observations. Hence

IVeR,|l < Op{bey + VL egn + SVL/n} = 0p(5VL). (6.55)

These estimates prove the remainder assertions in (6.48).

Since 2 q; =0, 2 ;logk.(j) = —n|t|?/2. Taylor expansion of 2 jealog(l +x;), together with (6.53),
proves (6.47). Differentiating the same exact factorization proves (6.48). The finiteness of |A| makes every
bound uniform over simultaneous masses and locations.

It remains to justify the critical point without treating the fitted denominators as fixed. Define the contact
map

F(r,z,m) = (VIn(7), {VIn(qi + zi) Yiea, {Tn(q: +z:) —Tn(7)}iea) -
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Put m? =1—e i 70=_p1 i m?qi, and ﬁ? =1-¢ ("0 Then
1% = 0(6VL/n),  m?—mP = o(é),

and m? > ¢, 6. Use the anisotropic norms

n| fol | fil |gi]
1(fo- {fi}:- {& D llowt = == + max == + max —=
SNL i )
and \ A N
(AT, Az, Am) [l = MAT] 4 max Azl max 1ami
i n 4

The likelihood derivatives and contact equations are related by
m
a‘rfq =n (1 - 7+) VF]‘[(T), Vzigq = miVFH(Qi +2i), 6m[€q = FH(Qi +2i) — FH(T)-

For the quantitative estimates, put

1

eontn- €ln enten L
Xn=——"+ + =+ —,
0 Tn L n
2 3
€0,n €1,n n€intry,exntr,e3n,
(= ——+ t+er,tesznt —
0 n 0
1 oL
+ =+ —
no nry

Every term is op(1) by the hypotheses. At (77,0, m"), the principal part of (6.47) is stationary in the spatial
and mass coordinates. Its central derivative is O (§L3/%/n). Hence (6.54) and (6.55) give the explicit residual
estimate

|7 (22,0, %) [lou = Op(xn) = 0p(1). (6.56)

Leta; = e (TO’O>, which is bounded above and below, and define
1
Jn(At, Az, Am) = [ -AT — p Z a;qiAm;, {=Azi}ica, {—Am; — a;q; - At}ica|.
i

Direct differentiation of the exact factorization gives
IDF (7°,0,m°) = Tullinout = Op(£n) = 0p(1). (6.57)

The operator ., and its inverse are uniformly bounded. Indeed, its only nontrivial Schur correction is bounded

by

1

=) aiaia]
i€eA

=0y (L/n) =0(1).

op

The own-response term requires one additional contribution in the Jacobian-variation estimate. On a
scaled ball of radius p, one has |z;| < pry, and differentiating —|z;]?/2 in the mass equation contributes at
most Cpr2 /4 in the scaled operator norm. The remaining principal and remainder terms are controlled by p
and ¢,,. Consequently, uniformly for0 < p <1,

2
sup IDF = DF(2°, 0, %) [linout < Op {g,, to+ ’1_"} . (6.58)

Il (7.2.m) = (79,0,7) [l <p 0
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Since r2 = 0(4), the right side is op(1) + O(p).
We finally verify rather than assume the existence of a vanishing Newton radius. Since y; 5 0, choose

integers Ny T oo so that
P{xn >k 2} <k (n2Np),

and set o, = k~! when Ny < n < Ny4i. Then o, | 0 and y, = op(0,). Equations (6.56)— (6.58), the
uniformly bounded inverse of f;,, and Newton—Kantorovich give a unique zero in the scaled ball of radius o,,.
Its correction has input norm op( @), and therefore

It — 7°| = 0p(6VL/n), max |zn,il = 0p(rn), max i = M| = 0p(6).

Together with the definition of the base point, these estimates give (6.49) and (6.50). Notice in particular that
the central block is — + op(1). The Hessian V>B,,(0) ~ —¢&,I is the Hessian of the unfitted bump field; it is
not the Jacobian obtained when the central atom and all fitted denominators move together.

Stationarity in 7 and z; gives the gradient contact equations, while stationarity in m; makes all displayed
certificate values equal. Since f I'g dIl = 1, their common value is one. For j ¢ A,

Zi My, i

n

M;(TI) > (1 - )kf,,(j),

so max jga (log cj)+ = Op(6L/n). The own fitted value and (6.50) give log ¢; = —6v; + 0p().
Finally, separate the ith observation in the certificate:

_ svi ~yl2 1 i+y)-qi—|qi+y|*/2
Tr(gi +) = cie®ie™ I/ _,_;che(q: y)-aj=1ai+yI*/2
J#

The positive fitted-weight bound and the absolute envelopes imply (6.52). The own Gaussian has Hessian —/
at its peak, so the certificate is strictly log-concave on a smaller patch containing its stationary contact. For
i € U\ A, its adjusted own height is at most exp{—néd + Op(5L/n)}, and the punctured background is 0p(5).
This proves the inactive-patch claim and completes the proof. O

6.3.3 Support identity when d,, logn = o(n?)

The finite-contact lemma is deterministic. We now verify its hypotheses throughout the range d,,L,, = o(n?)
and express the resulting support identity in the exact coordinate of Theorem 1.1.

Proposition 6.18. Suppose
dp — o0, dyL, = o(n?), sy =0(1).
For every fixed C,J < oo andn > 0,
P {B,,(C, L), Ka#1+#{i: &, > 0}} 0. (6.59)

On B,(C,J,n), the NPMLE is also unique apart from an event whose probability tends to zero.

Proof. Lemma 6.14 allows us to use v, ; = &,,; — s, in place of f;:, ;- On a slightly smaller buffer the two
active sets agree. Put A, = {i : v,,; > 0}; throughout the proof |A,| < J.
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We first describe the finite perturbation common to all the dimension ranges. The centered directions
are not conditionally independent, so we embed A, in an uncentered buffered cloud. The uniform centered—
uncentered edge-coordinate estimates in Lemmas 2.10 and 2.11 show that, with probability tending to one,
every i € A, belongs to

Vo={i: &, —sn>-n/2}.

