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Abstract

We give a randomized word-RAM algorithm that computes an exact minimum-cost flow on
a directed graph with n vertices, at most one arc per ordered pair, and polynomially bounded
integer capacities, costs, and demands in Ö(n2 log n) word operations, where Ö(·) hides factors
of (log log n)O(1). The running time bound holds on every random tape. The output is an
exact integral flow with an integer dual certificate, or a verified infeasibility certificate, with
probability at least 1 − n−c0 for any fixed constant c0, and Fail otherwise. Every returned
answer is checked exactly before it is released. Dense bipartite minimum-cost perfect matching
is a special case. The dense work per attempt is Ö(n2) because maintained original-edge cores
and packed arithmetic answer the per-frame queries in time proportional to the number of
selected labels, and O(log n) attempts supply both progress and confidence.

This manuscript was generated by Alicia Stepin using GPT6 Astra from a manuscript on short-step
interior point methods, and then edited using the Devin harness.

1 Main result

Theorem 1.1. Let C, c0 > 0 be constants, and let a directed graph on n ≥ 2 vertices be given with

� at most one arc per ordered pair of vertices, and

� integer lower capacities, upper capacities, costs, and demands of absolute value at most nC .

There is a randomized word-RAM algorithm with O(log n)-bit words and polynomial address space
(Section 1.2) that uses at most

Ö
(
n2 log n

)
word operations on every random tape, and returns, with probability at least 1− n−c0, either

� an exact minimum-cost feasible integral flow together with an integer dual certificate, or

� a verified infeasibility certificate, which is a bound inconsistency, a nonzero total demand, or
a violated capacity cut.

On the remaining outcomes the algorithm returns Fail.

Every returned mathematical answer is checked exactly before it is released, so the algorithm
never returns an incorrect flow, dual, or cut.

Corollary 1.2. Let C, c0 > 0 be constants and let n ≥ 2 be even. Given integer costs |ce| ≤ nC on
the edges of Kn/2,n/2, a randomized word-RAM algorithm returns, with probability at least 1−n−c0,
an exact minimum-cost perfect matching together with an integer assignment dual certificate, in

Ö
(
n2 log n

)
word operations in the model of Section 1.2, with the same failure convention as Theorem 1.1.
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1.1 Logarithmic factors and constants

Throughout, Ö(·) hides factors of (log log n)O(1) and nothing else; every factor of log n is written
out, and logm is identified with log n since m ≤ n2. All constants may depend on the input
exponent C and the confidence exponent c0. Words have O(log n) bits; the word length is written
log n and its bit length log log n, up to the integer rounding fixed once here: an integer parameter
defined by a real expression is that expression rounded up to the next integer, and a parameter
stated as a power of two is rounded up to the next power of two. Every such rounding changes
constants only and is not written. The tracking potential exponent is p = 512, and the central
potential exponent P is the least integer with P ≥ 512 and

P ≥ 1 + log2
(
3 + log2(2 + n)

)
,

so that P = Θ(log log n) and P ≥ p. Every bound of the form O(mP a(log log n)b) with constants
a, b is written Ö(m), and every O(log n log log n) is written Ö(log n). The ledger of Section 15
tracks the hidden powers explicitly; the dense work per attempt is O(mP 14(log log n)19), which is
O(m(log log n)40) since P = O(log log n). Factors of log log n are not optimized or traded against
each other. Sparse work is below n2 by a fixed power of n; its logarithmic factors are not counted
and are absorbed in the o(1) of its exponent, as in n15/8+o(1).

1.2 Machine model and notation

The word RAM has indexed memory, comparisons, Boolean operations, shifts, and integer ad-
dition, subtraction, multiplication, quotient, and remainder on O(log n)-bit words, together with
independent uniform random words. A fixed number of wider products may occupy a fixed number
of words. Population count is implemented with bit operations. Square roots, logarithms, powers,
and exponentials use certified approximations. Exact geometric sampling may use many words; its
actual work is charged before the attempt cap. Polynomial address space may be reserved without
clearing it; the initializable-array construction specifies which cells are read.

The augmentation in Section 10 gives a connected working graph with m = Θ(n2) labels and
rank r = n− 1 = Θ(n). From that point, n,m, r refer to the working graph. Its dimensions differ
from the input dimensions by constant factors. As an undirected graph it has bounded parallel
multiplicity, so the structural routines use a fixed number of simple layers.

Appendix B lists the symbols in order of first appearance. The local-step analysis writes the
incidence matrix as B throughout. Products, quotients, powers, and inequalities between edge
vectors are coordinatewise. For positive w, ∥x∥2w =

∑
ewex

2
e; matrix inequalities use the positive-

semidefinite order. Laplacian inverses act on the quotient by their componentwise constant vectors.
The local update defines H, τ ,ϖ, δ, ς precisely in Section 2. Logarithmic scales are rounded by
integer bit lengths; local integer or dyadic conventions change only constants.

1.3 The algorithm and the two maintenance tasks

The iteration controls stationarity for a weighted logarithmic capacity barrier and tracks regularized
leverage scores with adaptive weights λ. Separate potentials keep the two errors away from their
boundaries. A residual test controls approximate flow feasibility during the iteration; one terminal
correction restores exact feasibility.

A frame is a sparse physical update with reference and metadata service; an attempt runs a
prescribed number of frames from a checkpoint. An original label identifies a working edge, not a
sampled copy. A graph owner stores labels in cores with certified cut-conductance bounds and in
explicit lists.
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1. Initialize. Augmentation gives an exactly feasible interior midpoint. Initialize tracking and
centrality, then save the physical variables and certified references at a checkpoint.

2. Run an attempt. Each frame fixes its directions from the old state and draws one independent
original-label mask. Only selected flow and tracking weights change. Local drift controls both
potentials. Operational failure restores the checkpoint; the next attempt uses fresh tapes, with
no local resampling of a failed frame.

3. Maintain graphs and observations within each frame. Three graphs, changing only on selected
labels, support the ordinary inverse, physical solve, and observer. Cores answer scalar queries;
packed computations evaluate fine scores and change sources. Observations change metadata
only.

4. Finish. Success installs a checkpoint with a constant-factor smaller µ. After enough successes,
exact feasibility correction and integral rounding yield the original flow and dual, or the aug-
mentation yields an infeasibility cut.

The owner finds labels with the prescribed sampling probabilities; the observer discovers refer-
ences needing fine reads, without scanning all edges each frame. Graph updates retain prices frozen
before the batch. Autonomous reads spend accumulated score-variation credit; selected reads use
frozen list prices. Representation changes preserve outstanding debts and due flags.

1.4 Where the single logarithm comes from

The proof keeps the following costs separate:

� dense expected work of one attempt, Ö(m);

� additional sparse work of one attempt, n15/8+o(1) + n1011/512+o(1);

� cold initialization, once, Ö(m log n);

� exact output, once, O((m+ n) log n).

Each attempt is capped at a fixed multiple of its expected work. The phase analysis gives a
positive constant conditional success probability, and O(log n) total attempts supply both progress
and confidence. Since m = Θ(n2), the O(log n) attempts cost Ö(n2 log n) in total, and the sparse
exponents’ strict gaps below two absorb their logarithmic factors.

Within a stopped attempt, the per-frame scales B∗ sum to O(m) (Lemma 11.1). Two con-
structions convert this budget into the dense work bound. The core owner bounds moments of
current update prices, including low-capacity records; individual low-density cores may still be ex-
pensive. Packed score reads and source assembly process the confidence lanes together, avoiding
an additional factor log n at every dense event.

For the complete argument, read the execution order (Section 13), phase analysis (Section 11),
and contract closure (Section 14), followed by the ledger and main proof (Sections 15 and 16).

2 One independent physical step

An independent mask selects the labels whose flow and weight change. Given certified directions
and observations, we prove that the step reduces µ, controls feasibility, and contracts the central
and leverage-tracking potentials. Section 3 implements this step with finite words; later sections
construct its inputs.
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2.1 State, directions, and one independent mask

Let B be an m × n incidence matrix of rank r = n − 1, with m = Θ(n2), and put s = r/m. The
flow is strictly inside its positive capacities, 0 < fe < υmax

e . Write λ for the edge weights and y for
the vertex potential. Define coordinatewise

z = (f−2 + (υmax − f)−2)−1/2, Ξ = z(f−1 − (υmax − f)−1), D = z3(f−3 − (υmax − f)−3),

w = 2s+ λ, Ξ =
z(c−By)

µw
= Ξ+ ες, ϱ = z/w, H = BTDiag(ϱ2)B.

For the logarithmic box barrier, z is the inverse square root of the second derivative, Ξ is minus
the first derivative times z, and D = dz/df . Thus e measures centrality in the local flow scale.
Here λ ≥ s, µ > 0, and |ς| < 1. Work on the rank-r quotient, so that H−1/2 denotes its ordinary
inverse there. Set

U = Diag(ϱ)BH−1/2, Π = UUT , τ = DiagΠ, τ̂ = s+ τ , t = log(λ/τ̂ ), δ = 1− |t|/κ.

Assume |ϖ| < κ for fixed ε, κ ≤ 10−2. Then
∑

λ ≤ 2eκr and
∑

w ≤ (2 + 2eκ)r. The tracking
error ϖ and central error e have potentials

ψκ(x) = (1− x)−κ + (1 + x)−κ, ΨR =
∑
e

ψp(ϖe/κ), ΨZ =
∑
e

ψP (ςe), p = 512,

105n1/4 ≤M ≤ 2 · 105n1/4,
1
2chn

−3/pP−16 ≤ h ≤ chn−3/pP−16.

βf = h/M, βs = γβf , B∗ = βfm/
√
r, B∗ ≤ B̂∗ ≤ 2B∗.

ChooseM,h, γ, B̂∗ dyadic; B∗ is analytical only. The constants ch, γ are fixed below. The direction
scale is βf , the source radius is βs, and B∗ measures dense work per frame.

Tracking feedback. Let π = λ(1 + ες) and N (v) = ∥v∥∞ +M∥v∥π. This mixed norm controls
both coordinate jumps and weighted movement. The tracking feedback φ obeys

N (φ) ≤ h, GTφ ≤ −0.97h∥G∥N ∗ + ChBR, G = ∇tΨR, BR = Cp,κ∥1∥N ∗ . (1)

A lower-wall guard sets negative feedback to zero when λ < (1 + 2a0)s, where a0 upper-bounds
every realized coordinate jump. Such guarding loses only ChBR: a positive gradient removed by
it can occur only when 0 < t < log(1+ 2a0), where the derivative is bounded by the fixed constant
included in Cp,κ. Lemma 8.3 constructs this feedback from the maintained joint classes.

Central source. The source points inward from a representative ςe of the central error. Assume

|ςe − ςe| ≤ η(1− |ςe|)/P 4, dZ,e = 1− |ςe|, GZ,e = |ψ′
P (ςe)|, Je = ψ′′

P (ςe), (2)

where η is a sufficiently small fixed constant. Let w̃e/we ∈ [1 − η, 1 + η] be constant within the
classes used for the source. Use certified rational class values

GZ,e ≤ Gc
Z,e ≤ (1 + η)GZ,e, Je ≤ Jc

e ≤ (1 + η)Je.

The zero-gradient class uses Gc
Z,e = 0 exactly. Define the capped waterfill

Fe = −Sgn(ςe)min{cZdZ,e/P 2, γh, ϑGc
Z,e/w̃e}. (3)
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Choose rational ϑ so that (1 − η)βs ≤ ∥F∥w ≤ βs when possible. If the fully capped source has
norm at most βs, it may instead be returned with ϑ−1 = 0, whether or not its norm lies in the
filled range. Use this fully capped branch when the filled range cannot be reached.

The nonzero source-cap set consists of coordinates with Fe ̸= 0 at which either fixed cap
cZdZ,e/P

2 or γh attains the minimum, including ties. Let J be its complement. A zero-gradient
coordinate has Fe = 0 and is never forced by the source; it stays in J , where its positive Hessian
contributes to the curvature normalizer. Define

AZ =
∑
e

GZ,e|Fe|, V = B̂∗ + β2s/ϑ.

Freeze both inputs, φ,F, and the source-cap set before the mask.

Solving for the flow direction. Choose the actual next ratio θ = µ′/µ with βs/(2
√
r) ≤ 1−θ ≤

βs/
√
r and put

g0 = (θ − 1)Ξ+ θεF, g = g0 +Ξφ/3, Y = 3λ/w, k = DC +Y(1−DP0),

L = BTDiag

(
3λz2

µw2k

)
B.

The two metrics have different roles: the solve uses L to control feasibility, while the tracked
leverage scores belong to H. One has 1− ε ≤ k ≤ 3 + ε. Use a direction xdir satisfying

Lxdir = ρ+BTDiag(Yz/k)g − rsol, ρ = BT f − bdem, ∥rsol∥L−1 ≤ csolβs
√
µ, (4)

and the old residual has norm at most βs
√
µ. Define

q = zBxdir/(µw), Υ = (g − q)/k, d = |Υ|+ |φ|, ν = (g0 − q)/(εθ).

Here d is the movement scale before the mask is applied, and ν is the coefficient of the central
noise. The bounds below give Uν = O(βf ) with ∥ν∥w ≤ Uν .

The sampling rates. Let ajump > 0 be a sufficiently small fixed scalar jump allowance, distinct
from the row-weight vector ϱ = z/w. Let ℓe be a supplied upper bound for the actual leverage
of row e in L. Let δe be the stored certified tracking-margin scale, with a fixed known constant
Cδ ≥ 1 such that C−1

δ δe ≤ δe ≤ Cδδe. Freeze all inputs, and write F for this history before the
fresh mask coins. Form a fixed number of rational component probabilities, upward within fixed
factors of the following clipped rates:

K log nλe, K log nℓe,
KLrwed

2
e

β2s
,

Cδde

ajumpδe
. (5)

The implemented margin target uses only δe and dominates the analytical floor de/(ajumpδe).
Every local estimate below continues to use that analytical lower bound; evaluating a proposal
probability requires no fresh fine-score read. On J , also include

kP |νe|
dZ,e

,
kPBν |νe|

√
Jc
e

V
, Bν ≥ Uν

√∑
e∈J

Jc
e/we, kP = CP 12. (6)

The leverage and quadratic rates give the matrix and residual concentration bounds below. The
tracking and central wall rates limit individual jumps; the remaining central rate controls second-
order potential cost. Lemma 2.7 chooses its Bν from common scalars without a reciprocal scan.
Force the nonzero source-cap set. These are all the physical-mask components; (13) supplies the
gradient bound without another sampling rate.
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The selected update and its commit. Draw the components independently between original
labels. Their union indicators Ie are independent, with actual union probabilities pe. Use Te =
Ie/pe with the zero-target no-op convention; the denominator is the union probability, not the sum
of component probabilities. Set v = Tu, ζ = Tφ, and on selected labels define

λ′ = s+ [w(1 + ζ/3)− 3s](1 +Dv)2, w′ = 2s+ λ′. (7)

Set y′ = y − xdir and µ′ = θµ. Choose the new flow by the following scalar root equation, which
will make the central noise exactly (T− 1)ν in (9). The root near f solves

z(f ′)(c−By′)

θµw′ −Ξ(f ′) =
C + q

θ
−Ξ+

kv − Cζ/3
θ

. (8)

Unselected labels retain their stored f ,λ and structural coefficients. Each frame has one candidate:
a failed residual or source-normalizer check aborts the whole clean attempt, with no local retry. No
moment bound conditions on these checks or eventual phase success.

Buffer candidate points and their residual/source-normalizer data. Retain the old H and or-
dinary owner through all conserved-source products and old-observer batches; then commit and
service queued reads at frozen old prices, in Steps 6–8.

2.2 Scalar identities and direction bounds

Lemma 2.1. Put Xe = Tede and σe = |qe| + |1 − θ|. For Xe ≤ 10−4 and σe ≤ 10−4, the root in
|f ′e − fe| ≤ ze/40 exists uniquely and stays in the box. The guard gives λ′

e ≥ s. Before numerical
rounding,

ς ′ = ς + F+ (T− 1)ν, (9)

ρ′ = rsol +BTDiag(Yz)(Λ−Υ) +BTDiag(z)rf , (10)

(f ′ − f)/z = YΛ+ rf , |rf | ≤ C(X2 + σX), (11)

(a′/a)− 1 = Dv − ζ/3 + ra, |ra| ≤ C(X2 + σX). (12)

All constants are uniform as f approaches either capacity wall.

Proof. Suppress the edge index. Write α = z/f and β = z/(υmax − f), so α2 + β2 = 1, Ξ = α− β,
and D = α3−β3. Hence D = (1+αβ)Ξ, |D|, |Ξ| ≤ 1, and 1 ≤ 1+αβ ≤ 3/2. Direct differentiation
gives dz/df = D and dP0/df = (DP0 − 1)/z.

For normalized displacement x = (f ′ − f)/z, put R(x) = z(f + zx)/z and K0 = (C + q)/(θ(1 +
bw)), where bw = w′/w − 1. Let Φ(κ) = R(κ)K0 − Ξ(f + zκ). At the displaced point, with its
own Dx, αx, βx, differentiation gives

R′ = Dx, Φ′ =
1 +DxΦ

R
, D′

x = −3α2
xβ

2
x(1 + 2αxβx)

R
, Φ′′ = D′

xΦ/R.

For |x| ≤ 1/40 the hypotheses imply 0.975 ≤ R ≤ 1.025, |Φ| < 0.062, Φ′ > 0.915, and |Φ′′| < 0.1.
These bounds follow directly from |Dx| ≤ 1, |D′

x| ≤ 3/(2R), |Ξ − Ξ| ≤ 0.01, and the stated jump
bounds.

Let l = (λ− s)/w. Expansion of (7) gives

bw = ζ/3 + 2lDΛ+ rw, |rw| ≤ 2X2, Y = 1 + 2l.
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If T0 is the target in (8), direct subtraction gives

θ{T0 − Φ(0)−YΛΦ′(0)} = qζ/3 + [−Dq +Y(1− θ)(1−DP0)]v + (C + q)rw

− (C + q)bw(ζ/3−Dv + rw)

1 + bw
.

Its magnitude is at most 5X2 + 4σX. Also 0.989 < Φ′(0) < 1.011 and |T0 − Φ(0)| < 3.034X.
Monotonicity and the endpoint displacements give the unique root, initially |x| < 4X, and Taylor’s
formula then gives |x−YΛ| ≤ 6X2+5σX. Since R(x) = 1+Dx+O(x2) and ϱ′/ϱ = R(x)/(1+bw),
the row estimate follows. The entire window lies in the box because z ≤ min{f ,υmax − f}.

If the guard is active, ζ ≥ 0. Otherwise w(1 + ζ/3) ≥ s(3 + 2a0)(1 − a0/3) ≥ 3s, proving the
lower weight bound. Substituting ku = g − q and g = g0 + Ξφ/3 proves (9). The solve equation
gives BTDiag(Yz)Υ = −ρ+ rsol, which proves (10). For Ie = 0, the old coordinate is exactly the
root.

The next lemma analyzes the unsampled first-order step, obtained by setting every Te = 1. Un-
der the independent mask its derivative becomes the mean linear increment, before any restriction
to a safety event.

Lemma 2.2. Let L0 = µL and let ℓe be its row leverage. Define

Q = Diag(ϱ)BL−1
0 BTDiag(3λϱ/k), K0 = Diag(k)−1(I−Q),

Aτ = Diag(τ̂ )−1(Π ◦Π), ι = 1− s/λ− τ/τ̂ .

Then
ℓe ≤ min{1, 4λ2

e/s}, ℓe/λe ≤ 2/
√
s, ∥Qx∥∞ ≤ 3s−1/4∥x∥λ.

The feedback part of the first-order increment of ϖ is (I−R)φ, where

R =
2

3
(Aτ +Diagι)[I−Diag(D)K0Diag(Ξ)], ∥R∥N→N < 0.86.

The other first-order terms have N norm at most Cγh. Moreover

∥d∥w + ∥ν∥w ≤ Cβf , ∥d∥∞ + ∥q∥∞ + |1− θ| ≤ Ch, N (d) ≤ Camph.