This cloud has Op(1) points. Conditional on its uncentered radii, the directions are independent and uniform.
Since d,, — oo, spherical concentration gives the following separation for the uncentered score vectors. The
common empirical-centering shift is op(+/L,,), so it does not change their leading pairwise inner products or
distances. Consequently,

lgi - q;l
max
itjeA, Ly

=o(1),  lgi—q;I* =4L {1 +o(1)}. (6.60)

The pairwise estimates in (6.60) also hold between an active point and any fixed number of other points in the
upper radial cloud. Hence a neighborhood of ¢g; sees its own bump at order one and every other retained
upper bump at n= !+

Let 8, = an/yn and 6,, = 1 A 5,,. The regime expansions in Section 4.2 give §,, < 2 for all large n. They
also verify the scale assumptions in Lemma 6.17. If d,, = O(L,), then §,, is bounded away from zero. If
L, = o(d,), then

_ L,
Opn = VLn/dn{1+0(1)}a nén:\/ﬁ{l"'o(l)}—)ooa

because d,L,, = o(n?). Thus nd, — o in the slowly growing, direct-truncation, crossover, and entropy
ranges alike. After replacing 5 by a smaller fixed constant, the coordinate comparison and the buffer imply
that every nonactive index has v, ; < —n. We may therefore take U = A, in Lemma 6.17. We verify the
hypotheses of Lemma 6.17 uniformly over the finitely many active indices.

Fix a small constant ry < 1/4. In the slowly growing, direct truncation, and crossover ranges, let R,, = rg.
In the entropy range, let R,, = L,, 12 Define the available-radius envelopes

ex,n = max&; k(2Ry), 0<k<3,
i€cA,

and put

_ 6L —
Alr?czel,nv nnn, UannA\/é—n-

The earlier field estimates imply, in each range, that

loc

Un = op(1), eo.n = op(6n), exn +e3, =op(l). (6.61)
n

In the slowly growing range, the proof of Lemma 6.16 bounds the sum of the absolute derivatives of the
lower cloud. The remaining upper cloud has at most e2Vn points, and angular separation bounds its first

three derivative envelopes by
ez\/ELi/ze_an"'o(Ln,) — 0( 1) .

Thus ey, = op(l) and Zi:l er.n = op(1). Since 6, = 1 + o(1), U, is bounded away from zero, and
L, /n = o(1), these estimates give (6.61).
In the direct truncation range, positivity of the Gaussian bumps and the proof of Proposition 4.15 give

10+k/2

ekn < Op(6,L, )+ e bntolln) 0 <k <3, (6.62)
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When §,, vanishes, the regime condition d,,(log d,,)*> = o(L?}) and the superlogarithmic expansion imply
5, > LW Hence €1.n/Un = op(1) and (6,L,/n)/U, = o(1). The bounds in (6.62) for k = 0,2,3
prove the other two assertions in (6.61).

In the crossover range, (4.44) gives

Cin < Lfl/ze—Ln/ero(«/E) = 0(6™) (0<k <3) (6.63)

for every fixed m. Since 6, < (log L,)/L, and U, < \/a the superpolynomial bound and /L, log L,,/n =
o(1) give (6.61).
Finally, in the entropy range put
ppt = maxlgi - q;l-
i#]
The pairwise Gram bound gives

off 4 Op(1) 7 k/2
eﬂn ]P'( )Ln

Cin S ————"—,  0sks3. (6.64)

Writing AT = ¢#%' /n, the rates in Lemma 5.6 imply
AV =o0p(6,), AV Ly =op(1),  AYTLY? = o))

Since U;! < VL, + 6,/ A%\L, /6, = {(A°T/5,) (AT L,)}1/2 = 0z(1). Tt follows that &1 ,/U, = oz (1);
also (8,L, /n) /Uy, = o(1), since it is at most 6, L2/ /n + /3, L, /n. The three rates for AT “applied to (6.64),
prove the remaining assertions in (6.61).

We now choose the Newton scale. From (6.61), choose integers M T oo so that

P{AR/U, > k™) <k™' (n2 My),
and set ¢,, = k! for My <n < My41. Thenc, | 0 and
AR = 0p(caUp).
Setr, = ¢, U,. Then

SnLn

5%

2
5 — 0.

mn < Ry, gl,n = OIP(rn)’ <c

=o(ry), 3
n

Because the envelopes decrease with the patch radius, the three inequalities in (6.61) verify (6.44). Moreover,
rngl,n = OP(”;%) = OP(Sn), 7,21?2’,1 + r;’igln = OIP’(Sn),

so every condition in (6.45) holds.
Lemma 6.17 therefore constructs a measure I1 with one central contact 7,, and one contact w,, ; in each
active patch. Its edge weights satisfy

IT,| = Op(6,\ Ly /1), Wn.i = q;i +op(rp), na,;=1- e~ Onvni 4 op(6,). (6.65)

The buffer keeps every displayed mass positive. In the entropy range, retaining the explicit right side of (6.64)
in the contact-map proof gives

n n

up
Ny, ; = 1 - e—énVn,i +Op {e + %} . (6.66)
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It remains to check that the finite perturbation has not created a contact elsewhere. If ¢; denotes the
reciprocal fitted value at observation j, then

SnLn

(log Cj)+ = OIP’{ } (J ¢ An), loge; = =6,vn,i + OIP’(gn) < _Cngn (i€ Ay). (6.67)

In the entropy range the contact equation gives the sharper cancellation

mws L
max|6nvn,i + log c,-| + max |logc;| = Op {e Y =y lror(l) (6.68)
€A, J¢A, n n

We first control the inactive denominators without using the contact equation. If m = };c 4 nm,; = Op(3,),

then |
M; = (1 B T) e Ty D nrty e 4=l
n n .
i€A,

Here |1,| = Op(6,VL,/n), so the central term differs from one by Op(6,L,/n). For j ¢ A, each edge
. . off
response in the last sum is at most n~'e#n *°¢(1) Consequently,

off
onL Opetn
max|M,~—l|:0p{ nZn , On€ },
' n

j#A, n?

which proves the inactive part of (6.68).

We may now evaluate the exact level-one contact equation in the ith edge patch. If w; is its contact and E;
is the contribution of all observations other than i to the certificate there, then the own term gives the exact
identity

a2
log M; = 6yvn.i — M ~log(1 - Ey). (6.69)
The derivative envelope (6.64), the C? certificate expansion in Lemma 6.17, and the local stationarity equation
give
2L, 2L m s,
|Wi—61i|2=0P{e —+—5"r,  Ei=0s £y onmt
n n n n

Indeed, a retained upper response is at most ern /n, and the central displacement and lower fitted values
contribute Op (6, L, /n). Substitution in (6.69) proves the active part of (6.68). These estimates are uniform
because |A,| < J, and the argument is noncircular: the inactive denominator bound was obtained before the
certificate contribution E; was estimated. The positive part in (6.67) is op of the smallest gap used in each
one-atom exclusion proof. The following four-region argument verifies these comparisons while proving the
weighted exclusion rather than applying the unweighted results formally. Write

Ca(w) =Tyw) + ) Giw),  Gi(w) = e a2,
i€eA, n

where [ = A{, and

! 1
L) = = 3 g PR Dy = 13 a2,

n
jel jel

If
w, =max(logc;)s,
jel
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then, pointwise and after every truncation used in the cited proofs,
I'y(w) <e“"Djy(w). (6.70)

Thus every Bernstein or net upper bound for the inactive field changes by at most O (w,).
There are four regions. First consider a fixed small ball around an active contact. The own term satisfies
the exact relation
Gi(wni)=1-E;,

where E; is the remaining certificate contribution, rather than being one by itself. The C? representation
(6.52) gives V?log I's < —cI throughout this ball. Since the contact is stationary and has value one, it is the
unique level-one point there.