Proof. Since L0 ⪰ 3sH/(3 + ε) and τ e ≤ eκλe, inverse comparison proves ℓe ≤ 4λ2
e/s. Every

leverage is at most one; taking the smaller bound proves ℓe/λe ≤ 2/
√
s. The matrix Q is an

orthogonal projection in the λ/k inner product. Row Cauchy–Schwarz proves its displayed infinity
bound. In a simple augmented dense graph, s−1/4 ≤ Cn1/4; the fixed augmentation constant can
be absorbed in M if necessary.

The matrix K0 is self-adjoint positive semidefinite in the λ inner product and 0 ⪯ K0 ⪯
Diag(1/k) there. With α = z/f and β = z/(υmax − f) as in the scalar calculation, put χ =
1+αβ ∈ [1, 3/2], so D = χΞ. The matrix Diag(D)K0Diag(Ξ) is positive semidefinite in the λ/χ
inner product and bounded by (1− ε)−1I. Consequently

∥I−Diag(D)K0Diag(Ξ)∥λ→λ ≤ b0 :=
√
3/2 + ε/(1− ε).

The perturbation from Ξ−Ξ = ες contributes the second term. The projection identity Π2 = Π
and weighted Cauchy–Schwarz give

∥Aτ∥λ→λ ≤ eκ, ∥Aτx∥∞ ≤ eκ/2∥x∥λ, ∥ι∥∞ ≤ J0 := eκ − 1.
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Combining these weighted bounds in the mixed norm gives at most

2

3
b0

[
eκ
√

1 + ε

1− ε
+

eκ/2

105
√
1− ε

]
+

2

3
J0max

{
2

1− ε
+

20(1 + ε)

105(1− ε)3/2
, b0

√
1 + ε

1− ε

}
< 0.854.

Differentiating the local weight and row formulas gives

∆ϖ(1) = φ+ 2(Aτ +Diagι)(Du−φ/3).

The feedback contribution to Υ is K0Diag(Ξ)φ/3, giving the asserted response. For the other
terms, write q = Qg + qres, where qres is the contribution of ρ− rsol in (4). We have ∥g0∥w ≤ Cβs,
the projection Q is bounded by an absolute constant in w, and

∥qres∥w ≤
√
1 + ε∥ρ− rsol∥L−1/

√
µ ≤ Cβs.

Its infinity norm and that of Qg0 are at most Cn1/4βs. Inserting these inequalities in the displayed
derivative and the bounds for Aτ , ι gives Cγh. Applying the same estimates to Ξφ/3 gives all
remaining direction bounds. Constants may depend on the fixed ε, because ν divides by it.

2.3 Independent moments and high-probability safety

The direction bounds and jump floor put every mask outcome in the scalar window of Lemma 2.1.
For independent mean-zero Hilbert vectors Zi with ∥Zi∥ ≤ RB and

∑
i E∥Zi∥2 ≤ σ2, use

Pr{∥
∑
i

Zi∥ ≥ t} ≤ 2 exp{−c⋆t2/(σ2 +RBt)}.

This dimension-free bound applies to matrices with the Frobenius inner product.
This is the Hilbert-space case of Pinelis’ martingale inequality [Pin94, Theorem 3.4]: its Bennett

exponent implies the displayed bound because (1 + x) log(1 + x) − x ≥ x2/(2(1 + x)) for x ≥ 0.
The same statement applies conditionally on a frozen pre-state; zero variance or zero packet bound
gives the deterministic zero sum.

In matrix-change and observer formulas, σe denotes a relative coefficient change; centrality
formulas use it for the stored representative.

Lemma 2.3. Suppose an actual structural coefficient change is σe = Ieσ
sel
e with |σsel

e | ≤
Cde/pe. This includes the squared row change from Lemma 2.1, and its absolute value. Let
E = UTDiag(σ)U and Eabs = UTDiag(|σ|)U. For a sufficiently large K, at a fixed valid
pre-state:

∥EE∥op, ∥EEabs∥op ≤ Ch,
∥EE∥F , ∥EEabs∥F ≤ Cβf ,

E∥E− EE∥2F , E∥Eabs − EEabs∥2F ≤ Cβ2s/(K log n).

With any prescribed polynomial confidence,

∥E− EE∥F ≤ c1βs, ∥E∥op ≤ Ch, Eabs ⪯ ChI, ∥E∥F ≤ Cβf .

Also, if Γ ≤ CΓ
∑

e λeIede/pe up to a negligible deterministic numerical reserve, then

EΓ ≤ Cβf
√
r, Γ ≤ CΓ,capβf

√
r

with any prescribed polynomial confidence after increasing fixed constants and handling the finitely
many bounded inputs separately.
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Proof. The mean row coefficient has magnitude at most Cde. Since UTU = I, its operator norm
is at most C∥d∥∞. Put S = Π ◦ Π. The elementary Schur-product identity Diag(τ ) − S =
Π ◦ (I−Π) ⪰ 0 gives ∥EE∥2F ≤ C

∑
e τ ed

2
e ≤ C∥d∥2w; the same holds for absolute coefficients.

Saturated coordinates are deterministic and omitted from the variance calculation. For every
nonsaturated coordinate,∑

e

Var(σe)τ
2
e ≤ C

∑
e:pe<1

d2
eτ

2
e

pe
≤ Cβ2s
KLr

∑
e

τ 2
e

we
≤ Cβ2s
K log n

.

The geometric mean of the ordinary and quadratic floors gives

|σsel
e |τ e ≤

Cβs
K log n

√
r

√
τ e/we ≤

Cβs
K log n

√
r
.

Independence makes cross terms in the Frobenius second moment zero. Hilbert Bernstein at c1βs
now has exponent Ω(K log n), after K is chosen for the desired confidence. Apply it to both signed
and absolute coefficients. The absolute matrix is positive semidefinite on every outcome, so its
operator bound is the asserted order bound. A fixed number of such fields on the same ordinary
graph is handled by a fixed union bound. A different graph requires its own leverage-domination
premise before reusing this estimate.

For Γ, its expectation is bounded by C
∑

λede ≤ Cβf
√
r. Each nonsaturated summand has size

at most Ch/(K log n), by the ordinary floor. Its variance sum is at most (Ch/(K log n))Cβf
√
r.

Scalar Bernstein at a sufficiently large fixed multiple of βf
√
r has exponent

Ω

(
K log n

βf
√
r

h

)
= Ω(K log n

√
r/M) = Ω(K log nn1/4/105).

Saturated contributions are deterministic and already included in the mean bound. This proves
the source-normalizer statement for the original unconditioned mask.

Lemma 2.4. Choose ajump, csol small compared with the fixed γ, then K large. With any prescribed
polynomial confidence the new residual is at most a fixed small fraction of βs

√
µ in the old metric.

Uniform comparison of the new and old physical metrics then gives ∥ρ′∥(L′)−1 ≤ βs
√
µ′. A finite

norm test with a constant gap may abort the attempt on failure. Its failure probability is inverse
polynomial; it need not be used for local rejection sampling.

Proof. The selected normalized displacement is a fixed old-state value ξsele with |ξsele | ≤ Cde/pe. Its
nonlinear mean differs from Yeue by at most C(ajump + h)de, since EXe = de and EX2

e = d2
e/pe ≤

ajumpδede. The physical incidence contraction is

∥BTDiag(z)x∥L−1 ≤ C√µ ∥x∥w.

Hence the mean residual has norm at most csolβs
√
µ+ C(ajump + h)βf

√
µ.

The centered actual displacement is an independent vector sum. Its coordinate packet norm
is at most C

√
µweℓe de/pe. The quadratic floor gives total second moment Cµβ2s/(K log n), using∑

ℓe = r. The geometric mean of the physical-leverage and quadratic floors gives maximum packet
Cβs
√
µ/(K log n

√
r). Hilbert Bernstein therefore bounds this full nonlinear noise by any fixed small

multiple of βs
√
µ with exponent Ω(K log n).

The scalar window gives constant comparisons of z′,w′,λ′ with their old values. Both k,k′ lie
in [1− ε, 3+ ε] and θ is close to one, so the new physical metric is uniformly comparable to the old.
Choose the old-metric threshold with the corresponding fixed reserve. Lemma 6.4 implements the
test between separated thresholds using certified inverse estimates, and includes its cost in sparse
preparation.
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2.4 Expected nonlinear tracking drift

Theorem 2.5. At a valid pre-state with ΨR ≤ CR,outm, use the law above. On the simultaneous
safety event of Lemma 2.3, the tracking coordinate stays inside its tube. On a primitive safety
or arithmetic first failure, assign the analytical candidate potential zero before evaluating a barrier
outside its domain. The resulting nonnegative potential satisfies

E[Ψ′
R | F ] ≤ (1− aR)ΨR + CaRm+ ϵnum, aR = c⋆βf/

√
r.

The horizon sum of ϵnum can be made arbitrarily small. This is an unconditional pre-mask expec-
tation, not an expectation conditional on passing a later phase test.

Proof. Separate each edge’s own update from the inverse-Laplacian change. Write G for the safety
event used in the Taylor calculation; whenever a nonlinear tracking bound uses G, its expectation
includes that indicator. Its nonnegative majorant is averaged under the original mask law. The
signed linear term remains defined on all masks and is treated in the final paragraph.

Direction moments and the inverse remainder. All gradients below are with respect to the
raw coordinate ϖ. Set HR

e = |Ge|+Cp,κ and G∗ = ∥G∥N ∗ . Coordinatewise sign invariance of the
mixed norm and Lemma 2.2 give

α∗ :=
∑
e

HR
e de ≤ Camph(G∗ +BR). (13)

Let σe = (ϱ′
e/ϱe)

2 − 1 and E = UTDiag(σ)U. Lemma 2.1 gives

|σe| ≤ CXe, Eσe = 2Deue − 2φe/3 + rb,e, |rb,e| ≤ C(ajump + h)de.

For a symmetric T, define D(T)e = UeTU
T
e /τ̂ e. Weighted Cauchy–Schwarz proves

∥D(T)∥∞ ≤ ∥T∥op, ∥D(T)∥λ ≤ eκ/2∥T∥F .

Indeed (UeTU
T
e )

2 ≤ τ eUeT
2UT

e , and summing uses λe/τ̂ e ≤ eκ. The moment lemma implies

E∥D(E)∥N ≤ Ch. (14)

On its good event, ∥E∥op ≤ Ch and ∥E2(I+ E)−1∥F ≤ Ch∥E∥F . Thus the expected mixed norm
of the resolvent remainder is O(h2), using Mβf = h.

Separating the two changes. To separate the coordinate update from the inverse change, put

Ve = D(E)e, Reme = D(E2(I+E)−1)e, ce =
1 + σe

1 + (τ e/τ̂ e)σe
.

The inverse identity gives

s+ τ ′
e

s+ τ e
=

(
1 +

τ e

τ̂ e
σe

)
[1− ce(Ve − Reme)].

Consequently ∆ϖ = log n + S, where log n, S are edge vectors used only in this proof. The local
term is

Le = log(λ′
e/λe)− log(1 + (τ e/τ̂ e)σe),

10



and the inverse term is Se = − log[1− ce(Ve−Reme)]. Expansion of the local scalar formulas gives

Le = Te[(1− 2ιe/3)φe + 2ιeDeue] +O(X2
e + hXe).

Also |ce − 1| ≤ Cajump, ∥S∥∞ ≤ Ch on the good event, and, by (14),

E∥S −D(E)∥N ≤ C(ajump + h)h.

The mean linear increment is therefore precisely the derivative in Lemma 2.2, up to a mixed error
C(ajump + h)h. The local linear noise and the matrix linear noise have zero expectation, because
ETe = 1.

Curvature of the two terms. For fixed p, κ, direct differentiation of ψp gives

∂2ϖe
ΨR ≤ Cp,κH

R
e /δe.

The same bound, within a fixed factor, holds on any segment whose relative coordinate displacement
is a sufficiently small fixed fraction of δe. The local jump floor gives Xe ≤ ajumpδe on nonsaturated
coordinates. On saturated coordinates, Xe = de ≤ Ch ≤ ajumpδe after the step-size choice.
Therefore

E
∑
e

HR
e X

2
e/δe ≤ ajump

∑
e

HR
e EXe = ajumpα∗.

The same calculation bounds the local scalar remainder by C(ajump + h)α∗.
For the inverse term S, duality and the good-event infinity bound give

E
∑
e

HR
e S

2
e

δe
≤ Ch

δmin
(G∗ +BR)E∥S∥N ≤

Ch2

δmin
(G∗ +BR).

The outer cap implies δmin ≥ (CR,outm)−1/p. Thus h/δmin ≤ Cchn
−1/pP−16, which is uniformly

small after choosing ch.

Descent and affine contraction. Taylor’s formula now gives

E∆ΨR ≤ −(0.97− 0.86− Cγ)hG∗ + ChBR + C(ajump + h+ h/δmin)h(G∗ +BR) + ϵnum.

Choose γ small, then ajump small, then K large for safety, and finally ch small. The result is
−c⋆hG∗ + ChBR + ϵnum.

Write Wπ =
∑

e πe. Since N (x) ≤ (1+M
√
Wπ)∥x∥∞, the mixed unit ball contains the infinity

ball of radius (1 +M
√
Wπ)

−1. Hence

G∗ ≥
∥G∥1

1 +M
√
Wπ
≥ c⋆(ΨR − 2m)/(M

√
r).

Here Wπ ≤ Cr, and |ψ′
p(x)| ≥ p(ψp(x) − 2) follows directly from the two powers; the raw-ϖ

derivative also contains the fixed factor 1/κ. Separately, N (x) ≥ M∥x∥π and weighted Cauchy–
Schwarz give

∥1∥N ∗ ≤ 1

M

(∑
e

π−1
e

)1/2

≤ m

M
√
(1− ε)r

,

because πe ≥ (1− ε)s and s = r/m. Thus BR ≤ Cm/(M
√
r), proving the affine drift.
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The same-frame exceptional event. To account for Gc, specify the signed linear term on every
mask outcome:

σ(1)
e = 2DeTeue − 2Teφe/3, E1 = UTDiag(σ(1))U,

L1,e = Te[(1− 2ιe/3)φe + 2ιeDeue], Z = GT [L1 + D(E1)].

Its all-mask expectation is exactly the coupled first-order derivative. The nonlinear row remainder
is not centered: instead use the nonnegative majorant |G|TAτ |σ−σ(1)| for its signed contribution
on G. Since E|σ−σ(1)| ≤ C(ajump+h)d and Aτ is bounded in the mixed norm, its full expectation
is at most C(ajump+h)hG∗. This is the previously reserved remainder. The old gradient is bounded
by the outer cap and Xe ≤ ajumpδe, so sup |Z| ≤ Cajump∥G∥1 ≤ Cp,κ(CR,outm)1+1/p on every mask
outcome. Explicitly use

E[Z1G ] = EZ − E[Z1Gc ], |E[Z1Gc ]| ≤ sup |Z|Pr(Gc).

Thus zero mean is used before good-event restriction, never after it. On the bad event the ana-
lytical new potential is zero; omitting a nonnegative remainder only helps. Choose the polynomial
confidence exponent after the all-outcome polynomial bound so the displayed correction is included
in ϵnum. No barrier is evaluated outside its domain and no future-success conditioning is used.
Any further operational or numerical kill only lowers this nonnegative matrix-killed candidate; no
new signed cancellation is required. For the finite implementation of Section 3, use Υc,dc in the
all-mask expressions above. The deterministic direction bias Υc−Υ and the final endpoint-storage
errors are charged separately to ϵnum by that section; neither is included in a purported centered
random remainder.

2.5 Expected central drift and its dependence on P

Theorem 2.6. For the same single independent mask,

E[Ψ′
Z | F ] ≤ ΨZ − cAZ + CγP

2B∗ + ϵnum,

and

AZ ≥ c⋆
Pβs√
r
(ΨZ − Cm).

Consequently the affine contraction rate is aZ = cPβs/
√
r, with equilibrium Oγ(Pm). Every coor-

dinate remains inside its central domain before numerical rounding, on every mask outcome. No
high-probability central potential inequality is required.

Proof. Use the scalar identity (9).

Curvature and waterfill bounds. The elementary explicit derivative bounds, valid for P ≥ 2,
are

Je ≤ CPGZ,e/dZ,e + CP 2, GZ,edZ,e ≥ P (ψP (ςe)− 2).

For the first, split |ς| ≤ 1/P , where both denominators give J = Ö(1), from |ς| > 1/P , where the
larger derivative term dominates the smaller by a fixed factor. The second follows by subtracting
the two explicit powers. Moreover |(logψ′′

P )
′(x)| ≤ (P + 2)/(1− |x|). The representative error and

the coordinate displacement bounds therefore keep true curvatures within a fixed factor of Je.
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For finite ϑ, the literal rational waterfill and the derivative and weight comparisons give
GZ,e|Fe| ≥ c⋆weF

2
e /ϑ on every label. The uncapped formula and actual filled radius then imply∑

e∈J
G2

Z,e/we ≤ Cβ2s/ϑ2, AZ ≥ c⋆β2s/ϑ, V ≤ C(AZ +B∗).

For the fully capped branch, all uncapped GZ,e are zero and the assertions use ϑ−1 = 0.

Noise and one-step drift. Put ξ = (T − 1)ν. Forced and saturated coordinates have ξe = 0.
On all other coordinates the wall floor gives |ξe| ≤ dZ,e/kP . Thus |Fe + ξe| ≤ CdZ,e/P

2, which
stays inside the true domain by (2). For each coordinate, Eξe = 0 and Eξ2e = (1 − pe)ν2

e/pe. The
curvature floor yields

E
∑
e∈J

Jeξ
2
e ≤

V

kPBν

∑
e∈J
|νe|

√
Je ≤ V/kP .

The linear-noise expectation is exactly zero: E
∑
ψ′
P (ςe)ξe = 0.

The representative reserve and the derivative bound give∑
e

ψ′
P (ςe)Fe ≤ −(1− o(1))AZ + CP 2B∗.

For example the error per coordinate is at most Cη(GZ,e/P
3 + 1/P 2)|Fe|; sum it using

∑
|Fe| ≤

βs
√
m/(3s) = Oγ(B∗). The deterministic source curvature is at most

C
∑

JeF
2
e ≤ CP max

e
(|Fe|/dZ,e)AZ + CP 2β2s/(3s) ≤ (CcZ/P )AZ + CP 2β2s/(3s).

Since (β2s/s)/B∗ = γ2βf/
√
r, the last term is at most CB∗ for the chosen step size. Taylor’s

theorem, (F + ξ)2 ≤ 2F2 + 2ξ2, and V ≤ C(AZ + B∗) prove the drift when cZ is small and kP is
large. The stated P 2B∗ allowance is conservative.

Progress of the inward source. For the lower bound, put W =
∑

w and b0 = βs/
√
W . The

step size ensures b0 ≤ γh and b0 ≤ cZ/P
2. The feasible comparison source has inward magnitude

min{cZdZ,e/P 2, b0} ≥ b0dZ,e. The waterfill maximizes the Gc
Z linear objective for the w̃ ellipsoid at

its attained radius. Its objective is within a factor 1+η of the true objective. Scaling any w-feasible
comparison by (1− η)

√
(1− η)/(1 + η) makes it feasible for that ellipsoid and its possibly reduced

filled radius. Thus its objective is at least a fixed factor of the comparison objective; the fully
capped branch is immediate. Consequently

AZ ≥ c⋆b0
∑

GZ,edZ,e ≥ cPβs(ΨZ − Cm)/
√
r.

The last comparison uses the multiplicative bound between ψP (ςe) and ψP (ςe) implied by the
representative reserve. This proves the claimed affine rate and equilibrium.

Stopping on failures. The wall/source caps make the all-mask candidate’s potential defined
and nonnegative. Killing it at any additional matrix, field, operational, or arithmetic failure only
decreases it, so the same inequality holds for the killed candidate without conditioning the noise
on a good event.
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Lemma 2.7. Assume the outer central cap ΨZ ≤ CZ,outP
2m. For a sufficiently large constant

depending only on that outer allowance and fixed parameters,

Bν = C∗PB̂∗

√
1 + β2f/(ϑB̂∗)

upper-bounds the normalizer required in (6), uniformly over P ≥ 512. It may be enclosed upward
by a fixed factor.

Proof. The central cap and power-mean inequality imply
∑
d−2
Z ≤ Cm(CZ,outP

2)2/P = O(m),
uniformly in P . With ω = 3s,

∑
J
Jc
e/we ≤ CP

(∑
J
G2

Z,e/we

)1/2(∑
J

1/(wed
2
Z,e)

)1/2

+ CP 2
∑
J

1/we

≤ CP βs
ϑ

√
m/ω + CP 2m/ω.

Multiply by U2
ν = O(β2f ), use

√
m/ω = Θ(m/

√
r) and B∗ = βfm/

√
r, and take a square root.

Increasing C∗ only increases probabilities, improving the moment bounds without changing the
preceding drift constants. Thus outer allowances may be chosen after those constants.

2.6 Finite arithmetic and stopping rules

Fix certified deterministic rounding before the mask. A selected candidate uses only frozen data
and its actual union probability; evaluation may wait until selection. Its displacement and exact
rational coefficient change are two-point functions of its own Ie, with a literal no-op at Ie = 0, so
change packets remain independent.

Solving the scalar update. On a declared polynomial state range, the derivative bounds of
Lemma 2.1 permit certified Newton iteration. Let x∗ be its root in the normalized coordinate x,
and start at the old point x0 = 0. The initial error is at most 4X ≤ 4 · 10−4. Evaluate the residual
and its derivative with outward absolute error at most ϵN , divide by a derivative enclosure bounded
below by 0.9, and round the iterate to the same fixed grid. Throughout the stated window the
mean-value identity gives

|xj+1 − x∗| ≤ C|xj − x∗|2 + CϵN

with an absolute C; the sharper derivative and second-derivative bounds above make the initial
error lie strictly in its quadratic convergence region. Choose ϵN a sufficiently small fixed fraction
of the requested normalized accuracy, and perform a predetermined O(log log n) number of stages.
The final outward residual enclosure, divided by 0.9, certifies the error. Window and positive-
denominator guards precede every evaluation; they do not fire under the stated scalar-window and
range hypotheses. All stages use one fixed precision, so rational denominators do not accumulate.
For square roots use the integer-Newton enclosure in the proof of Lemma 3.2; scalar powers use
the bounded-power arithmetic of Section 12. The scalar work is Ö(1) per selected label.

Precision and actual coefficients. Section 10.3 and 12 bound physical quantities, inverse mar-
gins, and every fixed-order derivative by fixed powers of n, uniformly for P = O(log log n). Choose
precision after those bounds and the horizon so the summed residual, normalizer, and drift defects
are at most n−c. Central identities then have this additive storage defect.
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The stored metric uses exact rational ϱ2
e = z2e/w

2
e . Polynomial sensitivity and a relative coef-

ficient error ϵ give Loewner error ϵ and regularized-log-score error O(ϵ). Section 3 charges these
errors and proves two-point moments for the actual stored-state changes, including arbitrarily small
ideal directions.

Operational checks and proof-only stopping. Check the residual, Γ, ledger, and work op-
erationally; kill the reference at the first hidden matrix-norm or observer-projection failure, under
the finite arithmetic convention. The deterministic row cap gives ∥E∥op = O(ajump) and I+E ≻ 0;
Lemma 2.3 supplies the stronger O(h) bound required by tiny tracking margins.

3 A finite implementation of the physical step

Fix the direction mesh ∆D after the polynomial physical ranges and horizon, before the finer state
and source/filter grids. Every nonzero computational direction size dc,e = |Υc,e| + |φe| is at least
∆D; when it is zero, the label’s stored (fe,λe) is unchanged. Thus point-storage error can be made
smaller than every nonzero dc,e, even near cancellation, without refining ∆D.

3.1 Finite global scalars

Use the integer P and dyadic M,h, γ, B̂∗ of Section 2. The scale B∗ remains analytical: use
B̂∗ ∈ [B∗, 2B∗] in V and the curvature normalizer, with an upward enclosure of the latter’s square
root.

Store µ on one fixed mesh. Let µlow > 0 be its supplied lower bound throughout the expanded
attempt range, and choose ∆µ ≤ c⋆µlowβs/

√
r. At each frame choose a grid value µ′ such that its

actual rational ratio θ = µ′/µ satisfies

1− βs/
√
r ≤ θ ≤ 1− βs/(2

√
r).

The interval length is at least µlowβs/(2
√
r), so a rounded certified midpoint has reserve. Use this

µ′ and its actual ratio θ throughout; both have O(log n)-bit numerators and denominators.

3.2 The computational direction and its exact identities

First store the class feedback φ on the grid ∆DZ, rounding toward zero and reserving its uniform
objective error in the feedback computation. This cannot increase its mixed norm or violate a
lower-wall guard. Use this actual stored φ in g and in the physical solve. The source F, scalars
µ, θ, and returned vertex direction are also their actual represented values; the solve’s defect is
measured against those values.

For each original label, replace the ideal direction Υ = (g − q)/k by a deterministic certified
scalar evaluation and grid rounding:

Υc,e ∈ ∆DZ, |Υc,e − υe| ≤ 2∆D.

Enclose υe to error ∆D/100 and round the deterministic midpoint. This uses only local flow/weight
data and the frozen vertex direction’s endpoints, so it defines a fixed old-state function even when
evaluated lazily, without a leverage-score read.

Set

dc = |Υc|+ |φ|, νc =
kΥc −Ξφ/3

εθ
, δΥ = Υc −Υ, δν =

kδΥ

εθ
, Fc = F+ δν.
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The direction rounding introduces deterministic biases δΥ, δν. Use dc for physical jumps, quadratic
rates, owner bounds, and observer bounds; use νc for central wall rates, curvature rates, and
scheduler bounds. Source waterfill headers and forced caps continue to use the class source F; Fc

is only its analytical, uniformly small correction.
Draw the original-label independent mask with these actual computational targets. The selected

point map uses v = TΥc and ζ = Tφ. If dc,e = 0, return the old stored fe,λe and their exact
rational coefficients literally, regardless of any unrelated floor selecting it.

Lemma 3.1. Before point storage rounding, the computational map satisfies

ς ′ = ς + Fc + (T− 1)νc,

ρ′ = rsol +BTDiag(Yz)(T− 1)Υc +BTDiag(Yz)δΥ+BTDiag(z)rf ,

where |rf | ≤ C(X2
c + hXc) and Xc = Tdc.

Proof. Subtraction in the root equation gives

ς ′ − ς = F− ν +T
kΥc −Ξφ/3

εθ
= F+ δν + (T− 1)νc.

The original solve still gives BTDiag(Yz)Υ = −ρ + rsol. Insert TΥc −Υ = (T − 1)Υc + δΥ to
get the residual identity. The scalar root proof uses the actual point arguments Υc,φ and hence
gives the same remainder in terms of Xc.

A local lower bound for the central radii. Fix a dyadic range parameter dZ,min > 0 that
lower-bounds 1− |ςe| throughout the declared one-step expanded range of occupied central classes.
Fix the positive rational constant ccen used by the central scheduler, and choose a dyadic ρmin with

ccen
4
P−8min{dZ,min, P

−1} ≤ ρmin ≤
ccen
2
P−8min{dZ,min, P

−1}.

Every scheduler radius obtained by downward dyadic rounding within a factor two of

ccenP
−8min{1− |ςe|, P−1}

is then at least ρmin in the direction-mesh and point-interval accuracy conditions.

3.3 The deterministic perturbation budget

Since
∑
w ≤ Cr and 1− ε ≤ k ≤ 3 + ε,

∥δΥ∥w ≤ C∆D

√
r, ∥δν∥w ≤ Cε∆D

√
r, ∥δν∥∞ ≤ Cε∆D.

Choose ∆D
√
r ≪ βs and ∆D ≪ ρmin on the fixed expanded range. Let Cν be a fixed constant for

the ideal bound ∥ν∥w ≤ Cνβf in Lemma 2.2. After a fixed increase of constants, dc,νc retain the
ideal norm and infinity bounds. Let Bν,c be the normalizer of Lemma 2.7, with C∗ enlarged to

dominate 2Cνβf

√∑
J J

c
e/we. Its proof uses the original class waterfill and only the noise norm,

so no new dense aggregate is needed.
The mean residual defect from rounding has norm at most C∆D

√
rµ. The mean tracking

derivative changes by 2(Aτ + Diagι)DδΥ, whose mixed norm is at most C∆D(1 +M
√
r). The

extra central deterministic linear term is bounded by∣∣∣∣∣∑
e

ψ′
P (ςe)δνe

∣∣∣∣∣ ≤ Cε∆DPd
−1
Z,minΨZ .
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All associated quadratic terms obey the same polynomial range bounds. If the declared number
of frames is nAT and these old-state derivative and norm bounds are at most nAE , choose ∆D ≤
n−AT−AE−c⋆−10. Their total perturbation is then at most n−c. These bounds are fixed before
sampling, independently of whether the attempt later succeeds.

For the owner energy bound, add to the direct class occurrence the envelope Cε∆D
√
we. Its

weighted squared envelope mass is at most Cr∆2
D, so the physical-envelope energy remains O(β2f ).

This is the only change needed in that owner’s point envelope for dc and νc.

3.4 Stored points and exact coefficient changes

After fixing ∆D, choose the state mesh fine enough that every selected point/root storage error,
and the consequent change in its metric coefficient, contributes at most c⋆∆D in the normalized
scalar inequalities. Polynomial bounds on f , z,w, µ and their required derivatives permit this using
a fixed number of words. The ordinary coefficient is always the exact rational function of the stored
state,

ϱ2
e =

z2e
w2

e

=
f2e (υ

max
e − fe)

2

w2
e

(
f2e + (υmax

e − fe)2
) .

Thus H = BTDiag(ϱ2)B retains its original meaning without materializing a dense rational sum.
Every source and observer uses the exact rational change σe = ϱ′2

e /ϱ
2
e − 1 between stored states.

Preserving the weight floor. Write ∆state = 2−Bstate and store the weight on the shifted grid
λe = s + qgrid

e ∆state with integer qgrid
e ≥ 0. Round the ideal nonnegative offset upward, or round

and clamp that integer offset at zero. The error is at most one mesh unit, the wall λe ≥ s
holds exactly, and the common denominator is m2Bstate . No-ops retain their stored offset. Since
∆D ≤ dc,e ≤ dc,e/pe whenever dc,e > 0, the actual coefficient change obeys the two-point bound

σe = Ieσ
sel
e , |σsel

e | ≤ Cdc,e/pe, E|σe| ≤ Cdc,e.

These are the observer’s two-point bounds. The central and residual point-rounding defects enter
the numerical reserve fixed before the mask.

Summing the source normalizer. To compute Γ in (19), we sum enclosures of the changes
while retaining the exact coefficients. Stored point operands have W = O(log n) bits. Each
coefficient, old–new difference, and λe|σe| is a fixed-depth rational expression, with numerator and
denominator lengths at most CratW . Thus every nonzero difference or summand is at least 2−CΓW

for a fixed enlarged constant. After this bound is fixed, sum upward enclosures on a common
grid of width at most ηΓ2

−CΓW . Exact rational comparison recognizes zero; upward division gives
fixed relative error using a fixed number of words per summand. Retain the exact coefficients and
identity ϱ2

e|σe| = |ϱ′2
e − ϱ2

e|. The exact coefficients need not lie on the enclosure grid. Sum only
the enclosures of λe|σe|, avoiding a dense exact rational sum.

3.5 Rational sampling rates

Sampling uses a rational enclosure of |νc|, whereas the point map keeps its exact noise coefficient
νc. The next lemma supplies relative accuracy and an exact zero test without changing either
physical grid.
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Lemma 3.2. Fix the direction and state grids first, and let W = O(log(2 + n)) bound the logical
numerator and denominator lengths of their stored operands, the represented vertex direction, and
the rational design constants. In particular take ε > 0 rational. For any fixed rational 0 < ηrate < 1,
there is a deterministic point routine returning a rational ν+

e such that

|νc,e| ≤ ν+
e ≤ (1 + ηrate)|νc,e|, ν+

e = 0 ⇐⇒ νc,e = 0.

It also determines the exact sign of νc,e, uses O(logW ) = Ö(1) word operations on a fixed number
of words, and has no numerical background rate. Its precision is chosen after W and does not refine
either physical storage grid.

Proof. Suppress the label and set

Z = z2, R = (c−By)/(µw), S = f−3 − (υmax − f)−3, R0 = f−1 − (υmax − f)−1.

All four quantities are rational fixed-depth expressions in the stored operands, and Z > 0. The
shared positive square root z =

√
Z gives

Ξ = R
√
Z, Ξ = R0

√
Z, D = ZS

√
Z, k = Z2SR+Y(1− Z2SR0).

Thus k is evaluated by its exact rational expression, and

νc = αν + βν
√
Z, αν =

kuc
εθ

, βν = −Rφ

3εθ
.

Choose Hbit = CbitsW ≥ 1 so that the numerators and positive denominators of αν , βν , Z have
absolute value at most 2H . The constant Cbits is fixed: these expressions have fixed depth, and the
reduced cost uses only the two endpoint coordinates of y.

Exact zero and sign. If αν = βν = 0, return zero. If exactly one vanishes, use the sign of the
other, since Z > 0. If both have the same nonzero sign, that is the sign of their sum. Otherwise
compare the rational numbers α2

ν and β2νZ by exact cross multiplication. Equality means νc = 0;
otherwise its sign is that of αν when α2

ν > β2νZ, and that of βν when α2
ν < β2νZ. The sign test is

necessary: equality of the squares alone does not imply cancellation when the signs agree.

Separation from zero. There is a uniform nonzero separation bound

νc ̸= 0 =⇒ |νc| ≥ 2−8Hbit .

For terms of one sign this follows from their rational lower bounds and
√
Z ≥ 2−Hbit/2. In the

opposite-sign nonzero case, α2
ν − β2νZ is a nonzero rational with denominator at most 25Hbit , and

|νc| =
|α2

ν − β2νZ|
|αν − βν

√
Z|
≥ 2−5Hbit

2H + 23Hbit/2
≥ 2−8Hbit .

A certified square-root enclosure. Write Z = N1/N2 with positive integers N1, N2, and take
R∗ = 9Hbit + log2(16/ηrate). Form

Q =

⌊
22R∗N1

N2

⌋
, j = ⌊

√
Q⌋.
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Then [j2−R∗ , (j + 1)2−R∗ ] encloses
√
Z. All these integers have O(Hbit) bits. Binary search on

bit positions finds an initial power-of-two upper bound for
√
Q in O(logHbit) word operations.

Integer Newton iteration x← ⌊(x+ ⌊Q/x⌋)/2⌋, started at that upper bound and stopped when the
next value does not decrease, returns j in O(logHbit) iterations. The usual Newton error-squaring
bound, followed by the final integer check, proves this count. It does not use a unit-cost square-root
or most-significant-bit instruction.

Multiply the enclosure by the signed rational βν and add αν exactly. Its width is at most
2H2−R∗ ≤ ηrate2

−8Hbit/16. For a nonzero value, take the upper endpoint of its absolute value
using the already determined exact sign. It is positive, rational, and at most (1+ηrate/16)|νc|. If a
common dyadic output grid is desired, round upward on a grid of width at most ηrate2

−8Hbit/16; the
displayed lemma still holds. For the exact-zero case return zero before the square-root calculation.
All rational expressions have O(Hbit)-bit numerators and denominators, so a fixed enlargement of
the eventual arithmetic word suffices.

Using the enclosure. Use ν+
e only in sampling rates, with constant-factor rational upper enclo-

sures of Bν,c and
√
Jc
e . The resulting rational probabilities bound the clipped wall and curvature

targets upward within fixed factors. The union of these fixed many components has exact rational
probability pe, determined by frozen data even when evaluated lazily after a proposal.

The point map still uses T = I/p, v = Tuc, and ζ = Tφ; its noise coefficient remains νc

in Lemma 3.1. Increasing the floors preserves safety and variance bounds, and the fixed-factor
increase preserves weighted-rate work bounds.

Choose the rate grid after the logical state and direction bit bounds, before the exact-stream
input exponent and final word width. It refines only rational probabilities; the state grid and Υc

stay fixed.
The direction also has the form (αν

√
Z + βν)/k with new rational scalar coefficients αν , βν .

Its nonzero separation depends on the stored-flow mesh and may be a higher power of that mesh.
Fixing ∆D first avoids circular refinement; its perturbation was charged above.

4 Original-edge cores and adaptive pruning

To avoid full original-edge scans at every recursive level, a degree guard supplies known references
and a game on a fresh sparse sample finds a cut or a near-expander. Trimming and degree-
bias repair produce an original induced core; a final pass assigns original labels. The repair uses
weighted pruning charged by stored sample atoms. Installed cores use unweighted pruning charged
per genuine deletion at a density-dependent price. Both pruners keep their birth references.

Original graphs are simple and undirected. An original label is an edge, stored with two direct
incidence handles. A constant number of simple families may be treated separately, for example
the two orientations of a simple directed graph. A weighted sparse atom is stored once regardless
of its weight. Loops count once in degree and zero in cuts. References are positive integers fixed
at core birth. A ghost arc is a deleted edge retained only in the pruner’s private flow state. For a
reference r, write r(X) =

∑
u∈X ru, Dr = Diag(r), ∥x∥2r = xTDrx, and ∥x∥r,1 =

∑
u ru|xu|. For

a row embedding X the squared norm sums over its columns. Operator Hilbert–Schmidt norm is

∥T∥HS,r = ∥D1/2
r TD

−1/2
r ∥F .

An induced h-core has ∂G[A](U) ≥ hmin{r(U), r(A \U)}. A near-expander in a larger graph G
has instead ∂G(U) ≥ hr(U) for U ⊆ A with r(U) ≤ r(A)/2. The game returns near-expanders; the
subsequent conversion must certify expansion inside the retained set. Original-label access counts
row scans, probes, and all selected sample positions, including rejected ones; arithmetic, sparse
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processing, and indexing are charged separately. All words have O(log n) bits, which includes a
fixed polynomial call horizon; the desired overall failure probability is δ = n−O(1). Constants in
no(1) are absolute and can be large.

The only graph-algorithm inputs are the sparse approximate Cholesky construction of Kyng–
Sachdeva, including its low-degree elimination variant [KS16]; standard dynamic-tree link, cut,
path-minimum, path-add, and edge-value operations [ST83]; and deterministic exact flow for in-
tegral data in m1+o(1) time with logarithmic capacity and cost factors [vdBCP+23, Theorem 1.1].
Flow is used only on explicit sparse networks. We also use elementary independent scalar and
matrix concentration. Appendix A.5 supplies finite arithmetic, the sparse flow reduction, and work
caps.

For q > 0, define the density deficit D(q) = 1 + max{0, log2(n2/q)}. Each residual phase
processes the preceding phase’s uncovered edges, starting with the full input. Write hj for the
reference-conductance guarantee of its phase-j cores.

Theorem 4.1. Let G be a frozen simple graph on at most n vertices with q labels. There is a
construction with polynomial confidence that partitions its labels into cores and an explicit residual
of size at most τ = n9/8. Put Dj = D(qj) for the size qj > τ of each residual phase. For a fixed
absolute A, put Sj = AD2

j . Every phase-j core has a known reference r, retained from its local
construction, such that

hj ≥ cD−5
j , min ru ≥ qj/(4nSj), degcore(Υ) ≤ ru.

The construction uses

O(q+ n log(2 + q/τ )) original-label work, n1+o(1) additional work.

Total core vertex population is n1+o(1). On installing a core, use its actual original degrees as
immutable birth reference and round ϕ down within a factor two of hj. There is a deterministic
structure for any adaptive sequence of genuine deletions, exporting O(U/ϕ) live labels after U such
deletions, with total work

O(qbirth + vbirth +Hdep + UDj/ϕ
2), Hdep = O(Dj/ϕ).

Every retained live cut has conductance at least ϕ/4 in that birth reference. Exports are not fed
back as genuine deletions.

Here qbirth, vbirth are birth sizes and Hdep is pruning height. Cores are induced in their creating
phase’s residual. For q = 0 return nothing. Construction is Monte Carlo with a deterministic work
cap; pruning is deterministic conditional on a valid birth certificate. Appendix A proves these two
parts in order.

5 Maintaining original edges within an attempt

An original label’s update cost depends on its current core. We bound current price moments, price
fresh proposals, and charge historical copying under an admission cap. This includes small records
with expensive deletions. All prices are frozen before the mask.