Next take a corresponding ball around an inactive upper point g ;. Its adjusted own peak is at most

Cj 2 -
Lelail’/2 < exp{w, +0,Vn j} <1 —cpop.
n

The punctured C?3 estimates (4.35), (6.64), (6.42), and (6.63), in their respective ranges, make all remaining
terms op(5,). Hence an inactive upper patch contains no contact.
In the central region, the weighted Hessian differs from the unweighted one by
5,2
- n} = op(&n).

Op(wnLp) + Op {

To obtain this bound, write each fitted value as M; = 1 +x;. The negative part of x; is uniformly Og (5, Ly /n),
while _ _

1 On OnLn |

Z;(xj)+SC7+OIP’{ - },

the first term follows by averaging each edge response and using B, (w, ;) = Op(1). Multiplication by
max; |¢;|*> = Oz(Ly) gives the displayed covariance perturbation. It is therefore negative definite in the
microscopic ball around the translated central contact. On the surrounding annuli, (6.70) raises the field by at
most Op(wy). We compare the active profiles with the annular gap explicitly. Uniformly fori € A,,

Gi(w) < exp {‘%(l‘h‘l — [w)? +0P(1)}, |gil = V2Ln{1 + 02(1)}.

Let g,(r) =1—e *" * 2, and let g, be the smallest gap at the inner endpoint of the annular argument. If
ear? < 1, then
gn(r) 2 cenr® 2 cgon,  Gi(w) <n™ 'MW = 0(go.0).

The last comparison is n=! = o(g}/L3) in the slow and direct truncation ranges and is immediate in the
crossover range. If ,7> > 1 and r < |¢;|/2, then g,,(r) > ¢ and G;(w) < n~'/**°(1) Hence

D, Giw) = op{ga(IW)}  (rom < Iwl < 342L,). 6.71)
€A,

Together with the annular estimates established separately in the slow, direct-truncation, crossover, and entropy
regimes, this proves that the central contact is the only contact in the inner region.

Finally consider the complement of the central and upper patches. Choose their fixed radius R = R(J)
so large that J e R2 < 1 /20; the patches are disjoint by angular separation. On the annulus between the
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implicit-function neighborhood and radius R, the punctured C? bound and the exact level-one contact show
that the Gaussian profile generated by the nearest active observation has its unique maximum at the constructed
contact. In the slow range this uniform statement is precisely Lemma 6.16; in the direct-truncation and
crossover ranges it follows from the local C? estimates used to construct the active contacts. The inactive
part is again controlled by (6.70). Conditional angular separation implies that at most one upper profile is
nearest; outside its patch that profile loses a fixed Gaussian factor, while the sum of all other upper profiles
is n=1*22(1) in the direct truncation range, e ~£n/2+°(Ln) in the crossover range, and op(1) in the slow range
by Lemma 6.16. Thus the outer-region decompositions from the unweighted proofs remain valid after the
fitted denominators are inserted: equation (6.70) controls the inactive field, and the active tails retain their
original bounds. These estimates exclude every remaining level-one point. More concretely, in the crossover
proof (4.50) bounds the clipped inactive field by 0.9 + op(1); choose R so that the active tails total less than
0.05. In the slow proof, choose R so that those tails are smaller than p/4, where p is the fixed slack in
Lemma 4.12; the fitted-denominator error is also op(p). The direct-truncation outer estimate has an op(d;)
inactive background and is stronger still.

In the entropy range, Lemma 6.15, applied with 8; = log c, directly localizes every level-one contact to
the central patch or an active upper patch; (6.68) verifies all of the lemma’s weight hypotheses. The strict
log-concavity asserted there leaves only the constructed contacts.

The fitted-denominator error and the tails of the active profiles are smaller than the KKT gaps in each
unweighted localization argument. More precisely,

OnLn

n 831 . . . .
— =0|—= in the slow range, + 0nin = 0(go.n) in the direct range,

n L}
where go_,, is from Proposition 4.16; in the crossover range, 8, L, /n = o(L;,?) and e~ Ln/2+o(Ln) — o(o) for
every fixed m. Thus the weighted estimates retain the gaps and negative curvature used in all four regions.

This verifies the global KKT inequality for the constructed measure. Strict concavity of the log likelihood
makes its fitted vector unique. The contact likelihood vectors are linearly independent: their active-coordinate
block has diagonal entries n'*°(!) and off-diagonal entries n°(!), while the central vector is bounded. Since
n 'y j kwni (J) = Bu(wn,i) = Op(1) for each of the finitely many edge columns, their combined column
sum is Op(n). Choose a deterministic K, — oo so slowly that K,, = o(n). Then

., . 1 C 7)) —
#{J max ku,, (/) > Kn} <= > D k() = 0z(n).

" ieA, j=1

Since |A,| < J, with probability tending to one there is an inactive observation at which every edge entry is
at most K,, = o(n). Adjoin that observation as one extra row; its central entry is 1 + op(1). After scaling
the edge columns by n~!, their active-coordinate block is asymptotically diagonal with diagonal bounded
away from zero, while all edge entries in the added row are o(1). The resulting square minor is therefore
nonsingular. Every maximizing mixing measure must therefore use all and only the 1 + |A,| contacts.
Finally, pass to a subsequence on which t,, = d,,(log aln)2 / Lf, tends to zero, stays bounded above and
away from zero, or tends to infinity. These cases invoke, respectively, the slow/direct estimates (split at
d, = (log L,)?), the crossover estimates, and the entropy estimates. They exhaust d,,L,, = o(n?) and prove
(6.59). ]
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6.3.4 Ordered contacts in the simplex regime

When d,, L, /n* is bounded below, the centered sample is close to a regular simplex and the isolated-bump
model no longer applies. A radial crossing then creates a contact near an ordered Potts state. Write

Xn = Z:? pi = nT_l py = —n(nl_ 5D
The identities 2} ; g; = 0 and (2.6) give, exactly,
2
Z Py a; = xndi- % Z pa;| - K(p Wl = x2sher,. (6.72)
J J

Thus the sign of the ordered-state free energy is the sign of the exact radial excess, with no centering
approximation.