Put m = Θ(n2), r = Θ(n), s = r/m. All implicit constants are independent of n. Bounded
parallel-label multiplicity permits a fixed number of simple layers before coefficient bucketing. In
each of the fixed number of metrics, every label has one live analytical owner: its current core or
explicit route.
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Core guarantees used below. Use the static cover and fixed-birth pruner of Theorem 4.1, with
residual cutoff τ0 ≍ n9/8 and its stated birth-work and population bounds. The cover-phase sizes qj
decrease by at least a factor two (Lemma A.11). Write Dj = D(qj); then ϕ

−1
j ≤ CD5

j . Per genuine

deletion, charge CDjϕ
−2
j for pruning and Cϕ−1

j exported live labels, through retirement. Use the
theorem’s immutable actual-birth-degree references and current cut certificates.

Store coefficients in dyadic amplitude buckets. Choose the fixed-reference weighted median gC
from the stored field coordinates, breaking ties by vertex ID, and share it at both endpoints. This
needs no gauge rounding. Apply any common scalar normalization to the median too; constant
fields then have exactly zero centered differences. Let Feo be the coefficient-scaled centered field
value at endpoint occurrence o of label e; an explicit route instead uses the scaled edge difference.
Apply Cheeger’s inequality to the core completed to its birth degrees by loops, centered at the
birth-reference median, to get ∑

e,o

ϕ2eoF
2
eo ≤ C∥v∥2K (15)

for the appropriate coefficient graph K and vertex field v. If the core containing e was created in
cover phase j, write De = Dj . An explicit route uses its actual edge difference, with De = 1 and
ϕ = 1 in all price and moment bounds. Header subdivisions do not increase the fixed number of
analytical occurrences per label.

5.1 Current prices in the mixed-radix counter

Use powers of two τ0 ≍ n9/8, R ≍ n1/16 and T0 ≍ m/ log1024 n. The cutoff limits the population of
expensive small records; the lower radix limits the number of carries paid by each token. The finitely
many n for which T0 < τ0 are handled by the bounded-input branch. Historical admission tokens
remain as tombstones after deletion. A genuine admission or pruner export enters the pending
list of its current amplitude bucket and receives one token; carries only regroup existing tokens.
In each bucket, full τ0-token blocks enter a counter. Below T0 its radix is R, except for one final
power-of-two radix in [2, R]; above T0 it is binary. A carry rebuilds on the children’s current live
labels and discards their private flow state. A record’s final explicit residual stays in that record
until a real carry.

Bulk initialization. In a bucket with qb labels, write ⌊qb/τ0⌋ in the mixed radices. Partition the
labels into records of the indicated capacities and a pending list of fewer than τ0 labels. Build each
record’s cover once, with birth clocks and handles from the current coefficients. Since all labels are
live, this directly constructs the final sequential-admission state.

The initial record count is O(R + log n) per amplitude bucket. Original label scans sum to
O(m), and sparse cover work is n17/16+o(1); the explicit routes and proxy/header preparation have
the larger n19/16+o(1) allowance. Grouping labels by bucket and installing scalar/deadline metadata
adds Ö(m). A clean checkpoint refreshes references before zeroing and saving debts. A retry
restores them literally, without random fine reads, and may rebuild the owner while preserving
the saved inner certificates. Within an attempt, counters persist; the initialization and historical-
token charges are separate. Let N count all admission tokens so far, including initial tokens and
tombstones.

Lemma 5.1. Under any predeclared polynomial admission stop N ≤ nA, for every fixed 0 ≤ j ≤
512, ∑

e current

Dj
e ≤ CA,jm(log log n)j .

21



Give a deletion from an explicit route the price one, and replace every core deletion price by its
maximum with one. If We sums these old deletion prices over all affected metric owners, then∑

W 12
e = Ö(m),

∑
e,o

ϕ−12
eo = Ö(m), maxWe +maxϕ−1

eo = no(1).

These are pathwise statements about the frozen state before a mask. They do not require an event
count or a bound on historical copying.

Proof. For consecutive lower capacities cj and radices rj ,∑
cj<T0

(rj − 1)cj = T0 − τ0.

Adding the unfinished pending block shows that all lower records have total capacity less than T0
per amplitude bucket. There are a constant number of lower levels: the ratio from τ0 to m has
exponent 7/8, whereas one full radix has exponent 1/16. Thus their record count is O(R) per
bucket. There are O(log n) amplitude buckets and OA(log n) upper records per bucket under the
polynomial stop.

Every live label in a cover phase with qj ≥ T0 has Dj = Ö(1). After an upper record’s first cover
phase below T0, the remaining input sizes sum to less than 2T0. The lower-capacity population and
these upper-record tails therefore contain at most CA log2 nT0 labels. Their deficits are at most
C log n. It follows that∑

Dj
e ≤ Cjm(log log n)j + CA,j log

2 nT0 log
j n ≤ Cjm(log log n)j + CA,jm logj+2−1024 n.

Each deletion price is at most CD11; constant-layer sums and the fixed occurrence count give the
remaining assertions without independence between metrics.

5.2 Pricing proposals, updates, and reads

Price each raw proposal for its own work, structural callbacks, and an old-margin fine read. The
valid-state bounds of Section 2 give

we ≥ c⋆s,
∑

δ
−p
e ≤ Cm,

∑
d−P
Z,e ≤ CP

2m, p = 512, P ≥ 512,

and ∥d∥w + ∥ν∥w ≤ Cβf . Use the stored certified tracking scale with C−1
δ δ ≤ δ ≤ Cδδ for the

fixed known comparison constant Cδ introduced there. For every fixed order j ≤ 36, the central
premise implies

∑
d−j
Z ≤ m(CP 2)j/P = Oj(m). Retain the source multiplier ϑ, central derivative

magnitude GZ,e, certified curvature upper bound Jc
e , and uncapped set J from the physical step.

For a filled source the finite waterfill gives

∥GZ,J /
√
w∥2 ≤ Cβs/ϑ, Jc

e ≤ CPGZ,e/dZ,e + CP 2.

In the fully capped branch set 1/ϑ = 0; GZ,e = 0 on J , even when the source norm lies in the filled
range. Put

B∗ := βf
√
m/s = βfm/

√
r, ζ∗ := β2f/(ϑB∗), V := B∗ + β2s/ϑ, βs = γβf .

The implemented upward normalizer can be chosen within a fixed factor of PB∗
√
1 + ζ∗, so that

Bν ≥ Cβf
√∑

J
Jc
e/we, Bν/V ≤ CγP (1 + ζ∗)

−1/2. (16)
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This is Lemma 2.7 and its finite-direction extension in Section 3: use B̂∗ ≍ B∗ and V = B∗(1+γ
2ζ∗).

The physical base owner has coefficient z2/w. Its two endpoint occurrences, together with one
direct source-class occurrence, give nonnegative Feo with

√
wemax{de, |νe|} ≤ C

∑
o

Feo,
∑
e,o

ϕ2eoF
2
eo ≤ Cβ2f . (17)

For the endpoint terms take ze|vy(u) − gC |/(µ
√
we). For the direct term take a fixed multiple of√

we(|1− θ|+ |Fe|+ |φe|). The direction estimates and (15) prove both claims, with fixed envelope
factors for coefficient buckets.

For the implemented direction, replace d,ν by dc,νc and add Cε∆D
√
we to this direct oc-

currence. Section 3 gives |uc − u| ≤ 2∆D and |νc − ν| ≤ Cε∆D. This adds squared energy
O(∆2

D

∑
w) = O(r∆2

D); the direction mesh makes its stopped weighted charge negligible. It adds
no graph occurrence or score read. Below use these actual directions and the enlarged direct
envelope.

The combined point price Re below is distinct from the counter radix R.

Lemma 5.2. Freeze all old core identities, margins, classes and prices, and put

Re = 1 +We + δ
−3
e .

The three dense component families

min{1, Cδde/(ajumpδe)}, min{1, kP |νe|/dZ,e}, min{1, kPBν |νe|
√
Jc
e/V }, kP = CP 12,

where the last two families are restricted to the uncapped source set J , have total conditional R-
priced raw proposal expectation at most Ö(B∗). The same bound pays the forced source-wall cap
list. The constants may depend on the fixed ajump, γ, Cδ. Every actual selected label’s W -priced
structural callbacks and its old-margin fine read are paid by these prices or by the sparse component
rows below.

Proof. The current moment lemma and the tracking cap give
∑
R12 = Ö(m). Hölder, with expo-

nents 3, 3, 3, yields ∑
R4ϕ−4d−2

Z = Ö(m),
∑

R2ϕ−2 = Ö(m).

All sums include the fixed number of direct/endpoint occurrences. Using the derivative bound and
then the uncapped source estimate,

SR :=
∑
e∈J

∑
o

R2
eϕ

−2
eo J

c
e/we

≤ CP∥GZ,J /
√
w∥2

(∑
R4ϕ−4/(wd2Z)

)1/2
+ CP 2

∑
R2ϕ−2/w

≤ CγP
2(log log n)32(m/s)(1 + ζ∗).

Equations (17) and (16) therefore bound the raw curvature envelope by

CkP (Bν/V )βf
√
SR ≤ CγkPP

2(log log n)16B∗.

The margin families instead use
∑
R2ϕ−2δ

−2
and

∑
R2ϕ−2d−2

Z . Their respective sixth moments
and Hölder bound both sums by Ö(m); Cauchy–Schwarz in the owner energy bound completes
their price bounds.
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If a nonzero source is capped at cZdZ/P
2, its actual rounded magnitude is within a fixed factor

of that cap. Consequently 1 ≤ CP 2|Fe|/dZ . Weighted Cauchy gives the forced price

CP 2
∑

Re|Fe|/dZ,e ≤ CP 2βss
−1/2(

∑
R4)1/4(

∑
d−4
Z )1/4 ≤ CP 2(log log n)11B∗.

The flat γh cap is charged in the sparse rows.
Use homogeneous incidence lists and exact original-label thinning. The untruncated envelopes

pay the frozen Re price of every raw success, including rejected and duplicate proposals. Each label
has only a fixed number of list occurrences. Coalescing the component masks by original label can
only reduce cost. Each retained label gets one final packed read at cost Ö(δ̄−3

e,old), by the supplied
one-frame margin comparison. Freeze the whole batch’s old owners before its coins and detach
all genuine changes before pruning or carrying, so that later bits never acquire a newly chosen
price.

The sparse component rows. The ordinary floor K log nλ has raw mass O(r log n) using the
actual-λ bins. The quadratic floor KLrwd2/β2s has raw mass rno(1) by the squared version of
(17) and maxϕ−2 = no(1). Lemma 6.2 supplies a physical-leverage envelope of mass n19/16+o(1),
including cores and explicit labels, without a dense leverage table. The number of nonzero flat
source caps is at most Cβ2s/(sγ

2h2) = O(n1/2).
All these rows may pay the worst point price Rmax ≤ n6/p+o(1). For at most T = n3/4+3/p+o(1)

frames their largest exponent is 3/4 + 3/p + 19/16 + 6/p = 1001/512 < 2. List starts, medians,
class-header scans and global alias construction cost [n(R + log n) + τ0(R + log n)]no(1) per field,
not per output. Additional inverse, source, and observer fields use their preparation bounds below.
Numerical background rates have summable total weighted mass at most one.

5.3 Admissions and historical copying

Lemma 5.3. Suppose a clean attempt has at most the preceding T frames and its predictable
physical budget is

∑
B∗ ≤ Cm. Then its structural, selected-list and metadata work has expected

cost Ö(m), with an additional constant attempt-abort probability as small as desired. The statement
uses a deterministic sharp token cap and actual expected scalar costs.

Proof. Expected genuine-change cost. First impose the coarse stop N ≤ nA, with A fixed large.
This is enough for the predictable current moments and hence the weighted raw-rate theorem.
Tower expectation at the predictable event that a frame begins gives

EZ ≤ Ö(m), Z =
∑

genuine

We.

The sparse rows are smaller. Normalize core deletion prices to dominate max{1, DCϕ
−2
C } and give

explicit routes price one. There are Ninit = O(m) initial tokens. A core receiving U genuine
deletions exports at most 16U/ϕC labels in pruning and 64U/ϕC at retirement (Theorem A.13).
Carries mint no tokens, and genuine reinsertions number at most the genuine metric deletions.
Summing gives the cumulative certificate

N ≤ Ninit + 81Z. (OA.1)

A retirement may spend deletion credit accumulated in earlier batches.
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A deterministic admission cap. Choose a fixed polynomial B(P, log logn) and a constant C0

so that Nsharp = C0mB(P, log logn) exceeds an arbitrarily large constant multiple of the displayed
expectation. Before structural commit, use the batch’s prices frozen before its mask to compute
Zpros = Z +

∑
e∈batchWe. Abort if Ninit + 81Zpros > Nsharp. Otherwise (OA.1) bounds every

commit prefix by Nsharp. Compute the test from the enumerated genuine batch in constant work
per affected metric occurrence. Also guard every insertion and resulting carry by the literal token
count, on every outcome.

Markov’s inequality on the coarse-stopped reference, including the proposed crossing batch,
bounds this guard’s failure probability by the desired small constant without conditioning masks
on survival. For large n, the sharp cap is below the coarse cap.

Copying and sparse births. Each historical token participates in constantly many lower carries
and at most 1+log2(1+Nsharp/T0) = Ö(1) upper carries. Thus literal live-label copies and original
cover passes are pathwise at most CN log log n. The number of births is at most 2N/τ0. Their
sparse construction work is bounded using the sharp cap by

(Nsharp/τ0)n
1+o(1) = n15/8+o(1) = o(m).

Retiring arrays and private state is charged to their birth sizes. Central, source and tracking class
moves use direct handles, paid by displacement or an already-paid read, and never enter a pruner.
Owner migrations preserve signed clock-minus-baseline debts and due flags.

Scalar costs and the final work cap. List and signed-deadline updates cost Ö(1) per touched
label; header scans are paid at field preparation. Exact stream enumeration and rational thinning
cost conditional expected Ö(1) per start and raw proposal. Combine these with EZ, then impose
the attempt work cap. Markov gives a small constant exhaustion probability; exhaustion aborts
the entire attempt.

Sections 3 and 8 implement the scalar operations and encoded update. This section pays selected
reads and admissions; the observer pays autonomous reads. Lemma 14.1 combines their accounts.

6 Finite sparse inverses and physical solves

Fixed sparse inverses support physical directions and later source fields. We implement low-degree
approximate Cholesky [KS16, Theorem B.1], sample the physical right-hand side, and test candi-
dates through an exact residual cache. Numerical ranges use the ambient n, including for small
child graphs.

6.1 Constructing and applying a fixed sparse inverse

Lemma 6.1. Let P be a connected graph Laplacian with q stored edge copies, positive common-
dyadic-grid weights in [n−A, nA], and at most n vertices. Assume also q ≤ nA and that its common
input mesh is 2−bin with 0 ≤ bin ≤ A log2 n; enlarging the fixed A covers all three bounds. For fixed
A, c⋆ > 0, one can construct, except with probability n−c, a fixed symmetric operator TP satisfying

(1− ϵ)P † ⪯ TP ⪯ P † on 1⊥.

For constant ϵ, construction and application use qno(1) word work; for ϵ = n−O(1) they still use
this bound with another fixed logarithmic exponent. A finite application can have any prescribed
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inverse-polynomial absolute energy error on a supplied polynomial-range common-grid vector using
O(log n)-bit words. The analytical TP is linear and symmetric; its rounded evaluation need not be
linear.

Proof. Elimination and exact sampling. Write v for the number of vertices of P . The one-vertex
case returns the zero map in constant work; the stated sparse-work bounds concern the nontrivial
connected case q ≥ 1. Split each input edge into ρ = Θc(log

2 n) equal copies, choosing ρ to be
a power of two. A split copy has leverage at most 1/ρ relative to P . At each elimination choose
uniformly among live vertices of multiedge degree at most twice the average. Rejection from uniform
live-vertex draws implements this rule with success probability at least 1/2.

Use the published clique sampler with its incident list and weighted distribution frozen for the
whole elimination bag. If it emits a harmonic weight h = w1w2/(w1 + w2), replace it by δ⌊h/δ⌋,
discarding zero copies. The fine dyadic mesh δ divides the input mesh after splitting. All weighted
choices use the actual current integer grid weights; integer aliases and uniform-integer rejection
give exact choices.

Concentration with downward rounding. In original vertex coordinates, let Zj be the sum
of the emitted rank-one factor terms and the current rounded Schur graph. The clique expectation
identity on that current graph gives

Zj = P +Mj −Dj , Dj ⪰ 0,

where Mj sums the centered unrounded clique samples and Dj sums the downward edge errors
in original coordinates. Later triangular factors do not conjugate these errors. If the two incident
copies have leverage at most 1/ρ, resistance triangle inequality gives

hRP (u, v) ≤
w1w2

w1 + w2

(
1

ρw1
+

1

ρw2

)
= 1/ρ.

Rounding preserves this leverage invariant. The variance calculation below follows the two random
choices in an elimination: first the pivot, then the independent samples in its clique. At an earlier
prefix with Mi ⪯ ϵ0P , the negative drift gives Zi ⪯ (1 + ϵ0)P , as required by the upper-stopped
argument. Set ϵ0 = 1/4 and X = P †/2XP †/2. Let Ai indicate thatMj ⪯ ϵ0P for every j < i. In
bag i, condition first on the past and then on the chosen pivot u. Write S for the current rounded
Schur graph, Su for its incident-star Laplacian at u, and Cu(S) for the clique Laplacian obtained
by eliminating u from that star. For a centered unrounded roll X = Y − EY, ∥X∥ ≤ 1/ρ and

Bi := Ai

∑
rolls

EX2 ⪯ Ai

ρ
Cu(S), ∥Bi∥ ≤

5

4ρ
.

Here S ⪯ Zi−1 and Cu(S) ⪯ S. With a live vertices the eligible set has at least a/2 members, and∑
uCu(S) ⪯

∑
u Su = 2S. Thus, averaging only over the uniform eligible pivot, still conditional on

the past,

EuBi ⪯
5

ρa
I.

The bags-of-dice bound [KS16, Theorems 4.3 and 4.5] permits σ1 = 1/ρ, σ22 = 5/(4ρ), and deter-
ministic Ωi = 5I/(ρ(v − i+ 1)), whose sum has norm at most 5 log v/ρ. The predictable indicator
Ai is fixed throughout the bag, preserving conditional independence. Upper stopping with ϵ0 = 1/4
and a sufficiently large constant in ρ gives

−P/4 ⪯Mv−1 ⪯ P/4
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with any fixed polynomial confidence. The concentration applies to the centered unrounded sam-
ples.

Rounding drift and zero-pivot failures. There are at most ρq live copies. Low-degree elimi-
nation therefore emits at most

J ≤ 4ρq

n∑
a=2

a−1 = O(q log3 n)

samples. If wmin is the minimum input weight, a path in P gives RP (u, v) ≤ n/wmin. Hence

∥P †/2Dv−1P
†/2∥ ≤ Jδn/wmin.

Choose δ ≤ wmin/(16nJ) using the deterministic upper bound for J , with δ a dyadic divisor of
the split input mesh. The bounds on q and the input mesh make δ inverse polynomial. The
emitted factor Z then satisfies 11P/16 ⪯ Z ⪯ 5P/4 on the concentration event. A zero pivot
while at least two vertices remain is a reported failure. For its analytical continuation, freeze the
previous factor sum F , the current graph S, and bothM,D at that instant, and append zero bags
for the remaining steps. The displayed original-coordinate identity is then unchanged, and future
conditional variances are zero. If k vertices have already been eliminated and a = v−k ≥ 2 remain,
the isolated live vertex implies RankS ≤ a − 2, while RankF ≤ k. Thus Z = F + S has rank
at most v − 2 and an extra kernel direction, contradicting the lower spectral event. The frozen
zero-bag continuation therefore accounts for early reporting within the same failure bound.

Stable finite factor applications. Ground the last eliminated vertex. The unit triangular
factor is logn = I − T , with T ≥ 0 strictly lower triangular and column sums at most one. An
entry of log−1n =

∑v−2
j=0 T

j is the visit probability of a vertex in an acyclic substochastic chain,
and is at most one. Thus both triangular solves have only polynomial error amplification. Positive
pivots are at least δ; pivots and coefficients are polynomially bounded. Store each coefficient as a
word-sized rational. After each rational product or division round back to a fixed common vector
grid. Denominators do not multiply along a solve. With sZ factor entries, a sufficiently fine fixed
grid makes the total absolute error as small as prescribed in O(sZ) operations. Subtracting the
output mean supplies the ungrounded action for zero-sum inputs.

Refining the inverse. For t stages define the exact fixed map

TP =
t−1∑
j=0

(I− 1
2Z

†P )j 12Z
†.

Conjugation by P 1/2 makes it I − (I − 1
2P

1/2Z†P 1/2)t. The parenthesized matrix has spectrum
in a fixed subinterval of [0, 1), proving symmetry and the claimed inverse comparison with t =
O(1 + log(1/ϵ)). Sparse products and rounded factor applications implement these stages to the
prescribed accuracy. On the spectral event, contraction and polynomial conditioning bound all
intermediates. The pre-operation guards reject operands outside these fixed ranges on every tape;
the chosen reserves ensure they pass on the spectral event.
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A cap for random work. Each exact uniform-integer rejection trial succeeds with probability
at least 1/2; combining the range and eligible-vertex tests gives success probability at least 1/4
for a pivot trial. There are at most K = O(J + v) logical random choices, each using a constant
number of such rejection calls. For their conditional trial counts Gj and λ = log(8/7), E[eλGj |
previous calls] ≤ 2. Padding to a deterministic upper bound K0 = O(J + v) and iterating this
inequality gives

Pr

∑
j

Gj > T

 ≤ 2K0e−λT .

The predetermined cap T = Cc(J + v + log n) therefore fails with probability at most n−c after
adjusting its constant. No independence between different rejection counts is assumed.

Grounded blocks. Adjoin one ground vertex to handle a grounded Laplacian block. For a right-
hand side b, lift it to (b,−1T b). Applying the exact Laplacian pseudoinverse and subtracting the
ground coordinate gives the exact inverse of the grounded block. The same lifting and subtrac-
tion transfer the preceding inverse approximations and finite evaluation guarantees. Independent
connected components are processed separately.

6.2 Sparse proxies from current cores

Current core certificates supply the leverage bounds for proxies and the physical right-hand-side
sampler, without a prior inverse.

Lemma 6.2. Suppose a maintained owner partitions its original labels into explicit labels and cores
of current fixed-reference conductance at least ϕC/4, with current degrees at most the birth reference
rC . Suppose all target coefficients in one bucket are within fixed factors of its representative. There
are dyadic upper leverage scores

Ue = min{1, Cϕ−2
C (rC(u)

−1 + rC(v)
−1)}

on a core label e = uv, with each summand rounded upward within a factor two; use Ue = 1 on
explicit labels. They dominate the leverage in the full target graph and satisfy∑

e

Ue ≤ [n(R+ log n) + τ0(R+ log n)]no(1) = n19/16+o(1).

They can be sampled through the owner’s incidence lists with this same bound on total raw envelope
mass. No dense leverage table or previous inverse is required.

Proof. Fixed-reference Cheeger gives, on a core of bucket coefficient g,

K ⪰ c⋆gLC ⪰ c′gϕ2C(DrC − rCr
T
C/rC(C)).

The inverse quadratic form of the last matrix at ev−eu is rC(u)
−1+rC(v)

−1. Energy monotonicity
for this zero-sum load gives the claimed full-graph resistance upper bound. Multiplication by
the actual target edge coefficient changes only fixed constants. Summing endpoint terms uses
degliveC (u)/rC(u) ≤ 1. The owner’s vertex and explicit populations give the stated mass. Endpoint
list length times its constant endpoint rate gives the same raw, rather than only retained, bound.
All rounded scores have one common dyadic grid.
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Finite categorical proxy law. For target graph K = BTDiag(c⋆)B, set ρe = Cϵ−2 log nUe and
fix a public polynomial integer Bpkt larger than every permitted total proposal mass. At each of
its independent positions retain e with probability ρe/Bpkt, or return zero. A retained packet is
ceB

T
e Be/ρe. Its expected sum is exactly K, and its K-normalized norm is at most ϵ2/(C log n).

Matrix Chernoff gives a (1 ± ϵ/2) proxy with the desired conditional polynomial confidence. Its
expected copy count is O(ϵ−2 log n

∑
Ue) and its corresponding count tail permits the public sparse-

work cap.
An actual private envelope of total V implements this law by activating a position with prob-

ability V/Bpkt, drawing from its alias, and thinning to the target rate. The resulting edge/null
probability is independent of the valid envelope. Theorem 7.1 enumerates the active positions by
exact skipping. The trial count never changes with private V . Round each retained positive weight
to a common grid with relative error at most ϵ/10; summing positive semidefinite errors reserves
the remaining spectral tolerance. Every target coefficient may be a fixed-depth word-sized rational
before that packet rounding.

6.3 Sampling and solving the physical right-hand side

The forcing vector may have a dense edge representation. We sample it before applying the proxy
inverse and bound the error in the true physical metric.

Lemma 6.3. Use the state, classes and physical metric L of the local step. Assume the old residual
obeys ∥ρ∥L† ≤ βs

√
µ. Fix any positive constant csol ≤ 10−2 before the construction; its work

constants may depend on csol. Using the physical-base owner of coefficient z2/w, one can construct
a common-grid direction xdir with

∥ρ+BTDiag(Yz/k)g − Lxdir∥L† ≤ csolβs
√
µ

with any fixed polynomial confidence, in n19/16+o(1) sparse preparation work. There is no dense
residual multiplication in the algorithm.

Proof. The forcing vector and its metric. Write b = ρ + BTDiag(Yz/k)g. The class-constant
envelope

Hj = 1.01(|θ − 1|+ |φj |/3) + ε|Fj |

dominates |ge| for e ∈ j. Writing He = Hj on each class, the direction/source radii give ∥H∥w ≤
4βf . Incidence contraction gives

∥BTDiag(Yz/k)g∥L† ≤
√
µ ∥
√
wY/kg∥2 ≤ Cβf

√
µ.

The actual metric coefficient is (z2/w)Y/(µk), with Y/k bounded above and below by fixed con-
stants. The physical owner therefore supplies the preceding upper scores for this metric, even
though k and µ are not structural bucket keys. Construct a (1± c⋆γ) proxy P for L by the public
categorical proxy law, including its positive weight rounding reserve.

Sampling the right-hand side. Put ϱrhs
e = weH

2
j /(16β

2
f ), so that

∑
ϱrhs
e ≤ 1, and use the rates

ρrhse = Q(Ue+ϱrhs
e ) with Q = Cγ−2 log n. Use these rational rates, or their upward constant-factor

encodings, in both the sampling probabilities and denominators. At each of a public polynomial
number of positions return label e with probability ρrhse /Brhs and vector packet

(Yeze/ke)geB
T
e /ρ

rhs
e .
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Add these packets to ρ. The analytical sum has expectation b. If ℓe ≤ Ue is the actual physical
leverage, the undivided packet norm is

|(Yeze/ke)ge|∥BT
e ∥L† =

√
µwe(Ye/ke)ℓe |ge|.

The inequality
√
aU/(a+U) ≤ 1/2 bounds a divided packet by Cβf

√
µ/Q. Its total variance trace

is at most Cµβ2f/Q. Centering the independent positions only decreases covariance and changes
the maximum packet bound by at most two. The Hilbert-space Bernstein estimate therefore gives
error at most (csol/16)βs

√
µ after increasing the fixed constant in Q as a function of csol.

Conserved packet rounding. Enclose the scalar packet, round to a common grid, and add
opposite endpoint integers. The stored sum is zero-sum and its deterministic error is at most

Brhsϵpktmax
e
∥BT

e ∥L† .

Polynomial ranges and the public count make this less than (csol/16)βs
√
µ with fixed precision on

every outcome. Write b̂ for the stored vector.

Solving and grounding the returned direction. Refine the fixed inverse of P to relative error
η = c⋆γ. If δ is the proxy error, then on the quotient

∥I− L1/2TPL
1/2∥ ≤ η + 2δ.

Choose their constants so that this norm times ∥b̂∥L† ≤ Cbβf
√
µ is at most (csol/4)βs

√
µ. Evaluate

and round TP b̂ with energy error at most (csol/16)βs
√
µ. Triangle inequality proves the claimed

true-metric residual bound. Round onto the fixed vertex-potential grid within the reserve, then
subtract the ground coordinate. This exact O(n) operation preserves edge differences and makes
y′ = y − xdir exact on the same grounded grid.

Implementing the class stream. Refine classes into narrow w bins and use the class sampler,
with an upward common-dyadic enclosure Ej ≍ H2

jw
+
j that preserves zero, and member thinning

probability H2
jwe/Ej . Header preparation is sparse work; swap deletion and cache updates cost

Ö(1) per touched label. Core endpoint lists supply the upper-score stream. Total rate mass
is n19/16+o(1) and all inverses are sparse. Fix the direction before the physical mask, charging
preparation failure separately.

6.4 Checking the candidate and preparing later inverses

Lemma 6.4. The residual and source-normalizer tests in the local step can be implemented in the
same sparse preparation row, without a dense candidate scan. Their passing thresholds certify the
required returned-state residual bound. On a valid old state their abort probabilities are inverse
polynomial, after the local constants are chosen with the test reserves.

Proof. Exact candidate residual. Maintain the vertex vector ρ = BT f−bdem exactly on the common
primal grid. Initially it is zero. Each selected stored change f ′e − fe updates only its two endpoints
in a candidate copy of this vector. The copy has n entries, and its incidence updates take constant
work per selected label. Install the copy only on commit. Thus ρ′ is the stored candidate’s exact
residual, including root rounding.
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A certified residual test. Retain the old physical proxy and its fixed inverse from the direc-
tion computation. Let its analytical map Tphys satisfy 1

2L
† ⪯ Tphys ⪯ 2L†. The scalar-window

comparisons give a fixed Ccmp ≥ 1 such that (L′)† ⪯ CcmpL
† on every candidate for which the

scalar premises hold. Fix τ 2 = β2sµ/(16Ccmp). Compute q = ρ′TTphysρ
′ to absolute error at most

τ 2/100, and accept this test only when the computed value is at most τ 2/4. Passing implies
∥ρ′∥2

L† < τ 2 and hence ∥ρ′∥(L′)† < βs
√
µ′, since µ′ ≥ µ/2. Conversely an old-metric residual at

most τ/4 passes. Lemma 2.4 supplies this stronger bound at inverse-polynomial failure probability
by choosing ajump, csol smaller and K larger. No mask is conditioned on this test passing; a failure
aborts the attempt.

One fixed-inverse application and dot product have the stated sparse cost. Polynomial ranges,
including the lower bound on µ, permit the error reserve with fixed word width; the threshold τ 2

is rational.

The source-normalizer test. On the selected list, compute the common-grid upward sum of
actual λe|σe|. Its zero branch is exact. A test of Γ2 ≤ C2

Γ,capβ
2
fr, with a fixed sufficiently large

threshold constant, is exact rational word arithmetic and certifies Γ ≤ CΓ,capβf
√
r. The indepen-

dent normalizer-safety bound includes the upward enclosure factor and makes its abort probability
inverse polynomial. Both tests finish while the old owners and inverse are still installed.

Source inverse on the old graph. Let H be the old pre-mask ordinary graph. Prepare or
retain an ordinary proxy P with 3H/4 ⪯ P ⪯ 5H/4 and 3P †/4 ⪯ TP ⪯ P †, then use TH = TP /2.
This scaling gives 0.3H† ⪯ TH ⪯ (2/3)H†, including the upper bound required by the raw source
moment proof. Fix this inverse before the physical mask and retain it until all change-source replicas
and old-view clock increments finish. The candidate coefficients define b while these operations still
use the old H.

Fine fields after the commit. Only after that old-graph work is complete, install the candidate
metric and prepare its fresh fine fields. Update actual-λ dyadic bins on the already enumerated
physical commit, before any new fine read. Their total upper mass is O(r). Sampling at rates
C log nϵ−2

f λe gives a fine ordinary proxy, since τ e ≤ Cλe. With ϵf a fixed fraction of δmin and

δmin ≥ c⋆n
−2/p, it has n1+4/p+o(1) copies. All Θ(log nδ−2

min) fine lanes and inverse actions cost
n1+8/p+o(1) per frame. These bins do not depend on joint classes that are awaiting fine observations.

7 Exact independent Bernoulli streams on a word RAM

Geometric gaps enumerate successes without testing every list position. We use a published exact
sampler inside attempts. The one-time endpoint routines use a finite implementation coupled to
the same law, with a separately budgeted failure probability.

Write N = 2+ n. Fix a constant Ast before the word length. A call supplies integers 0 ≤ N1 ≤
N2 ≤ NAst , N2 ≥ 1, the rational p = N1/N2, and a remaining length 0 ≤ dst ≤ NAst . The declared
reference horizon has at most NAst calls. For p̄ = 1− p, the truncated failure gap has law

Pr(G = j) = pp̄j (0 ≤ j < dst), Pr(G = dst) = p̄d.

Handle dst = 0 and p = 0, 1 directly. All other calls use fresh tapes.
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7.1 Exact gaps and adaptive streams

Bringmann–Friedrich [BF13, Theorem 5] sample this truncated law exactly in expected time

O(1 + log(min{1/p, dst})/w)

on a word RAM with w = Ω(log log(1/p)). For a rational p whose numerator and denominator
occupy a constant number of words, the rational implementation has polynomial worst-case space
in dst and 1/p.

Its input convention also supplies magnitude exponents for p, dst and approximations to the
normalized mantissa of p. Binary search among bit positions finds both exponents in Ö(1) work;
rational division supplies every requested precision, with multiword operations charged by their
actual cost. Thus a sufficiently large fixed w = Θ(log n) gives polynomial address space and
conditional expected gap cost Ö(1), including setup. Finite expected cost also gives almost sure
termination.

Theorem 7.1. Under these input bounds, enumerating a length-dst independent Bernoulli(p)
stream costs Ö((EZ + 1)) in expectation, where Z is its number of successes. More generally, an
adaptive computation making Cgap calls costs Ö(ECgap) in expectation. Each call has the stated
conditional kernel given the history fixing its inputs. For fixed list contents and rates, the returned
indicators are independent Bernoulli variables; disjoint list tapes give independent vectors. Rates
chosen from earlier outputs need not give unconditionally independent outputs.

Proof. A stream needs at most Z +1 gap calls, including its exhausted suffix. The tower rule with
predictable call-start indicators sums the uniform conditional cost bound. We retain the looser
Ö(1) price used by the scalar ledger.

For a fixed indicator vector with z successes, let g1, . . . , gz be the failure gaps preceding them
and gz+1 the final failure suffix. Since

∑
i gi = dst − z, fresh gap kernels give probability(

z∏
i=1

p̄gip

)
p̄gz+1 = pzqd−z.

This proves the product law, including p = 0, 1 and empty suffixes. For adaptive lists, condition at
each start before its fresh tape.

Finite endpoint gaps. The cold and terminal routines need an all-tape work cap, without
repeating their dense scans. Use the following separate implementation there. Read b0 = B log n
bits specifying a uniform dyadic cell of width 2−b0 , and couple it to a continuous uniform U in that
cell. The ideal gap is determined by the ordered thresholds p̄j , 1 ≤ j ≤ dst. Binary-search these
thresholds using outward-rounded repeated squaring on a dyadic mesh ζ. Enclose p̄ on this mesh
first, and clamp all power intervals to [0, 1]. Each enclosure has width O(dstζ): multiplication on
[0, 1] adds operand errors, and the repeated-squaring expression for p̄j has at most O(j) leaf and
multiplication errors when unrolled. The actual evaluation uses only O(log n) multiplications.

If the uniform cell overlaps a queried power interval, report failure; otherwise the comparison is
exact. Every completed call returns the ideal gap on this coupling, and its work is deterministically
O(log2 n). All possible ambiguous cells lie within 2−b0 +O(dstζ) of the at most dst thresholds. Thus

Pr(failure | call inputs) ≤ C
(
dst2

−b0 + d2stζ
)
.

Choose B and ζ = 2−D logn after Ast and the desired confidence. A union bound over the declared
horizon makes the total coupling failure arbitrarily small inverse polynomial. No failed gap is re-
drawn. These O(log2 n) costs occur only in sparse endpoint preparation; restartable dense attempts
use the exact sampler above.
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7.2 Thinning incidence proposals to original labels

Thin each original label once, at its first incidence proposal.

Envelope domination and the first proposal. Suppose one target component has a fixed
number k of rational rate contributions rej ≥ 0 and desired probability pe = min{1,

∑k
j=1 rej}.

Suppose each rate has at most N2 nonnegative incidence envelopes, where N2 is fixed, and rej ≤∑b
x=1 aej,x. Zero envelopes may pad a shorter list. The value N2 = 3 permits the two endpoint

occurrences and a direct class occurrence without identifying them. An incidence occurrence is put
in a homogeneous random-access list with a constant dyadic proposal probability in

[min{1, bkaej,x}, min{1, 2bkaej,x}].

Freeze the lists, incidence probabilities, and targets before their independent proposal tapes. At
label e’s first proposal, compute its incidence-union probability qe, use an independent exact pe/qe
coin, and stamp it processed even on rejection. At least one envelope is at least (

∑
j rej)/(bk),

so qe ≥ pe, including the saturated case. Thus the retained label has probability exactly pe.
The product-vector identity makes incidence indicators independent. Different labels use disjoint
groups of them and independent retention tapes, so their retained indicators are independent. With
all component inputs frozen, apply this construction separately to each prescribed component,
with fresh stamps and tapes. Their union is still independent between labels and has probability
1−

∏
j(1− pe,j).

Exact coins and raw work. For probabilityN1/N2, draw a uniform integer in {0, . . . , 2⌈log2 N2⌉−
1}, reject draws at least N2, and accept the coin if the retained draw is less than N1. Its conditional
expected trial count is less than two. All denominators here contain a fixed number of word-sized
factors.

Charge every list start and raw proposal, including rejections, at its scalar and label-evaluation
prices. List maintenance and weighted envelope bounds are supplied separately. Indexed stamps
cost O(1) and reset only at a paid rebuild or the polynomial horizon.

Use with an attempt work cap. Couple an attempt to the uncapped same-tape computation
until its work cap. The exact sampler has polynomial memory; only the capped implementation
stores an actual-work counter. Apply Markov’s inequality to the unconditional stopped expected
cost. A cap restarts the whole attempt from its checkpoint, never an individual slow gap. The law
is not conditioned on eventual attempt success.

8 Scalar classes and central inspections

Cheap central inspections maintain representatives without fine leverage reads. Signed deadlines
locate inspections; a two-window scheduler charges them to motion, paid visits, or handle moves.
Joint classes supply feedback and potential certificates. Clocks and deadlines use a fixed common
integer grid with guarded polynomial ranges. Fix their key universe before the arithmetic word,
whose enlargement must leave the keys unchanged.

8.1 Signed deadlines and lazy initialization

Lemma 8.1. For keys in {0, . . . , 2b − 1} with b = O(log n), a word RAM with polynomial address
space supports insertion, deletion, minimum, and maximum in O(log b) worst-case time per changed
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key, except that minimum and maximum are constant time. A new empty instance costs O(1) after
one shared O(log n) size-table preparation. Its actual touched memory is charged to its actual
operations; no universe-sized initialization is performed.

Proof. For b ≤ 1, use a constant-size record. Otherwise use a van Emde Boas recursion, separating
a key into a high b/2-bit cluster number and a low ⌊b/2⌋-bit key. A node stores its minimum, its
cached maximum, a summary of nonempty clusters, and recursively represented children. Only
the minimum is excluded from the child clusters; the maximum remains there unless the set is a
singleton. Insert into an empty child in constant time and recurse only on the summary; otherwise
recurse only on that child. The analogous deletion rule makes its sole nonconstant recursive call
on the child if it stays nonempty, and on the summary if that child becomes empty. Deleting the
minimum obtains the next minimum from the summary minimum and that child’s minimum, then
follows this same rule. Thus each operation satisfies T (b) ≤ T (b/2)+O(1), including cases with an
empty or singleton set. Store duplicate-key labels in a doubly linked bucket; only the first insertion
or last deletion changes the integer key set.