Proposition 6.19. Letn > 3, let q1, . . ., q, be a centered triangular array, and write

ol _R-R:
14 > 14 (Sn

, Gn=1(qi"q9))ij<n-

Suppose 6, | 0, 6,, = O(L,,/n), and, for fixed C,J < o andn > 0,

maxu; < C, #{i 1u; > -n} <J, min |u;| > 7.
1 l
Assume also that
maxlas a5l =017, [Galp =0, S0, S0 67
X .. |1 =0 . = y —> U, —> U, .
it qi " qj n nllop n 6nL;2«L I’l(Sn
where )
C. = |q:]
n =max\g; - q; + .
i#] n—1
Then, for all sufficiently large n, every NPMLE has
| supp(IT)| = 1 + #{i : u; > 0}. (6.74)

There is one central contact and, for each i with u; > 0, one contact w; = xnq; + o(1); its weight satisfies
n
nw; = lénui + 0(6n) (675)
n—

All remainders are uniform when C, J,n in the buffer are fixed. Moreover, the NPMLE is unique.

Proof. Put A = {i : u; > 0}, so |A| < J, and set w? = xnq; fori € A. The buffer and the definition of R;

imply
2

C
max|g;| = O(WLa).  Ca=o(L,").  Sulu=o0(l).  —*=0(5). (6.76)

Indeed, the first assertion follows from R; < R + Cé, = O(L,), and the second follows from the first
condition in (6.73) and |g;|>/(n — 1) = O(L,/n). The last two assertions follow directly from the assumed
bounds on 6,, and C,,.
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If A = @, then max; R; < R}y — nd,. Proposition 5.4, with g,, = nd,, applies by (6.73). Its proof is strict
away from p = u,, so the one-atom certificate equals one only at the origin. The KKT conditions then force
every NPMLE to be 6, and the conclusion follows. We henceforth assume that A # @.

We begin by locating the maxima of the one-atom certificate. If

lgi?
€ij:ql--qj+ni1,
then |e; ;| < C,, and direct substitution gives
ko (i) = (2 = 1) exp{(2in = ¥2)Snus},
k() = —— exp{=(x2 + 2un/(n = D)Sptty + yneis},  J#1. 6.77)

n—1

Atu; = Oand e;; = 0, these responses are n— 1 and (n — 1)1, respectively, and their average is one. Moreover,
2jzi€ij = 0, by centering. The linear row error therefore cancels when the off-diagonal responses are
summed. Expanding (6.77), using C,, = o(1), gives

CZ
log B,(W?) = x26,u; + Oc.y (53, + 7") = x26,u; + 0(6,). (6.78)

The coefficient can also be read directly from the exact dual identity (6.72).
The Gibbs weights at w? differ from p¥) by Oc.;{(Cy + 8,)/n} in total variation. Differentiating the
log-sum-exp representation therefore gives, uniformly fori € A,

VL,
V1og B,(W))| < Ke.g=—=(C + 6,),
n
V21og B, (W) = =1 + O(L,/n) + o(1) = =1 + o(1). (6.79)

The same estimate holds uniformly on B(W?, L;?): moving by L;? changes every exponent by O(L,, 3 2),

while the total Gibbs mass outside coordinate i remains O (n~!). The Newton—Kantorovich theorem now
gives a unique critical point w; in that ball, with

VL,

n

lwi —w?| < Kc.y (Cp + 65). (6.80)

It is a strict local maximum, and Taylor’s theorem gives

hi :=10g By(W;) = X20uut; + £n.i, max [&, ;| = 0(6y). (6.81)

More explicitly, the remainder is bounded by a constant times

Ci , La(Co+60)°

2
o, + 5 ,

" on n

which is 0(6,,) by (6.76) and (6.73). In particular, h; > c,6, for every i € A and all sufficiently large n.
Fori e A,letv; = (kw, (1), ..., ky,(n)). Equations (6.77)-(6.79) give

1 n
Ay = Zl{w) Y () =1 =Bl +eniys maxleniil=o(h),  (682)
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where ( )2
P n-—2
B = nn-1)

For instance, at the unperturbed ordered state the diagonal expression is exactly

1 5 1 2 .
—{(n-2) +(n—1)(——1) =B,
n n-—1

whereas the cross expressions are O (n~!). The perturbations in (6.77) and (6.80) contribute o(1), uniformly
over the at most J active indices.
We next construct exact contacts and masses. For m = (m;);c4 and x = (1, (Ww;);ca), define

1 1
Hx’m = (1 - - Zm,) 67‘ + — Zmi&W“
n icA n icA
and write Iy ,, for its certificate. Consider the stationarity map
S(X, m) = (V IOg Fx,m(T)a (V log Fx,m(Wi))ieA) .

Atm = 0 and x = x° := (0, (W;)iea), this map vanishes. Equip the product of location spaces with the
maximum of the Euclidean block norms. For each fixed M < oo, the response table gives, uniformly on

Moo < M6, lr| < L2, lwi —wi| < L2,
the bounds

VL,

”D)CS(XO’O)_l || S 2’ ”DXS(xv m) - DXS(XO’O)” = 0(1)’ ”DmS(X’m)” S KC,J,M n

(6.83)

To verify the first two bounds, the diagonal location blocks are —1 + o(1) by (6.79), while the central block is
I o
=D, ard) —1==1+0(Ly/n).
r=1

At zero mass, the derivative of an active equation with respect to the central location is also negligible: if the
central atom is at 7, then
logl's, (w) =logB,(w—-1)—(W—-1) -7,
so at (t,w) = (0,w;),
DV, logTs_(w) = =V?1log B,(w;) — I = o(1).

All other cross-location blocks vanish at zero mass and are O ¢, 7 (6, L,,) = o(1) on the displayed neighborhood.
Finally, one differentiation with respect to m; produces a normalized product of a central or ordered response
and its first moment. The response table bounds this by K+/L,,/n, proving the last estimate in (6.83).