For explicit addressing, precompute the reserved recursive block sizes S(b) by

S(b) = O(1) + S(b/2) + 2b/2S(⌊b/2⌋).

The child address is its parent’s base plus the summary block and its high-key index times the fixed
child-block size. The recurrence gives polynomial address space S(b) = 2O(b); one shared table for
b = 0, . . . , bmax costs O(log n).

To avoid clearing reserved blocks, use an initializable-array dictionary for node cells. An array
pos[i] may initially contain arbitrary machine words. A stack key[0], . . . , key[k−1] records initialized
cells. Cell i is initialized exactly when 0 ≤ pos[i] < k and key[pos[i]] = i; only after the range test
is that stack entry read. Otherwise its value is the empty default. Initializing a cell appends i and
fills its constant-size record. Each tree gets a fresh disjoint reserved block, abandoned on discard;
old descendants are never reused by resetting only the root. The polynomial instance count bounds
all addresses. Fix that count and the key width before choosing the arithmetic word.

A signed clock C accumulates field increments. For each attached label, Bclk
e is its baseline

at the last inspection and Re its allowed radius; the signed debt is C − Bclk
e . Keep two deadline

indices, storing upper deadlines Bclk
e +Re and lower deadlines Bclk

e −Re. When the clock is changed,
repeatedly report upper deadlines at most C and lower deadlines at least C. The first report queues
the original label and removes all its fixed-number deadline handles, suppressing duplicate service
in that frame. There is Ö(1) work per insertion, deletion, or report and O(1) work for a clock
change that reports nothing. Shift signed integers by a fixed offset into the key universe.

When a handle moves to a new clock, preserve its signed debt by setting Bclk,new
e = Cnew −

(Cold − Bclk,old
e ). Preserve an already due flag. Its radius stays fixed until an actual inspection.

If a change of occurrence representation does not preserve individual debts (for example two core
endpoint occurrences becoming one explicit occurrence), queue a cheap exact central inspection
at that paid handle move. That inspection has the same scalar price as the move and uses no
fine-score read.

8.2 The two-window central scheduler

For a central representative b ∈ (−1, 1) choose a downward dyadic radius within a factor two of

ρ(ς) = ccenP
−8min{1− |ς|, P−1}.
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Maintain the outer invariant |e − b| ≤ 2ρ(ς) between inspections. At an inspection, enclose the
current e in a certified interval of radius at most ρmin/1000. Retain b only if this interval lies in
[b−ρ(ς), b+ρ(ς)]; otherwise choose a new dyadic center b′ for which it lies in [b′−ρ(b′)/4, b′+ρ(b′)/4].
Passing inspections reset clock baselines but retain the center and tracking-score epoch.

Such centers can be located with exponent comparisons and quotient. For dZ = 1− |ς| ≤ P−1

use overlapping dyadic margin shells and spacing a fixed small fraction of ccenP
−82−j in the shell

d ≍ 2−j . For d > P−1 use spacing a small fraction of ccenP
−9. There are Ö(log n) centers on a

polynomial margin range. The overlaps and spacing smaller than ρ/100 ensure the inner-quarter
placement, including a shell-boundary point.

Lemma 8.2. Suppose selected labels receive a final central inspection. Suppose the physical owner
supplies a fixed-number occurrence decomposition for the clock field satisfying∑

e,o

ϕ2eoF
2
eo ≤ Cβ2f , Fe,v = ze|hv − gC |/

√
we, h = vy/(εµθ),

using one common core gauge at both endpoints. An explicit route uses its actual edge difference
and ϕ = 1; its per-field header evaluation is paid in the sparse row. Assume

∑
ϕ−4 = Ö(m) and

ΨZ ≤ CP 2m. Then the scheduler preserves its outer invariant, and through a clean attempt its
autonomous central inspection work is

O

(
Ö(1)[m+

∑
t

B∗,t +Nmove] + Ö(1)Npaid

)
.

Here Nmove counts paid occurrence-representation moves that require an inspection, and Npaid

counts selected or already paid fine visits. Under the owner and observer attempt budgets this is
Ö(m) plus the supplied sparse work. Changing the central class as part of such an inspection does
not itself create a new occurrence-representation move: the same core-vertex clocks and gauge are
retained, and only list membership changes. Thus Nmove does not recursively count the inspections
whose number this bound is proving.

Proof. Clocks and finite representation. An unselected label has fixed ϱe = ze/we and its exact
central increment is

∆ςe = ϱeBeh+
(1− θ)Ce

εθ
.

Maintain signed clocks for its endpoint occurrences and a global positive clock with increment
(1 + ε)(1 − θ)/(εθ). At an inspection save their baselines. Use endpoint radii within fixed factors
of ρ(ς)/ϱ+

e and a common radius within fixed factors of ρ(ς), where ϱe ≤ ϱ+
e ≤ 2ϱe. Choose the

fixed factors so that the sum of all pre-deadline possible movements is at most ρ(ς)/4; for two
endpoints, radii in [ρ/(24ϱ+), ρ/(12ϱ+)] and common radius in [ρ/24, ρ/12] suffice. Their positive
lower bounds permit the work charge; owner moves translate signed debts exactly.

Round each frame’s hv = vy,v/(εµ
′) onto the fixed dyadic clock mesh ∆C . Use one common-grid

gauge at both endpoints of a core occurrence; explicit routes use the rounded endpoint difference.
Clock increments, baselines and radii are integers in these units. For public horizon Tmax and
ϱe ≤ amax, the unselected-coordinate discrepancy over an inspection interval is at most

2Tmaxamax∆C .

Choose the mesh as in Section 12 so this is below ρmin/1000 and total normalized rounding variation
over all labels and frames is at most one. Include the perturbation of the energy bound and upward
rounding of the common positive increment in that reserve. Baselines and due flags then move by
exact integer arithmetic.
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Validity through the end of a frame. In the following overshoot estimates, h is the scalar
step size of Section 2; the vertex clock field above enters through its accumulated increments. At
an inspection the true point is within ρ(ς) of the retained or new center. Before the next deadline,
the clock triangle inequality gives further motion at most ρ/4. At the first crossing, buffer the label
until the completed frame. An unselected label has pe < 1, so the wall floor gives |νe| ≤ dZ,e/kP .
Its last unselected increment is Fe − νe, hence has magnitude at most γh + dZ,e/kP , plus the
numerical reserve. The ratio

dZ
P 12ρ(ς)

≤ Cmax{P−4, P−3}

is uniformly small after the multiplier in kP is chosen. Also dZ ≥ c⋆n
−2/p from the central cap

and P ≥ p; therefore h/ρ ≤ Cchn
−1/pP−7. Choose ch small and the numerical grid fine so the

total last-frame overshoot is less than 3ρ/100. The old error, unreported movement, and last-frame
overshoot sum to less than 2ρ. Selected labels are forced into the final queue, and no next physical
query uses their old representative before the queue is drained.

For the finite step use νc and Fc = F + O(∆D); ∆D ≪ ρmin preserves the bound without
dividing by a sampling probability.

Charging inspections to motion. Use proof-only credit equal to absolute variation divided by
each account’s fixed radius, truncated at one. A deadline report consumes a fixed positive amount; a
passing inspection creates none. Transport preserves credit and debt, while selected/fine visits and
paid representation moves pay their own resets. Thus autonomous reports are bounded pathwise by
normalized variation, initialization, and paid resets, including credit accumulated in earlier frames.

For endpoint clocks, Cauchy–Schwarz in the owner energy bound gives

∑
e,o

ϱ+
e |∆Ceo|
ρ(ςe)

≤ Cβf

(∑
e,o

ϕ−2
eo

weρ(ςe)2

)1/2

≤ Ö(B∗).

Indeed ρ−2 ≤ CP 18d−2
Z and

∑
ϕ−2d−2

Z ≤ (
∑
ϕ−4)1/2(

∑
d−4
Z )1/2, while w ≥ 3s and

∑
d−4
Z = O(m)

uniformly in P . For the common clock,∑
e

(1− θ)
ρ(ςe)

≤ CP 9(βs/
√
r)
∑
e

d−1
Z,e ≤ CP

9B∗.

Multiplying the lifetime reports by the Ö(1) deadline and certified-point price proves the result.
Central evaluation uses only stored f ,λ, c⋆, µ and two vertex potentials.

Transaction order. Use Steps 6–8: finish old-view increments before the physical/owner com-
mit, preserve queued flags through moves, and inspect the final queue before installing final classes.
Clock moves preserve their debts or request the paid cheap inspection above. No new physical
query uses central or tracking metadata whose final service is pending.

8.3 Joint class implementation and certificates

Membership and class totals. The joint metadata key is the tuple of a certified tracking cell,
central center, narrow actual-λ bin, and guard flag. Keep the tracking cell until an already paid
fine inspection supplies its replacement. A central-only visit changes only the central key. Actual-
λ bins and guard flags change only on selected physical labels. Recomputing waterfill branches
changes headers, not member lists.
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The tracking centers can be chosen in overlapping dyadic margin shells with spacing c⋆δ/p,
giving O(p log n) centers. A supplied fine observation must guarantee |ϖe/κ − xj(e)| ≤ δe/(256p)
until its next inspection. Narrow multiplicative bins for λ have O(log n) boundaries and can
be located by binary search in Ö(1) comparisons, or by certified scalar logarithms. The central
construction supplies Ö(log n) centers. Thus the total number of possible joint headers is no(1),
independent of m.

Store each class and homogeneous incidence list in a compact array with original-label back-
pointers. Append insertion and swap deletion cost O(1) for each of a label’s fixed number of roles.
Header scans, aliases, and powers belong to preparation. Test the exact count Nj = |j| first: empty
headers contribute zero and evaluate no barrier, gradient, curvature, breakpoint, or reciprocal. The
potential bound controls only occupied headers.

Sampling from a class. For supplied rational member weights within a fixed factor, propose a
uniform class position and retain it with its exact weight divided by the class upper bound. The
conditional expected trial count is constant. For weights Hj/we, the class header factor is constant
and the narrow λ bin makes we narrow; use Hj/wj,min as the envelope. Round the class upper
envelopes upward onto one dyadic common grid within a fixed factor (zero stays zero). Their
count-weighted masses are then integer multiples of one mesh and can be summed exactly in a
fixed number of words; no product of all class denominators is formed. Choose classes from those
masses using a header alias table and exact rational coins. Thinning gives the exact requested
categorical law, including a null outcome when the prescribed packet law requires one. Use the
envelope normalizer directly; no dense exact

∑
1/we is needed.

Computing the tracking feedback. Use π = λ(1 + ες), G = ∇ϖΨR, and the mixed norm
N of Section 2. The next lemma constructs the required feedback before the physical mask. Its
optimization coefficients bj are local to the proof; they are unrelated to the central representatives
denoted by bj below.

Lemma 8.3. Suppose there are J = no(1) joint classes. Within a class the weights πe differ by a
factor at most 1 + ηc, and a class-constant signed observation obeys |Ĝe − Ge| ≤ ηc(|Ge| + Cp,κ).
Suppose the class counts and positive masses Wj =

∑
e∈j πe are available with arbitrarily small fixed

relative error. For sufficiently small fixed ηc, one can construct (1), including its guard, in Ö(nJ)
frame work. This does not require a computed gradient-normalized sampling rate.

Proof. Reduction to class magnitudes. For the observed objective, replacing a feasible vector by
its unweighted class mean preserves the objective and cannot increase its infinity norm. Jensen’s
inequality and the within-class weight ratio increase its weighted norm by at most

√
1 + ηc. A

small rescaling thus makes class-constant optimization arbitrarily close to optimization over the
full mixed ball. Replacing G by Ĝ changes any mixed-ball objective by at most ηch(∥G∥N ∗ +BR),
by coordinatewise sign invariance of the mixed norm and duality.

A one-parameter optimization. Let Nj = |j| be the number of coordinates in class j. For a

trial maximum coordinate v ∈ [0, h], write bj = Nj |Ĝj | and solve

max
∑
j

bjxj : 0 ≤ xj ≤ v,
∑
j

Wjx
2
j ≤ ((h− v)/M)2.

The solution is xj = min{v, αbj/Wj}. Sort the J breakpoints in α and solve the resulting quadratic
norm constraint with certified arithmetic. Let v∗ be the infinity norm of a nonzero optimum on the
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mixed-ball boundary. It is at least vmin = h/(1 +M
√∑

j Wj). Test a geometric grid of v between

vmin and h with fixed ratio 1 + ηc. If v ≤ v∗ < (1 + ηc)v, scaling the optimum by v/v∗ keeps it
feasible for this trial, because (v/v∗)(h − v∗) ≤ h − v. It retains at least a 1/(1 + ηc) objective
fraction. There are O(log n) trials. Choose the best, assign the opposite observed-gradient sign,
and reduce the radius slightly to cover the mass and scalar enclosures. These fixed small losses can
leave direct descent greater than 0.98h∥G∥N ∗ .

Use hysteresis guard thresholds (1+κ/10)s and (1+κ/5)s. For a0 ≤ κ/20 these give the required
lower-wall buffer. Guarding only deletes downward coordinates and cannot increase the norm. A
deleted beneficial downward coordinate has positive true gradient only for 0 < t ≤ log(1 + κ/5),
where it is bounded by the fixed baseline. Its total lost objective is at most ChBR. Update flags
only on selected labels, since the other λe are literal no-ops.

Maintaining the class masses. The positive class mass has the identity

Wj =
∑
e∈j

λe(1−Ξe) + µ−1

∑
e∈j

λezece/we − yTBT (1jλz/w)

 .
Cache the scalar and incidence-vector coefficients by rounding each square-root expression to a
common integer grid. A selected change or enumerated migration updates only its own scalar
entries and two incidence endpoints; the J vertex dot products cost O(nJ). The true mass is at
least (1 − ε)sNj . Choose each term’s absolute precision after polynomially bounding the number
of terms and the current µ−1,y, so the entire header error is at most ηc(1 − ε)s/100. This gives
the required relative enclosure for every nonempty class, even when large terms cancel. Remove
exactly the rounded contribution previously inserted; the cache then sums only current terms and
accumulates no historical rounding error. Certified classes and enumerated migrations have their
separately charged maintenance costs.

Computing the central source. Here Gj = |ψ′
P (bj)|, Jj = ψ′′

P (bj), and Gc
j , J

c
j are certified

upper enclosures. For this waterfill Wj =
∑

e∈j we and w̃j = Wj/Nj ; selected scalar updates and
enumerated migrations maintain them. Sort the nonzero-Gc

j header breakpoints:

tj =
w̃j

Gc
j

min{cZdZ,j/P 2, γh}

Between breakpoints the squared source norm is a fixed capped sum plus ϑ2 times a fixed positive
uncapped sum. Choose the rational parameter by the rule below and store the literal minimum

Fj = −Sgn(bj)min{cZdZ,j/P 2, γh, ϑGc
j/w̃j};

headers with Gc
j = 0 return Fj = 0. Each coordinate is a fixed-depth rational with a fixed word

bound; no further coordinatewise rounding is used.
First test the fully capped branch of (3). For fixed 0 < η < 1/16, enclose its squared norm

with absolute error at most ηβ2s/100. If its upper endpoint is at most β2s , return the fully capped
source with ϑ−1 = 0, also when it lies in the filled range. If this test fails, the fully capped source
has true norm greater than (1 − η/4)βs. Monotonicity permits a rational ϑ with certified norm
in [(1 − η)βs, (1 − η/2)βs]. Use sorted breakpoints and interval bisection, with the interval-sum
mesh smaller than a fixed fraction of this gap. All nonzero breakpoints, coefficients and the search
interval have polynomial upper and lower bounds, so the header work is no(1). Fixed-grid interval
sums avoid products of unrelated denominators. They choose only ϑ; the literal minimum above
defines every coordinate.
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Derivative enclosures and guards. For each occupied header, the central-power construction
constructs fixed-grid rational enclosures Gj ≤ Gc

j ≤ (1+η)Gj and Jj ≤ Jc
j ≤ (1+η)Jj in n

o(1) work;
at bj = 0, set Gc

j = 0 exactly. Skip empty headers first. The cited construction uses rounded powers
and pre-operation guards on every tape, aborting before overflow; valid inputs pass. Source caps
and uncapped membership are exact rational comparisons. The literal rational source therefore
meets the hypotheses of Theorem 2.6 and Lemma 2.7. Their waterfill and comparison-source
bounds apply to this construction.

Potential certificates. Compute the potential certificates by summing the positive header
counts times their center potentials, skipping zero counts before evaluating those potentials.
Tracking relative margin error gives a summand ratio less than e1/128; central outer error 2ρ gives
ratio exp(O(P−7)). Outward fixed-grid power evaluation therefore gives computable UR, UZ with

ΨR ≤ UR ≤ 2ΨR, ΨZ ≤ UZ ≤ 2ΨZ .

Repeated squaring uses Ö(1) scalar operations for a central power, with all errors enclosed on one
fixed grid. These computations belong to the header preparation row. Their validity still depends
on the supplied tracking observation invariant; a central-only inspection never silently renews that
separate certificate.

9 Observing leverage changes within a clean attempt

The observer discovers stale leverage references without scanning the dense graph. Random source
fields capture actual coefficient changes; a filter frozen before the mask separates vertex-clock work
from a small residual handled by random marks. A lifetime credit identity pays delayed reads,
and packed arithmetic removes the confidence-lane factor from dense work. Theorem 9.1 gives the
attempt bound; Lemma 14.1 verifies its inputs.

Put m = Θ(n2), r = Θ(n), s = r/m, and p = 512. All graph matrices below act on the
quotient by component constants; where a full-space norm is needed, it is stated explicitly. Parallel
original-label multiplicity is bounded by a fixed constant. The ordinary graph H uses the actual
coefficients ϱ2

e: fixed-depth, word-sized rationals, equal to z2e/w
2
e in the flow application. Their

denominators may differ.

State, direction, and coefficient-change inputs. At each valid frozen pre-mask state, write

H = BTDiag(ϱ2)B, U = Diag(ϱ)BH†/2, Π = UUT , τ e = Πee, S = Π ◦Π.

Assume the frozen state and direction satisfy

λe ≍ s+ τ e, λe ≥ s, we ≍ λe,
∑
e

λe = O(r),∑
e

δ−p
e = O(m), 0 < δe ≤ 1, δe ≍ δe, ϖe ≍ λe ≍ s+ τ e, ∥d∥w ≤ Cβ, de ≥ 0.

(18)

Here β = βf is the physical-step scale. The positive reference ϖe estimates s + τ e; it is distinct
from the logarithmic tracking error ϖe of Section 2. In particular, every fixed inverse-margin
moment through order p is O(m), and δe ≥ c⋆n−2/p. The tracking tube supplies both comparisons
throughout each reference epoch; both are used to convert additive score error to logarithmic error.
The nonnegative vector d controls the mean absolute coefficient changes in (O1) below. Assume
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every final stored candidate is frozen in a pending transaction before source construction, with
actual coefficient changes satisfying

σe =
ϱ′2
e

ϱ2
e

− 1, σe = 0 on every unselected label, E[|σe| | F ] ≤ Cde. (O1)

Frozen state and commit order. Here F includes the filter fixed before the mask. Keep the old
H, original-product owner, and inverse until all source and observer batches finish. Then commit,
update owners and λ bins, and prepare final-graph fine fields, without an old-owner copy. Use
the unconditioned physical law: the RAM algorithm has independent label coins and aborts the
attempt on a failed residual or normalizer test, without resampling. The observer expectation itself
does not require independence between physical labels.

The normalizer is an actual upward common-grid enclosure satisfying

CΓ

∑
e

λe|σe| ≤ Γ ≤ 2CΓ

∑
e

λe|σe|, Γ = 0 ⇐⇒ b = 0. (19)

Valid frames also satisfy the separately tested bound Γ ≤ Ccapβ
√
r. Correctness of the score

certificate also assumes a first-failure event for the physical update, outside which

H†/2BTDiag(ϱ2|σ|)BH†/2 ⪯ qopI, qop < 1/2,

and each old certified margin remains comparable to the final margin through the frame. These
correctness inputs do not condition (O1) on future success.

The ordinary graph, base graph, and observer metric. The ordinary graph supplies source
products, a maintained base graph supplies proxy and residual proposals, and the observer met-
ric prices fine reads. Their coefficients are defined separately below. The maintained base has
coefficients µe ≍ ϱ2

e/λe. Scale it once so that the actual metadata coefficient

ωe ≍
ϱ2
e

ϖeδ
4
e

, M = BTDiag(ω)B

satisfies
µe ≤ ωe ≤ R0µe, R0 = Ö(n8/p), M ⪯ C(R0/s)H. (20)

The ordinary and base owners supply compact incidence arrays and, for every frozen field z, non-
negative endpoint envelopes with

original-label target total envelope mass

ϱ2
e(Aez)

2 ALz
THz

µe(Aez)
2 ALz

TG0z

G0 = BTDiag(µ)B, AL = no(1). (O2)

For the owner of Section 5, (O2) follows from (15) and the worst-case bound on ϕ−1 in Lemma 5.1.
Envelope construction is included in the sparse-preparation work Ssparse below; evaluating one
returned label costs Ö(1). The maintained actual-λ bins supply a nonnegative envelope of total
mass O(r) for the target λe. Keep the ordinary owner for source products: using the base metric
alone could lose a factor 1/s. Use the fixed symmetric maps and finite energy-error guarantees of
Section 6. Retain the source inverse’s old-graph proxy 3H/4 ⪯ PH ⪯ 5H/4, on the same spectral
event, for the executable energy guard.
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Numerical conventions. Apply the finite arithmetic convention and the declared inverse-
polynomial nonzero lower bounds. Fix state grids and coefficient ranges before source/packet
grids, then source output before the fixed-depth filter ladder. On every reference outcome, local
errors have total normalized energy and debt charge at most one over the declared horizon. Ac-
cumulated vectors, Γ, ω, µ and proxy packets use common grids; ordinary coefficients and change
ratios need not. Let δmin, λmin > 0 be the deterministic lower bounds on permitted margins and
λe, fixed by the parameter hierarchy and λe ≥ s, before score reads.

Theorem 9.1. Under the state, update, owner, inverse, and numerical hypotheses above, start
a mathematical attempt at a paid clean checkpoint and stop it before beginning any frame with
an invalid premise. Let Jt indicate that frame t is begun. Suppose its predictable budgets and
selected-read charges obey∑

t

JtBt ≤ Ö(m), Bt = βtm/
√
r, E

∑
t

Jt
∑

e selected

δ̄−3
e,t ≤ Ö(m). (O3)

Assume at most T = n3/4+3/p+o(1) frames and aggregate sparse-preparation work Ssparse =
o(m)Ö(1); a fixed polynomial gap below n2 with arbitrary fixed powers of log n is sufficient.

There is a finite word-RAM source and observer implementation with expected work

O
(
(log log n)2E

∑
t

Jt
∑

e selected

δ̄−3
e,t + Ö(1)E

∑
t

JtBt

+ log log nEMpkt + nT log n+ Ssparse + Ö(m)
)

= O
(
Ö(m)

)
.

(O4)

Here Mpkt counts original selected endpoint packets, without a factor for confidence replicas; it is at
most twice the selected-label count. The last dense term pays the final clean refresh, including when
the endpoint is subsequently rejected. The source/capture and numerical implementation failure
probability can be made n−c for any fixed c⋆, in addition to the explicitly supplied primitive failure
probabilities.

Positive-account read payments use a lifetime ledger. No bound on a frame’s payments in
terms of that frame’s new credit is asserted. The theorem supplies expected work inside one
stopped attempt; phase success, optimization progress, the selected-rate bound (O3), and the sparse
owner/inverse work remain separate obligations.

9.1 From selected changes to source fields

Construct a stored field Y with two guarantees. Its raw second moment (23) will bound work after
averaging over the physical mask. Its error relative to the exact field with the same source, (24),
will transfer the source’s signal to Y and prove the per-label capture bound (25).

Conserved source coefficients. Set

∆ = BTDiag(ϱ2|σ|)B, ζ = (n log n)−1.

For label e, the positive certificate (S|σ|)e = ϱ2
eAeH

†∆H†BT
e controls the inverse-induced score

change by the inverse-order argument below. We estimate it without scanning all edges. If b = 0,
return zero fields and no clock increments. Otherwise traverse the selected list and obtain Γ from
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the common-grid normalizer construction, using the exact old and final rational coefficients. Zero
terms stay zero. For a fixed sufficiently large constant Asrc and b ̸= 0, prepare short dyadics

(1− u)ϱe

√
|σe|/Γ ≤ ĉe ≤ ϱe

√
|σe|/Γ, u = log−Asrc n ≤ 1/4, f = BTDiag(ĉ⋆)ξ.

These dyadics define the mathematical source; the covariance sandwich, not an additive ζ-reserve,
controls their error. Compare squares with ϱ2

e|σe|/Γ, without storing an exact ϱe. Binary search
over O(log n) exponents and an Ö(1)-bit mantissa costs Ö(1) per selected label. Give each nonzero
selected coefficient an independent uniform sign ξe and use opposite incidence signs at its endpoints.
Then

(1− u)2∆/Γ ⪯ EffT ⪯ ∆/Γ, E∥f∥2H† ≤
∑

e τ e|σe|
Γ

≤ 1, (21)

after fixing CΓ.

Sampling an original-graph product. The source estimates hold for any valid fixed symmetric
map

3
10H

† ⪯ TH ⪯ 2
3H

†.

It may depend on the actual b, but is fixed before source signs and product tapes; all estimates are
uniform in this choice. The joint implementation uses the retained old inverse, already fixed before
the mask. For an actual stored iterate x, encode

ϱ2
e(Aex)

2/ζ + C log nλe ≤ ρe ≤ 2
(
ϱ2
e(Aex)

2/ζ + C log nλe

)
.

Choose a fixed public count Bprod dominating all permitted target and envelope masses, and use
that many independent categorical/null positions. A position returns e with probability ρe/Bprod,
with packet

ϱ2
e(Aex)

ρe
BT

e .

Use the envelope thinning and exact skipping of the public-count kernel.

Product guards and the analytical continuation. Before reading the product tape, test
xTPHx ≤ Cen log n, coordinate ranges, and prepared envelope mass at most Cenvn log

2 nAL, in-
cluding actual-λ bins. Use an outward common-grid quadratic-form enclosure of absolute error at
most one with a fixed threshold reserve; header masses give the other test without an original-edge
scan. A failed guard aborts execution. Its analytical continuation uses the exact product Hx, then
rounds xi + TH(f −Hxi) on the same iterate grid with the same componentwise zero-sum closure;

put this defect in νi. Write Ĥx for the unrounded packet sum at the stored input when guards
pass, and for Hx otherwise. For every valid private representation,

E[Ĥx | x] = Hx, Cov(Ĥx | x) ⪯ ζH. (22)

Indeed
∑

e ϱ
4
e(Aex)

2BT
e Ae/ρe ⪯ ζH, and subtracting position means decreases covariance. Occu-

pancy counts need not be independent. Store rounded packets; their possibly biased deviation from
this ideal sum belongs to νi in (O5).
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The stored recurrence and its two source estimates. Start x0 = 0 and use jR = CR log n
iterations

xi+1 = xi + TH(f − Ĥxi),

including the prescribed finite evaluation and common-grid errors. Put CH = H1/2THH1/2, R =
I−CH , and ei = H1/2(xi−H†f). With ηi = H†/2(Ĥxi−Hxi), the normalized error has the exact
form

ei+1 = Rei − CHηi + νi, E[ηi | Fi, f ] = 0, E[ηiηTi | Fi, f ] ⪯ ζI. (O5)

Evaluate kernels at the stored iterate. Round each packet once to a common grid and add opposite
endpoint integers; the public position count bounds total error on every outcome. Choose maxi∥νi∥
so its geometric convolution has squared norm o(ζ). All iterations share one absolute iterate grid,
closing the zero sum in each component after coordinatewise rounding.

The martingale cross terms in (O5) vanish conditionally on f . Since R and CH commute,∑
j≥0

RjC2
HR

j = CH(2I− CH)−1 ⪯ I.

The normalized source covariance has trace at most one by (21); no commutation with R,CH is
needed. Choose CR so the initial-bias second moment is at most ζI. The final stored field Y = xjR
then satisfies, uniformly in b, TH ,

E[ΓY Y T | σ,F ] ⪯ CH†∆H† + CΓζH†, (23)

E[(Y −H†f)(Y −H†f)T | σ,F ] ⪯ CζH†. (24)

The numerical errors may be biased and correlated with f ; their deterministic norm reserve and
(x+ y)(x+ y)T ⪯ 2xxT + 2yyT suffice.

Capturing each label’s change. For Z = aeAeH
†f , the Rademacher fourth moment is at most

3(EZ2)2, and EZ2 ≍ (S|σ|)e/Γ. Paley–Zygmund gives a fixed lower probability for Z2 ≥ EZ2/2.
Equation (24) and Markov’s inequality preserve a fixed fraction of that probability whenever the
signal is larger than a sufficiently large multiple of ζλe. Below that scale, the background term
in (25) already bounds (S|σ|)e. For J = CJ log n fresh replicas, Chernoff’s bound for the capture
indicators and an all-label union bound therefore give

(S|σ|)e ≤ CΓ

ϱ2
e

J

∑
j≤J

(BeYj)
2 + ζλe

 simultaneously for every original label. (25)

Replicas are independent conditional on the frozen source prestate, including b,Γ and the shared
TH . Each uses fresh source signs and product tapes.

Why the executable guards pass. WriteH†/2f = Afx
rand, soTr(AfA

T
f ) ≤ 1. For a proof-only

standard Gaussian g, its exponential integral and the Rademacher exponential-moment inequality
give

Exrande∥Afx
rand∥2/4 = EgExrandeg

TAfx
rand/

√
2 ≤ Ege

∥AT
f g∥2/4 ≤ e1/2.

Thus the source energy is O(log n) at polynomial confidence. For one product packet, putting
z = ϱe|Aex|, its normalized norm is z

√
τ e/ρe ≤ C

√
ζ/ log n: use the two terms in ρe, AM–GM,

and τ e ≤ Cλe. In each vector of a proof-only orthonormal basis, the complete centered product
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error has variance at most ζ, while each centered position is bounded by C
√
ζ/ log n. Scalar

Bernstein at threshold

Cconf

(√
ζ log n+ log n

√
ζ/ log n

)
= C ′

conf/
√
n

has any prescribed inverse-polynomial failure probability after fixing the constant. A union over at
most n coordinates then bounds the complete error in H†-norm by O(1). The basis is analytical
and is never computed. The contraction in (O5) therefore gives every iterate H-energy O(log n).
Its target mass is ∑

e

ρe ≤ C
(
∥x∥2H/ζ + log n

∑
e

λe

)
= O(n log2 n).

The owner and actual-λ bins add no(1). On the proxy’s spectral event this also bounds xTPHx =
O(log n) and the prepared envelope, so fixed reserves make the guards pass. Scalar count bounds
and the declared replica/stage counts pay the sparse-preparation work. Every reference outcome
has polynomial coordinates: passing products have at most Bprod polynomial-size packets; failing
products use deterministic contraction. Choose grids from this bound.

Expected product work. The preceding O(log n) energy bound controls guard failures. The
mean energy on the full reference law gives a sharper work estimate. At every reference stage,

H1/2xi = (I−Ri)H†/2f −
∑
j<i

Ri−1−jCHηj +
∑
j<i

Ri−1−jνj .

Since 0 ⪯ R ⪯ I, the source term has expected squared norm at most one. The martingale term has
covariance at most ζI, hence trace at most rζ = O(1/ log n), and the numerical term is uniformly
small. Therefore E∥xi∥2H = O(1) on the full reference law and E

∑
e ρe = O(n log n). Before abort,

executed steps agree with this reference; multiplying their nonnegative charges by reach indicators
only decreases expectation. Guards cost O(NnzPH + n) beyond shared header preparation, in the
sparse row. The dense continuation has no executed cost.

9.2 Averaging the source moment before filtering

Now average the raw moment over the mask and source fields, keeping the metric and filter fixed.
The scalar B below is the owner’s per-frame budget B∗; the fields need not have mean zero.

Lemma 9.2. Under (18), (O1), and (23), let the filter and M be fixed before the physical mask.
For analytical notation only, put h =

√
ΓY . Then

EΓ ≤ Cβ
√
r, EhTMh ≤ CB,

∥∥∥M1/2E[hhT | F ]M1/2
∥∥∥
F
≤ CβR0/s, B = βm/

√
r.

(26)
No covariance bound or independence hypothesis on b is needed.

Proof. Let ce = E[|σe| | F ], so 0 ≤ ce ≤ Cde. The normalizer bound and weighted Cauchy give

EΓ ≤ C
∑
e

λede ≤ C∥d∥w

(∑
e

λ2
e/we

)1/2

≤ Cβ
√
r.

The projection identity implies S1 = τ , and S is symmetric with nonnegative entries. Thus∥∥∥H†/2E∆H†/2
∥∥∥2
F
= cTSc ≤

∑
e

τ ec
2
e ≤ Cβ2. (O6)
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The middle inequality is also the positivity of the weighted Laplacian Diag(τ ) − S. Apply (23)
and average over the mask before taking the Frobenius norm. No bound on E∥H†/2∆H†/2∥F is
needed. Writing D = M1/2H†/2, we have ∥D∥2op ≤ CR0/s. Equation (O6) bounds the Frobenius
norm of the signal by CβR0/s. The background contributes at most

C EΓ ζ
√
r R0/s ≤ CβR0/s,

because rζ = O(1/ log n).

For the trace bound set ve = δ
−4
e /ϖe. The signal is at most CdTSv. Weighted Cauchy and

(Sv)2f ≤ τ f
∑

e Sfev
2
e give

dTSv ≤ ∥d∥w

∑
f

(Sv)2f/wf

1/2

,
∑
f

(Sv)2f/wf ≤ C
∑
e

τ ev
2
e ≤ C

∑
e

δ−8
e /λe ≤ Cm/s.

Hence the signal is CB. The background trace is at most

C EΓ ζ Tr(MH†) ≤ Cβ
√
r ζ
∑
e

δ−4
e ≤ CB/ log n.

The trace calculation avoids the extra R0 factor in the coarse comparison M ⪯ C(R0/s)H.

9.3 A filter built from the maintained base

Freeze the following proxies and filter before the mask. It splits Y = vY + rY : residual-degree
energy pays vertex clocks for vY , and small expected M -energy pays marks for rY .

Choosing and accessing the top-list set. Choose d0 = n64/p logD0 n. Enumerate the union
C of the endpoint top-d0 base-weight lists, using dyadic bins; let RE = E \ C. This edge set is
distinct from the owner’s expander pieces. Write LC for its weighted Laplacian and DRE

, ARE
for

residual degree and adjacency (not incidence). Put

Qω = LC(ω) +DRE
(ω), Qµ = LC(µ) +DRE

(µ).

Thus M = Qω − ARE
(ω); replacing residual edges by their endpoint diagonals permits the trace

bound below. Maintain full base degrees at genuine coefficient changes. Subtract the enumer-
ated top-list incidences to obtain DRE

(µ) in O(nd0) work, then add the explicit LC(µ) to form
Qµ. Handle sparse components without residual edges directly; on the others Qω,Qµ are positive
definite.

At each original vertex, maintain the integer index of Lemma 8.1, keyed by the negative dyadic
exponent of µe and the original-label identifier. Shift the exponent by its fixed range bound to
obtain a nonnegative polynomial-universe key. Initial insertion costs Ö(m). Each genuine base-
bucket change updates two keys at Ö(1) cost each; private owner migrations do not change these
keys.

Repeatedly read and temporarily delete the minimum key until d0 entries or exhaustion, then
reinsert those entries. Only this auxiliary index changes; owners, coefficients, physical state and
output laws stay fixed. These operations cost Ö(nd0+n), without successor queries or dense scans.
Generation marks and direct incidence handles deduplicate the union and reconcile roles within the
same sparse query row. Identifier ties make the set canonical at the frozen base.
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The top-list trace bound. If 0 < c⋆ ≤ 1, selected weights at a vertex are at least c⋆ times every
residual weight there, and parallel-label multiplicity is at most b0, then

Tr(Q−1
ω ARE

Q−1
ω ARE

) ≤ 32b0n/(c⋆d0). (27)

To prove it, let tv be the largest residual weight at v, or zero if no residual edge meets v. Give a
chosen edge uv auxiliary weight

c⋆
2

(
tu1{u chooses uv} + tv1{v chooses uv}

)
.

Let H′ be the graph of these auxiliary selected edges and D the degree matrix of H′ +RE . Orient
a selected edge from a choosing endpoint of largest t, and orient each residual edge arbitrarily. In
H′ + RE , each oriented edge weight divided by its tail degree is at most 2/(cd0). Its normalized
adjacency therefore has squared Frobenius norm at most 4b0n/(cd0). Writing B0 = D−1/2AH′D−1/2

and C0 = D−1/2ARE
D−1/2, nonnegative entries give the same bound on ∥B0∥2F+∥C0∥2F . The matrix

Z = (I−B0)
−1/2C0(I−B0)

−1/2

is a contraction since LH′ + DRE
± ARE

⪰ 0. The subspace spanned by eigenvectors of B0 with
eigenvalues above 1/2 has dimension at most 4∥B0∥2F . Since Z is a contraction, the blocks meeting
this subspace have total squared Frobenius norm at most twice its dimension. The block on
its orthogonal complement has squared Frobenius norm at most 4∥C0∥2F , proving the auxiliary
bound. Finally Qω ⪰ LH′ +DRE

. For symmetric B, Tr(Y AY A) is increasing in PSD Y , since its
directional derivative is 2Tr(∆AY A) ≥ 0. Inverse order transfers the bound to Qω. Regularization
handles isolated auxiliary rows annihilated by ARE

. Clamp any supplied comparison constant to
min{c, 1}, since a selected auxiliary edge has tail ratio at most 2/d0. Here c⋆ = min{1, c′⋆/R0} gives
O(R0n/d0).

Sparse proxy construction. Prepare proxies PM = (1 ± ϵ)M and Q̂ω = (1 ± ϵ)Qω, with

ϵ = c⋆d
−1/32
0 , before the physical mask. The filter multiplies by PM and approximately inverts Q̂ω.

Both target actual ω; the µ-weighted base supplies sampling access. Base leverage upper scores
Be, distinct from incidence rows Be, select residual edges for PM ; coordinate scores zv ≍ (Q−1

µ )vv

select residual endpoint atoms for Q̂ω. Encode each set before its sampling tape.
The base scores come from the immediately preceding frame’s cached proxy. The same con-

struction refreshes this cache to approximate the current G0 for the next frame. Lemma 6.2 supplies
the first cache and its finite categorical construction. Discard or restore aborted caches consistently
with the clean checkpoint.

Base-score fields from the previous cache. Write the immediately preceding base proxy as
the stored sparse sum

Pold =
∑
α

cαbαb
T
α .

Here bα is the signed incidence vector of copy α. The supplied one-frame coefficient ratio makes
this proxy constant-comparable to the current G0. Freeze this proxy and a fixed symmetric inverse
map Told before the field signs. For a fixed small constant ηs > 0, choose short dyadics

(1− ηs)
√
cα ≤ dα ≤

√
cα, P̃old =

∑
α

d2αbαb
T
α .
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The coefficients dα define the source exactly. With fresh independent signs on the sparse atoms,
define the analytical lanes

xrand
j =

∑
α

dασαjbα, hj = Toldx
rand
j , J0 = 2log2(CJ logn).

Conditional on the frozen proxy and inverse,

EhjhTj = ToldP̃oldTold ≍ G†
0.

Indeed P̃old ≍ Pold, and if Cold = P
1/2
old ToldP

1/2
old satisfies ∥Cold − I∥op ≤ ηT < 1, then

(1− ηT )2P †
old ⪯ ToldPoldTold ⪯ (1 + ηT )

2P †
old.