The quantitative implicit-function theorem now supplies unique smooth locations satisfying the stationarity
equations. Write

x(m) = (v(m), (wi(m))iea).
They obey

_ L
|T(m)| + max [wi(m) —w;| < KC,J,MTnlmll- (6.84)
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Define the logarithmic contact-height differences

Hi(m) =10g U m),m{wi(m)} = 10g I (im),m{T(m)}.
Stationarity permits the envelope theorem. At zero mass, H;(0) = h;, and direct differentiation gives
—0m, H:(0) = ALY + 0(1) = Byl iy + o(1). (6.85)
The additional o(1), beyond (6.82), includes the movement of the central contact; by (6.83) its contribution is

O(L,/n).
The response averages in (6.82) also control the second derivative. In particular, for any i, j, k € A,

%Z;{l i HT + v, (O HL+ v} = 0c.s (1),

The fitted denominators stay between 1/2 and 2 on |m|e. < M6y, SO

sup  ||IDp,H(m)|| = Oc s m(1). (6.86)
|m|w<M 65,
Consequently,
H(m) =h—Aum+Ry(m),  An=phla+o(l),  |Ry(m)lew < Kc glml3,. (6.87)

Choose M larger than 2C. Since u; € [17, C] on A, the map m — A, '{h + R, (m)} is a contraction on a ball
of radius 0(,) about A, ' h. Tt therefore has a unique fixed point in |m|e < M3, and

e = X5+ 0(6) = —"— Gt + 0(6) (6.88)
l_ﬁp nlli + O n—n_lnuz 0(0pn). .

n

Every component is positive for all sufficiently large n. The resulting measure = IT (m),m has one stationary
central contact and one stationary contact in each active patch, all at the same certificate level. Since
f ' dI1 = 1, that level equals one.

We finally prove the global KKT inequality. Put ¢, = M, (IT)~!. The response expansion and the mass
formula imply

lloger| = Oc,y(6nLn/n) (r ¢ A), loge; = —xn0nui +0(6n) (i € A). (6.89)

Indeed, (6.84) gives |t(m)| = O¢ . j(6,VL,/n) and max; |w;(m) — w;| = Oc,;(6,VLn/n). Forr ¢ A, the
central response is
eTm) ar=T(m)?/2 _ 1 | Oc.1(6uLn/n),

the total mass removed from the central atom is O¢ (6, /n), and all active responses together contribute
Oc.;(6,/n?). Thus M, = 1 + Oc_;(6,L,/n). At an active observation i, (6.77) and (6.88) instead give

n—2
n

Ml':1+

Llénui +0(6n) =1+ xnouu; +0(6,).

Taking negative logarithms proves (6.89).

For clarity, put
2

1
Flogc(p) = 5

ZPrQr
.

~K(pllu,) + > prloge,.
r
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The weighted entropy dual (6.36) shows that I'j(w) 2 1 only if its Gibbs vector p = p(w) satisfies
Foge(p) 2 0. If max, p, <1-L, 2, the stability inequality (5.3) may be applied after retaining the active
diagonal terms. Indeed, writing r = p — u,, their contribution is at most

Z 6nuiri2 < Xn Z Onuip;i + OC,J(én/n2)’
i€eA i€A

where the scalar inequality (p; — 1/n)? < ynpi + n~2 holds for 0 < p; < 1. This is canceled by (6.89). The
remaining active-weight error is 0 (6, ), and the positive weight on inactive coordinates is O (5, L,,/n) = 0(6,).
Consequently, (5.3) and (6.73) give, for a deterministic sequence @, | 0,

C
Flogc(p) < _L_lp - unﬁ + @yon, @, — 0.
n

Thus nonnegative weighted free energy forces
P = ali = 0{GuLn} = o(Ln/ V).
Because )}, g, = 0, the corresponding u(p) = Y, prq, satisfies
Iu(p)| < max g, 1p = waly = o(Lav/5,) = o(Li*[¥n) = o(1).

For the Gibbs vector of an actual certificate point, the exact square identity is

1
logI'y (W) = Fioge{p(w)} - EIW - p{p(w)}I%. (6.90)

Therefore I'5(w) > 1 implies w = o(1) in the diffuse case.
Suppose instead that p; = 1 —y > 1 — L2, and decompose p as in the proof of Proposition 5.4: write
pj = yrjfor j #iand

1 1 1

J#i

Applying the local-simplex decomposition from that proposition with R; = R}y + §,u; gives

2
1
3|2 prar| —K(plw)
—
< i = {kn(y) = REC C —1- = 6.91
< nulcy_{n(y)_ ncy}+y|cy| n» Cy = _n_l' (6.91)
Before the row error is bounded, the decomposition from the proof of Proposition 5.4 also retains
Y 2
—yK(rllun-1) + S|y, [” < {1 = o()}yK (rl[un-1), (6.92)

uniformly for y < L,;%. Indeed,

NGulloo_ g w,,-1) = 01K (a1,

2
<
vl < log(n—1)
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We use a sharpened form of the last term. Pinsker’s inequality and the definition of C,, give
i - vel < Callr = waotllt < Cu{2K (rllup-1)} 2.

The spectral estimate in Proposition 5.4 retains a fixed fraction of the conditional entropy yK(r||u,-1).
Young’s inequality therefore absorbs the cross term yc,g; - v,, at the cost of O(yC?2). Thus the right side of
(6.91) may be replaced by

Sntticy = {kn(y) = Rycy} = c yK(rllu—1) + O(yCy). (6.93)

The scalar function in braces is nonnegative and, on 0 < y < L2, vanishes only at y = 1/n; its second
derivative there is n + O (L,). More generally, its explicit formula gives, on this interval,

kn(y) — R:Ci > —{zlogz—z+1}, 7 =ny. (6.94)

S |0

This follows by differentiating the two sides on either side of z = 1; both vanish with zero derivative at z = 1,
while the second derivative of the left side after the change of variables is n~'z7'{1 + 0(1)}. Combining this
estimate with (6.89) gives the following dichotomy. If i ¢ A, then u; < —n, and the weighted free energy is at
most —cno,, for all large n. If i € A, the active fitted weight cancels the radial term: uniformly on the present
interval,

Snuics + (1= y)loge; < Oc,y(8n/n) + 0(8,), (6.95)

because sup()SysL;z{ci —xn(1=y)}=1/(n=1). Let ¢(z) = zlogz—z+ 1. Outside z = ny € [1/2,2], one
has ¢(z) > c¢(1+z), sothe term yC2 = zC2 /n is absorbed by (6.94). Inside that interval itis O(C2/n) = 0(5,).
Nonnegative weighted free energy therefore implies

¢(ny) + nyK(rllw,-1) = o(nén) = o(Ly).

It follows that

L
y=0( - ) yK(rllup—1) = 0(6n).
nlog L,

Hence
yvrl < C{?K(rllan-1)}"? = 0{y6,}'"* = o(1).

Since |cy = xn| = |1 — ny|/(n — 1), we obtain

u(p) = cyqi + yv, = xnqi + o(1).

Substituting (6.95) and the bounds yK(r||u,_1) = 0(6,) and y|v,| = o(1) into the definition of Fjog . gives
Flogc(p) = 0(6,). Equation (6.90) then shows that every certificate point with value at least one lies within
o(1) of xngq;.

It remains to prove uniqueness inside the localized patches. Fix a small constant ry > 0. In B(t, ), the
Gibbs probabilities are at most n~1+°(1)  and hence

1€V (@ llop < 1™ DG ullop = 0(1).

In B(w;, ro), the total Gibbs mass outside coordinate i is n~'*°(1)| so the covariance operator is again o(1).
Therefore

1
V2 logI'g(w) = Covpw)(q) =1 =% _51
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on every localized patch. Each patch contains exactly one stationary point, namely the contact already
constructed there, and that point is its unique maximum. The diffuse and near-vertex localization arguments
in this proof now give I'z < 1, with equality exactly at the central and active contacts.

The constructed measure is an NPMLE. Its fitted vector is unique by strict concavity in the fitted likelihood
vector. The likelihood vectors at its contacts are linearly independent. Indeed, on rows indexed by A, the
active-contact block has diagonal entries (n — 1){1 + 0(1)} and off-diagonal entries (n — 1)~'{1 + o(1)},
while the central column is 1 + o(1). Choose any inactive row, which exists because |A| < J < n for large
n. On that row the central entry is 1 + 0(1), and every active entry is (n — 1)~'{1 + 0(1)}. After scaling
the active columns by n~!, this (1 + |A|)-square minor converges to an invertible triangular matrix. The
KKT conditions for the unique fitted likelihood vector restrict the support of every maximizing measure to
these contacts; linear independence then makes its representing weights unique. Thus every maximizing
measure uses the same positive weights on precisely these contacts. Equations (6.74) and (6.75) follow from
(6.88). O

For the random Gaussian cloud, all assumptions of Proposition 6.19 hold whenever d,,L,,/n? is bounded
below.

Corollary 6.20. Suppose
dpLp/n®>c¢>0,  s*=0(1).

For every fixed C,J < o0 andn > 0,
P {Bn(C, L), Ka#l+#{i:- &, > 0}} 0. (6.96)

On B,(C,J,n), the NPMLE is also unique apart from an event whose probability tends to zero.

Proof. Here L,, = o(d,), and Lemma 5.6 gives

6% = VLa/da{1+ 0(D)}, i = maxlg; - g1 = 0s(Ly)),
1Gullop = Oz (Ly), Cu = 02 (L3 (V).
Consequently,
Cn_0nt;! Ci—o oxLa/n) = op(1
S 12 p(L, ), E— p(0,L;/n) = op(1),
and 6 = O(L,/n) — 0. Proposition 6.19 applies on an event whose probability tends to one. O

6.4 Proof of the main theorem

We finish by combining the dimension-specific localization estimates with the radial Poisson limits. This
short argument proves all assertions in Theorem 1.1.
For d, > 3, let

B,(C,J,7) = {maxg,ji <C, #{i:&.>-p}<J, minlet,| > n} . (6.97)
i ? ’ i ’
Proof of Theorem 1.1. Firstletd = 2, and put &, ; = |Z;|*/2 — log n. For every fixed > 0, Proposition 6.13

gives R
#Hi épi>xa+n} <K, -1 <#i: &, >xa-1n},

102



apart from an event whose limiting probability is O (7). The extremal process of the &, ;’s converges to a
Poisson process with intensity e ™* dx. Letting n — oo and then 1 | 0 gives

K, — 1 = Pois(e ™).

Taking the probability of zero gives P{K, = 1} > 0,(1). Proposition 6.13 also shows that the NPMLE is
unique with probability tending to one.
Now suppose d,, > 3 and s} — s. We first connect support points to radial exceedances. For every fixed
C,J <oandn >0,
#Hi &, >y <K, - 1<#{i: &, >-n) (6.98)

on B,(C, J,n), apart from an event whose probability tends to zero. To verify this uniformly, argue along
subsequences. If d, is bounded, pass to a further subsequence on which d,, = d > 3 is fixed. Lemma 2.9
converts the exact excess and threshold into their fixed-dimensional versions, and Proposition 6.13 gives the
claim. If d, — oo, pass to a further subsequence on which either d,, logn = o(n?) or d, log n/n* is bounded
below. The exact support identity follows respectively from Proposition 6.18 or Corollary 6.20. These
alternatives cover every subsequence and prove (6.98). They also show that, on 8,(C, J, ), the NPMLE is
unique apart from an event whose probability tends to zero.
The centered radial exceedance count satisfies

#{i:&x, >0} = Pois(e™). (6.99)

For bounded d,,, this follows from Lemmas 4.1 and 2.9. If d,, — oo and d,, logn = o(nz), Proposition 2.8
gives the uncentered point-process limit. Lemmas 2.10 and 2.11 compare the centered and uncentered radial
energies uniformly over the sample. They therefore transfer counts at thresholds separated from zero by a
fixed amount; letting the separation decrease proves (6.99). In the complementary range, the count assertion
is part of Proposition 2.12.

For fixed n > 0, the expected number of excesses in [—17, 17] tends to

e (e —e) = 0s(n).

The radial point-process limits used in (6.99) also make the maximum excess and the number of excesses
above —n tight. We may therefore choose C, J so that 8,,(C, J,n) fails, apart from an excess in [-n, ], with
arbitrarily small probability. The sandwich (6.98), followed by n — oo, C,J — co, and 1 | 0, gives

K, — 1= Pois(e™).

The uniqueness conclusions in Proposition 6.13, Proposition 6.18, and Corollary 6.20, together with the
preceding buffer estimate, show that the probability of nonuniqueness tends to zero. Again, the probability of
zero gives the one-atom limit.

It remains to prove the off-critical tightness assertions in Theorem 1.1. In dimension two, pass along
subsequences on which A,, converges in (0, oo]. A finite limit is covered above. If 1,, — oo, monotonicity
compares the one-atom event with every fixed A; its limiting probability is Q»(4dg) T 1. For d,, > 3, any
subsequence on which s is bounded below has a further subsequence on which s} converges in R or tends to
+00. The first case is covered by the Poisson limit. In the second, monotonicity and comparison with a fixed
s, followed by 59 — oo, show that K, = 1 with probability tending to one. O

Finally, monotonicity converts the one-atom limits into the samplewise critical-defect laws stated in the
introduction. In dimension two, the map

2
ot
con(8) = 5

2(1—¢)
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is continuous and strictly increasing. Hence, for every A4 > 0,
Plezn(e(Zin)) < ) = P{E, (£4(0)}) — 02(1),
where £, (1) = ¢} ‘n(/l). For d,, > 3, use instead the critical coordinate

Ri/loa(1—&)] = b

n

023,n(5) = p
n

is also continuous and strictly increasing. Evaluating the one-atom limit at ¢»3 , (&) = s gives P{S, , < s} —
exp{—e"}.

6.5 The regularization path

This subsection proves Theorem 1.2 and then refines it with the mass and spatial-mark limits in Proposition 6.23.
The fixed-parameter support identities can be made uniform across a compact part of the critical window.
To obtain a path limit, we must also resolve what happens at each activation threshold: as the variance
defect passes the threshold associated with one radial observation, the corresponding edge mass reaches zero
transversally. We first record the radial process that supplies these thresholds, then prove the required uniform
continuation.

For dimension two and dimensions at least three, respectively, set

2 X\ o _1Zi? (>3) _ N
X, = Z 542}, gn’i = —— —logn, X, = Z 542{3),
=l =1

[ 2 |Zi — Za|?/(207) — by,
n,i a, .

2

4

(6.100)
Thus the exact excess in (2.13), evaluated along (1.13), is f:l"i(s) = 555.3) —s.
The one-level exceedance limits used to prove Theorem 1.1 hold jointly at every finite collection of levels.
Equivalently, the whole radial cloud has the following limit.

Proposition 6.21. In dimension two, and for every sequence d,, > 3,
X =x x*=x (6.101)

vaguely on R, where X has intensity e ™ dx. For each fixed d > 2, the point-process convergence remains
valid when each radial excess is marked by the direction of its observation; the limiting directions are
independent and uniform on 47",

Proof. For d = 2, the variables |Z;|?/2 are standard exponential, and hence nP{{}E’zi) > x} = e~ for every
fixed x. Counts in disjoint bounded intervals are multinomial rare-event counts, which proves the first
convergence.

For uncentered Gamma energies, Lemma 2.7 gives, uniformly for bounded x,

nF,(by + apx) — e™*.

The rare-event multinomial calculation from the d = 2 case proves convergence of the uncentered point
process. In the range where empirical centering is negligible on the a,,-scale, Lemmas 2.10 and 2.11 transfer
the process. In the remaining range, the proof of Proposition 2.12 gives joint upper-tail factorization uniformly
when finitely many thresholds lie in b, +a,O(1). Although (2.22) is displayed there with a common threshold,
its determinant-and-tilting proof also allows bounded coordinate-dependent offsets: use the corresponding
diagonal matrix of tilt parameters in place of the scalar tilt. The determinant comparison and tilted local limit
are unchanged. Inclusion—exclusion then gives the factorization for disjoint intervals, so the factorial-moment
criterion proves the second convergence in (6.101). For fixed dimension, radius and direction are independent;
the marking theorem completes the proof. O
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We next follow the optimizer while one point crosses its activation level. In dimension two, let a; > 0 be
the unique solution of ®(a,) + ¢(a,)/a, = e, and put

[1— ety

bi=1-e"'®(ar),  qax= - , (6.102)
Pl
and recall that A is the inverse of A +— x,. For d,, > 3, define
2 2
o5 (b +ays) o5an
=7 o = . 6.103
Yals) = T (5) = JH (6.103)

The next proposition is the uniform edge reduction. Its separation hypothesis is only a proof device;
Proposition 6.21 will remove it.

Proposition 6.22. Fix compact intervals J C int(J*) € (0,00) and I C int(I*) C R, and constants C, M < o
and n > 0. In dimension two, work on the event

max £ <€, #i: %) 2 xin ) < M, (6.104)

on which the values A((r(l’zi)) € J* are pairwise at least 4n apart and are at least 4n from the endpoints of J*.

Apart from an event whose probability tends to zero, each such point has one activation value A, ;, and

max | 4,.; = AL = op(1). (6.105)

Its patch contains one fitted atom when A < ;l\n,i and none when 1 > ;l\n,,-, and, uniformly for A € J,
) (D) = q, o +os(l). (6.106)

Points above xgp j+ are active throughout J, points below xint j+ are inactive throughout J, and the mass
estimate applies to every point satisfying the second cutoff in (6.104).
For every sequence d,, > 3, work instead on the event

max 3P <c,  #{i: 3V 2inf It -1} < M, (6.107)

on which the points in I'* are pairwise at least 41 apart and at least 4n from the endpoints of I*. Apart from
an event whose probability tends to zero, each point in I'* has one activation value s, ;, and

max [5,,; - 22V = op(D). (6.108)

Its patch contains one fitted atom when s < s, ; and none when s > s, ;. Fixing so € I and writing
O0n = 1 A6, (s0), its mass satisfies, uniformly for s € I,

. (23) . —
wr I (5) = [1 = O] 4 005, (6.109
d +

with the exponential expression replaced by its linearization when d, L, /n* is bounded below, the regime in
which the centered cloud is asymptotically simplex-like. Points above sup I'* are active throughout I, points
below inf I'" are inactive throughout I, and the mass estimate applies to every point in the second cutoff in
(6.107). In both dimensions there are no other noncentral contacts, and the NPMLE is unique throughout the
original compact interval.
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Proof. We first explain why the fixed-parameter estimates are uniform. In dimension two, the local diffuse
background and the response of a radial point of excess x are

Ba(r) = e A®(-r),  Cax(r.z) =e tex /232,

Their spatial derivatives through order two and their first A-derivatives are bounded uniformly when A ranges
over a compact subset of (0, c0). At finite n,

dpe~ I = —@e-“""'z, kn = /P,
Pn

so the Gaussian envelopes used for the undifferentiated field also dominate its A-derivative on |f| = p, + O(1).
Applying the compact decomposition in Proposition 3.6, the lower-cloud bounds, and the C? estimates of
Section 6.2 on a deterministic A-grid, then using these derivative bounds between grid points, makes every
fixed-parameter estimate uniform in C2(r, z) N C'(A). The radial compactness and outside-window gaps in
Proposition 3.2 and Lemmas 3.3-3.4 are uniform for the same reason: on J*, every damping constant stays in
a fixed compact subset of (0, ).

It remains to inspect the limiting patch program (6.14). Its unique spatial optimizer is (—a,, 0). After the
other patch variables have been optimized, the derivative at zero rescaled mass is

Sax(0) = by{e® ™ — 1}. (6.110)

The functions a,, x4, b, are smooth on compact intervals, with x, > 0 and b, > 0. At the unique zero
A=A(x),
0284,x(0) = =bax},

which is bounded away from zero. The spatial Hessian there is —b />, and the mass curvature is strictly
negative. The uniform finite-patch expansion therefore gives one empirical zero satisfying (6.105). Strict
concavity places positive mass below that zero and zero mass at and above it. Solving the limiting interior
score equation gives (6.106). Continuity of the optimizer at zero makes the estimate uniform through the
crossing.
For d,, > 3, write
_ )Il”l,(s) _ Adn
Ynu(s) by +aps

If g;(s) = yj/vn(s), differentiation of an edge kernel gives

hn(s)

_ 2
ds exp {(qi(s) +2)-q;(s) - M}
_ 2
< Chy(s){logn +|q;(s) — qi(s) — z|*}exp {(qi(s) +2)-q;(s) - —|CII(S)2+ d } :
6.111)

Moreover h,(s)logn < 6,(s), uniformly on /. Thus the order-zero and order-two absolute envelopes already
proved in the spatial, entropy, and support-recovery arguments also control one derivative in s. As in
dimension two, a slowly refining deterministic grid makes all buffered support identities uniform on /.
Near one crossing, optimize the central contact and every other patch, leaving only the rescaled mass
m; = nnr; > 0in the crossing patch free. The algebraic expansion in the proof of Lemma 6.17 is obtained
before the threshold buffer is used: its envelope assumptions do not depend on the sign of the crossing excess.
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Holding this one mass free therefore gives the expansion in Lemma 6.17 uniformly while | r(ff) —s| <2n,
with every other patch still buffered. In particular, the boundary score and its derivative are

(=3) —
Oy Ln.i(5,0) = €2 i =) — 1 4 0p(5,), (6.112)
05O, Ln,i(5,0) = =6, (s) + 0p(6,), (6.113)
while its second mass derivative is —1 + op(1). Indeed, 6, = —h,J,, so differentiating the leading exponent

adds only O{ hn5n|§,(f,~3) — 5|} to —8,,; inequality (6.111) keeps every remainder op(6,,) after differentiation.
When d,,L,, /n? is bounded below, the ordered-contact argument gives (6.112)—(6.113) with the exponential
linearized. More explicitly, the ordered-contact response remainder in (6.81) is bounded by a constant times

C? N logn (Cp, + 6,)?

5% +
n n?

n

Here §/, = —h,,6,,, and the Gram-error array defining C,, is rescaled by y,,(s) ™!, so its upper Dini derivative is
at most /,,C,. The rates in (6.76) therefore show directly that one s-derivative leaves this remainder op(6;,).
Equation (6.113) is uniformly negative. Hence each boundary score has exactly one zero, which proves
(6.108); strict mass curvature and the spatial certificate give one contact below the zero and none at or above
it. Solving the interior score equation gives (6.109). Finally, the uniform residual KKT gaps proved in the
dimension-specific support identities exclude contacts outside these patches. The strict concavity of the local
mass programs and the uniqueness of each spatial contact then prove simultaneous uniqueness, including at
an activation value, where the crossing patch has zero mass. O

Proof of Theorem 1.2. Enlarge the parameter interval slightly. Proposition 6.21 makes the radial maximum
and the number of points in the enlarged critical window tight. The limiting process is simple, so after
imposing fixed radial and cardinality cutoffs, its activation levels are separated from one another and from the
enlarged interval’s endpoints with probability tending to one as the separation constant decreases to zero.
Apply Proposition 6.22 first with fixed cutoffs and separation, then let the cutoffs tend to infinity and the
separation tend to zero. A diagonal choice gives a single event of probability tending to one on which all of
its conclusions hold.

In dimension two, the support-count path is the tail-count path of the perturbed activation measure }’; ¢ 1,

Equation (6.105) allows a piecewise-linear time change that moves each Zn,i to A(L ,(1’21.)) and converges
uniformly to the identity. Points above the enlarged interval contribute the same constant to both paths. After
adding them, the resulting path is exactly X,Ez) ((x4,0)). Proposition 6.21 and the continuous-mapping
theorem for tail counts of a simple point process prove (1.14) in the J; topology.

In dimensions at least three, equation (6.108) supplies an analogous time change. After that time change
and the addition of the points active throughout /, the path is X, ,(123) ((s,00)). This proves (1.15). Simultaneous
uniqueness is part of Proposition 6.22. O

Proposition 6.22 also identifies the mass and location carried by every jump. We state the mass limit
explicitly because it is stronger than the support-count path and shows that the fitted mixing distribution itself
changes continuously even when its support size jumps.

Proposition 6.23. Associate each noncentral fitted atom with its radial observation, and extend its mass by
zero dfter the corresponding patch becomes inactive. In dimension two, for compact J € (0, ),

max sup nﬂ,(lzl) () -q, ) LA 0, (6.114)

i (rg?i) >Xinf 7 —1 A€J
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after first imposing and then removing a fixed upper radial cutoff. Moreover,

{nznffl?u) ‘de J} — {Z Gax: A€ J} in C(J). (6.115)

xeX

For d,, > 3, fix sg € I, pass to a subsequence on which 6,,(sg) — & € [0, o], and define

(1-e79)/(1AS), 0<6< oo,

Yo(y) =1y, §=0, y>0, ¢s(y)=0 (y<0).
1, 0 = oo,
Then (23)
nm, 7 (s)
max  sup|—t—— — (Y = 5))| D0, (6.116)
1142V >inf I-1 sel On ’

and the sum of these profiles converges in C(I) to s = Y ex¥s((x — s5)1). For every fixed d > 2, the
convergence is joint with the radial directions; each active atom has the direction of its associated extreme
observation asymptotically. In dimension two its radial score location is p,, — a, + op(1), uniformly away
from activation.

Proof. Equations (6.106) and (6.109) give the individual limits on events with fixed radial and cardinality
cutoffs. Lemma 2.7 gives a,,/b,, — 0, and hence 6,,(s) /8, (s0) — 1 uniformly on 7; this turns (6.109), after
division by §,,, into the profile 5. Proposition 6.21 removes these cutoffs. The profiles are jointly continuous
in the path parameter and radial mark, including at activation where they vanish. Only finitely many limiting
Poisson points contribute on a compact parameter interval. Summation is therefore a continuous map into
C(J) or C(I), which proves the total-mass limits. The marked part of Proposition 6.21, together with the
unique spatial optimizer in each local likelihood program, gives the final assertions. O
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