Stored base fields and canonical upper scores. Before the proxy-position tapes, store the
finite lanes ĥj on a predetermined dyadic grid. For a predetermined dyadic score floor γ > 0, choose
inverse accuracy and the grid so that, on the valid-proxy/inverse reference,∣∣∣µe(Beĥj)

2 − µe(Aehj)
2
∣∣∣ ≤ γ for every original label, lane, and reference outcome. (CF1)

Here γ is unrelated to the physical step ratio βs/βf . Public polynomial bounds give |Aehj | ≤ U and
µe ≤ µmax. A uniform coordinate error εabs changes the squared score by at most 4µmaxεabsU +
4µmaxε

2
abs. Choose the inverse accuracy and the cache and scratch grids of Section 12 to make this

at most γ. Other factorization tapes obey the finite arithmetic guards or abort.
Let upγ(x) = γx/γ. Define the actual stored-label upper-score function to be

Be = CAupγ

µe
J0

∑
j≤J0

(Beĥj)
2 + γ

 , (CF2)

where CA is one sufficiently large fixed integer. Frozen finite fields and stored µe fix this value
independently of proposals and reads. The γ term covers (CF1), even when the stored squared
distance is zero, and

Be ≤ CA

µe
J0

∑
j

(Beĥj)
2 + 2γ

 . (CF3)

Choose mγ ≤ 1. Scalar Bernstein for averages of squared Rademacher linear forms [Tro12, Theo-
rem 6.2, scalar case], followed by the all-label union bound, gives simultaneously

τ e(G0) ≤ Be,
∑
e

Be = O(n).

Score envelopes and cache refresh. Mix the J0 base-owner envelopes with weights CA/J0,
and add a uniform-label envelope of rate 2CAγ. By (CF3), this is an upper envelope for the actual
Be. Its mass is bounded by

CAAL

J0

∑
j

∥ĥj∥2G0
+ 2CAmγ. (CF4)
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Prepared header masses give the normalizer without a dense score sum or original-graph quadratic
form. Covariance and (CF1) give unconditional expectation O(nAL) for (CF4), before any field-
work cap. Thin each proposal to (CF2) and use that actual rate also in the packet denominator.
The refresh and residual rates are

ρcachee = C log nBe, ρMe = CR0ϵ
−2 log nBe1{e∈RE}.

Retain the top-list edges C exactly in PM and sample residual atoms at rate ρMe . At rate ρcachee , use
fresh positions to sample a constant-accuracy proxy of the entire current G0, with the prescribed
positive common-grid packet rounding. Store it as the next frame’s base cache. This refresh occurs
before the physical mask and adds n1+o(1) sparse atoms and work after the shared n(R+log n)no(1)

owner-header preparation, where R ≍ n1/16 is the counter radix. Use the same public-count kernel
with fresh position tapes after fixing targets, without redrawing fields. Each cache samples current
G0, so approximation factors do not multiply across frames.

Diagonal scores for the second proxy. For the coordinate scores of Qµ, use its explicit top-list
edge atoms and the diagonal atoms of DRE

(µ), with the latter regarded as edges to ground. The
same atom-sign construction has analytical covariance comparable to Q−1

µ . Compute all nJ0 finite
coordinates in the sparse row, and define zv by the counterpart of (CF2), with no edge coefficient.
Choose its numerical mesh γQ so that

γQ
∑
v

(DRE
(µ))vv ≤ 1, γQ ≤ c⋆/λmax(Qµ).

Fix these meshes from public polynomial bounds. Since (Q−1
µ )vv ≥ 1/λmax(Qµ), the resulting

scores satisfy the stated two-sided coordinate comparison and∑
v

zv(DRE
(µ))vv ≤ CTr(DRE

(µ)Q−1
µ ) + C ≤ Cn.

Sample residual endpoint atoms at rates CR0ϵ
−2 log nµezv. Endpoint upper weights within a dyadic

bucket differ by at most a factor two. Excluded top-list positions split each compact array into
gaps; sampling the gaps avoids rejection from an array almost entirely in C. Each proposal thins
to its exact original-label target. Endpoint packets use the literal stored zv in both their position
probabilities and their inverse-rate weights.

The O(J0) = O(log n) point cost of (CF2) and the J0 field/header preparations occur only in
sparse proxy rows, where fixed powers of log n are allowed. Dense selected events and fine reads
priced by (O8) never invoke this lane scan.

For either observer proxy, normalize by its target matrix. A retained categorical-position PSD
atom has norm at most Rpkt = Cϵ2/ log n; its centered version has norm at most 2Rpkt, and the
sum of its second moments is at most RpktI. Independent matrix Bernstein [Tro12, Theorem 1.4],
applied to both signs, gives the desired two-sided error at polynomial confidence. This use allows
the exact retained top-list edges to have arbitrary atom size: only random residual atoms enter the
variance bound.

The filter’s operator and Frobenius bounds. Let TQ be a fixed symmetric inverse of Q̂ω

refined to accuracy O(ϵ), and set F = I − TQPM , kit = 16. For an operator on the Laplacian
quotient, use XM = M1/2XM †/2 for itsM -normalized form. Since PM1 = 0, F preserves constants
and induces this quotient operator. With K = I−M1/2Q−1

ω M1/2 on the quotient,

∥K∥op ≤ 1, ∥K∥2F ≤ CR0n/d0, FM = K + E, ∥E∥op ≤ Cϵ.
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Expand (K + E)kit in the original factor order. Every term except Ek contains a K; bound one
such factor in Frobenius norm and all remaining factors in operator norm. The remaining term has
squared Frobenius norm at most n(Cϵ)2k = O(n/d0). Hence the conservative bounds

∥(F kit)M∥op ≤ C, ∥(F kit)M∥2F ≤ CR2
0n/d0 (28)

hold without any commutation assumption.

The complement, including finite evaluation. Since DRE
⪯ Qω, ∥Q1/2

ω FQ−1/2∥op = O(1),
and PMQ

−1PM ⪯ CM , the identity

I− F kit =
∑
j<k

F jTQPM

gives ∥(I−F kit)h∥2Q ≤ ChTMh. For finite evaluation use a fixed k-layer grid ladder. Fix a positive

dyadic νnum ≤ cnumd
−1/4
0 , also below the ordinary numerical reserve, before choosing that ladder.

Here cnum > 0 is a sufficiently small fixed constant. Since d0 has a fixed polynomial range, this
requires only O(log n) bits and does not change the fixed number of layers. At layer j, form PMz
exactly on the product grid; if it is zero, use the exact no-op. Otherwise its grid and the polynomial
upper eigenvalue bound on Qω provide a positive lower bound on ∥PMz∥Q−1 . A sufficiently finer
predetermined next grid gives action error at most ν∥PMz∥Q−1 in Qω-norm. Because k is fixed, all
grid exponents remain O(log n). For the stored output rY and literal subtraction vY = Y − rY ,

vTYDRE
(ω)vY ≤ CY TMY, ∥rY − F kY ∥Q ≤ Cν∥Y ∥M . (29)

The numerical error is controlled in the full-space norm.

The expected residual energy. Apply Lemma 9.2 with the fixed filter, and use ∥XTX∥F ≤
∥X∥op∥X∥F . For analytical notation rh =

√
ΓrY , Schatten Cauchy and (28) give

E∥rh∥2M ≤ C(βR0/s)R0

√
n/d0 + Cν2EhTMh ≤ CBR2

0/
√
d0. (30)

The numerical term uses EhTMh = O(B), ν2 ≤ c2num/
√
d0, and R0 ≥ 1. Implement the filter

at Y and multiply its squares by Γ; this avoids rounding
√
ΓY or assuming homogeneity of finite

evaluation.

9.4 From fields to read requests and lifetime payments

A public score epoch runs between consecutive public fine reads of one label. Its price and threshold
stay fixed:

πe = δ
−3
e , Θe = c⋆ϖeδe/ϱ

2
e, πe/Θe ≍ ωe.

The physical debt below is in squared-field units. Multiplying by epoch-fixed ϱ2
e and the capture

constants bounds score variation; multiplying by πe/Θe gives read cost.

Positive accounts. For replica Yj , write rj = rYj and vj = Yj − rj . Labels in the top-list set C
use a direct account; residual labels use the split

(BeYj)
2 ≤ 4

(
vj(u)

2 + vj(v)
2
)
+ 2(Aerj)

2.
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Vertex complement clocks pay the first term and marks the second. The direct account receives
ΓJ−1

∑
j(BeYj)

2, each endpoint complement account receives 4ΓJ−1
∑

j vj(v)
2, and the global

background clock increments by Γζ, with the epoch-fixed conversion λe/ϱ
2
e. Thus its account

receives Γζλe/ϱ
2
e, all in physical-debt units. A label in C has direct and background accounts; a

residual label has two endpoint accounts and background. Give each account ceiling ϑe = Θe/8.
The timers below release a read only after Θe/16 positive debt, so fix ca = 1/16.

Residual marks. For each replica, use the target

te,j =
16Γ

JΘe
(Aerj)

21{e∈RE}.

Accumulated target one corresponds to residual physical debt Θe/8, the tolerance used below. Take
fresh public-count categorical/null batches with multiplier λmon = Cconf log n. A raw proposal
reads only that replica’s two stored coordinates, so its point price has no factor J . The product
no-hit probability is at most exp(−λmon

∑
j te,j). The public count is fixed using the all-outcome

polynomial range, not a successful future source or work event.

Buffering the first request. At a label’s first fine-score request, stamp and append it once,
remove its positive-account timers, and deactivate those accounts until its single final read starts a
new epoch. For selected labels, do this before any observer clock increment. Later marks only test
the stamp; role and owner moves preserve inactivity. Central-only requests do not suspend accounts.
Only deadline metadata changes: frozen coefficients, fields, sampling lists and old read prices
remain until the old batches finish. Each first request costs a fixed number of handle operations,
independent of the replica count.

The no-hit guarantee. Stop a label’s no-hit process at its first buffered public fine-score request;
central-only requests and inspections leave it unchanged. Conditional on the generated fields and
the history before the fresh mark coins, the no-request indicator times the exponential of accumu-
lated predictable residual intensity is a nonnegative supermartingale. Stopping when the target
reaches one bounds failure by exp(−c⋆λmon), conditional on a valid epoch birth at zero, uniformly
over adaptive later fields. This bound is conditional on the birth, not on each intermediate no-
hit history. Union over the predeclared polynomial number of adaptive births, stopping at earlier
primitive failures. A clean refresh restarts epochs at zero; other fine-score requests kill the process
and improve the bound. The proof-only target survives all role and gauge changes until a public
read.

Protecting the reference tube. By (25) and the inverse-order consequence

−(1− q)−1H†∆H† ⪯ (H′)† −H† ⪯ (1− q)−1H†∆H†,

the four debt terms protect the tube until the first request. The displayed inverse bounds follow
fromH−∆ ⪯ H′ ⪯ H+∆. Choose debt tolerances as follows. LetKobs bound the fixed capture and
inverse-order constants, and let Ct, Cδ ≥ 1 be fixed comparison constants with ϖe ≤ Ct(s+τ e) and
δe ≤ Cδδe up to the first potential reference exit. A label that has not been requested is unselected,
so its ϱe,λe, ϖ̄e, δe stay fixed throughout this epoch. If no positive account reports, its total positive
debt is below 3Θe/8. If the residual no-hit event has not failed, its accumulated residual physical
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debt 2
∑

t,j Γt(Aert,j)
2/J , restricted to its residual roles, is below Θe/8. Consequently its total

captured score variation is at most Kobsϱ
2
eΘe/2, and

| log(s+ τ e)− log(s+ τ e,birth)|
κ

≤ KobsCtc

2κ
δe ≤

δe
1024pCδ

when c⋆ ≤ κ/(512pCδKobsCt). Choose the fresh fine-read and tracking-cell rounding constants
to give the same δe/(1024pCδ) birth error in normalized tracking coordinates. Their sum is at
most δe/(512p), leaving a strict reserve in the required δe/(256p) observation window. All clock
quantities are upper enclosures of their physical contributions; the prescribed source, capture, and
fine-read numerical reserves are included in these constants. The argument uses the comparisons
only before their first possible violation. The physical one-frame margin reserve protects the wait
until the final read.

Transferring debt when a role changes. At a top-list role change, materialize each touched
label’s direct/complement debt and due flags, then transfer them to one canonical account without
duplication. Preserve the background baseline and conversion. Queue a read paid by old debt
exactly when the new Θe/8 ceiling or early-report rule applies. In either case, preserve debt and
reference metadata until the final public read starts the next epoch. Touch a fixed number of
accounts for each of O(nd0) labels. Constant-unit transfers are exact on the common debt grid;
upward conversions may instead add total weighted numerical credit at most one under the fixed
horizon and precision. Never revalue debt at a new πe.

The lifetime payment identity. Here De denotes accumulated physical debt, distinct from the
owner’s density deficit. Cap its proof-only active credit at the price of one read:

Ce = πemin{1, De/(caΘe)}.

A first positive-account request releases πe. A first selected or residual-mark request discards any
old credit, because its read has another payment. The label then stops accruing credit until its
final read starts a new epoch with zero debt and zero credit. Role changes preserve Ce, including
immediately due ones. Writing At for new credit and R+ for all released positive-account prices,
exact bookkeeping gives, at every stopped prefix,

R+ ≤ Cinitial +
∑
t

At, E[At | Ft] ≤ CBt. (31)

For the mean, an added debt increases credit by at most Cωe∆De. Summing the direct and
complement increments gives

CΓ

J

∑
j

(
Y T
j LC(ω)Yj + vTj DRE

(ω)vj
)
.

Equations (29) and (26) bound its conditional expectation by CBt. The background contributes
at most

C EΓ ζ
∑
e

λe/(ϖeδ
4
e) ≤ CBt/ log n.

Suspension, clipping, and discarding credit can only decrease it. The credits are analytical; no
dense clock update is performed.
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Paying for marks and their raw proposals. The expected residual-mark price, counting even
duplicate marks, is

E
∑
e

πe#{marks of e} ≤ C log nE∥rh∥2M .

Generate marks from the full base envelope (O2), testing residual membership during thinning.
Since π/Θ is comparable to the actual encoded ω, fix Kω ≥ supe πe/(Θeωe). For replica rj , this
envelope has per-label mass Ee ≥ µe(Aerj)

2 and total mass at most ALr
T
j G0rj . Give it raw rate

(16λmonΓ/J)KωR0Ee in the public-count categorical construction, and thin each proposed label by

µe(Aerj)
2

Ee

ωe

R0µe

1

πe

πe
KωΘeωe

1{e∈RE}.

Each factor lies in [0, 1], and a zero envelope returns zero, giving exactly rate λmonte,j . Compa-
rability of encoded weights therefore affects domination and work only. Enlarge the public count
by Kω before the run; its point correction is fixed-depth rational arithmetic without a fine read.
Thus no spectral certificate is restricted to the adaptive residual. The raw-proposal expectation is
at most C log nR0AL E∥rh∥2M . Consequently the sum of new credit, marked-read price, and raw
proposals has expectation

CBt

(
1 +

log nALR
3
0√

d0

)
= O(Bt). (32)

The ratio has polynomial factor n−8/p; choose D0 after the fixed logarithmic degree of the envelope.
The normalization 1/J pays summing all J replicas. Selected reads are charged separately through
(O3).

Implementing the positive clocks. Use dyadic FIFO timers. For an account, let ϑ be its
physical-debt ceiling, D its current physical debt, and k > 0 its epoch-fixed conversion from clock
increments to physical debt. In particular, the background account has k = λe/ϱ

2
e. Use a common

clock mesh ∆C so fine that k∆C ≤ ϑ/2 for every permitted account. If D ≥ ϑ, or if 0 < ϑ−D <
k∆C , queue a request immediately. Otherwise install a timer at the current clock plus

R = ∆C 2

⌊
log2

ϑ−D
k∆C

⌋
.

Each radius R has a FIFO: the clock and new equal-radius deadlines are nondecreasing. Direct
handles remove a requested label’s timers; an update scans O(log n) radius headers and reports
due prefixes. A timed report has accumulated physical debt at least D+ kR ≥ ϑ/2; the immediate
submesh branch also has D ≥ ϑ − k∆C ≥ ϑ/2. Absence of a report implies physical debt below
ϑ. These half-ceilings are at least caΘe for the choice ca = 1/16 above. Role changes apply the
debt-transfer rule and reinstall timers, preserving due flags, background baseline and conversion,
and single payment. Insertion costs Ö(1); scanning O(log n) headers per updated clock belongs to
the O(nd0 + n) sparse clock row.

9.5 Packed fine reads

After committing selected coefficients and before new metadata transactions, prepare final-graph
fine fields from the actual-λ index. Rates C log nϵ−2

minλe, with ϵmin ≍ n−2/p, give a fine proxy
without fine-score queries. Freeze graph, proxy and inverse before drawing the Jmax = Θ(log nϵ−2

min)
sign lanes; retain this bank through all adaptive metadata requests and prefix choices.
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Covariance and canonical values in the fine bank. For the frozen final graph write its fine
sparse proxy as

Pf =
∑
α

cαbαb
T
α = (1± ϵf )Hfinal, ϵf ≤ cfδmin.

Take a fixed symmetric inverse Tf of Pf with relative error at most cfδmin. Choose source dyadics
dα with relative error at most cfδmin from

√
cα, and define, before drawing the sign lanes,

P̃f =
∑
α

d2αbαb
T
α , xrand

j =
∑
α

dασαjbα, hj = Tffj .

The signs are independent over sparse atoms and lanes. The exact analytical covariance is

E[hjhTj | Pf , Tf , (dα)] = Tf P̃fTf = (1± Ccfδmin)H
†
final. (CF5)

Store ĥj on a predetermined common grid. As in (CF1), polynomial ranges give determin-
istic squared-score error small compared with δminλmin on every outcome of the frozen valid-
proxy/inverse reference.

The certified old margin δ determines how many lanes of the fixed bank to read. Its permitted
prefix is the canonical integer

J(δ) = 2log2(Cfine lognδ
−2), Jmax ≥ max

δ≥δmin

J(δ).

Conditional on the frozen proxy, inverse, and source coefficients, scalar Bernstein for the squared
Rademacher linear forms in (CF5) and a union bound over the polynomial family of labels and
prefixes give additive score error c⋆δλe and empirical energy O(λe), at polynomial confidence after
increasing Cfine. On the same event the Rademacher moment bound gives

|aeAehj | ≤ C
√

log nλe. (O7)

This uses τ e ≤ Cλe; fields and prefixes require no current fine-score query.
The old stored margin and current stored ϱ2

e,λe determine scale, prefix and rounding. Compute
the quantized squared distance by (O8), add predetermined positive reserves for proxy, sampling,
quantization and evaluation errors, and round upward on a score grid finer than a fixed fraction of
δminλmin. This canonical upper score may be capped by the certified upper bound Cλe. For the
prefix length J = J(δ), the squared-distance perturbation from quantization is bounded by

2q

J−1
∑
j

(Beĥj)
2

1/2

+ q2,

so q = cfineδ
√
λe/ϱe incurs additive O(cfineδλe) score error on the simultaneous empirical-energy

event, without an extra
√
log n loss.

Simultaneous prefix accuracy permits adaptive requests without selective redraw. Sparse
sources, inverse lanes and bit planes cost

n1+8/p+o(1)

per frame, as in the fine-inverse preparation row.
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The packed query. At a requested label use its old certified δ = δe, using the canonical prefix
Je = J(δ) fixed above, before inspecting the score. Pack Θ(log n) lanes into each word and store
coordinate bits in planes. Choose a dyadic scale satisfying

cfineδ
√
λe

2ϱe

≤ q ≤ cfineδ
√
λe

ϱe

,

with a fixed sufficiently small cfine > 0. At this scale, bound (O7) requires only b = Ö(log(1/δ))
planes. Modular bit-sliced subtraction recovers the unique signed difference; high common offsets
cancel, with sign extension for negative integers. Bit-sliced squaring and masked pair additions
sum its squares in

O
(
δ−2(log log n+ log(1/δ))2

)
≤ Ö(δ−3) (O8)

word operations. No unit-cost population-count instruction is used. The reverse comparison λe ≤
C(s + τ e) converts the additive O(δλe) score error into O(δ) relative error in s + τ e. After the
comparison constants and before the bank, fix cfine, proxy accuracy and lane count so the combined
log-score error divided by κ is at most δ/(256p). Fixed p = 512 and κ leave logarithmic exponents
unchanged.

The one-frame margin comparison validates this old precision on the final graph. Choose the
accuracy and tracking-cell placement constants with that comparison reserve so the new epoch’s
birth error is at most δ̄e,new/(1024pCδ) in normalized tracking coordinates, as required by the
debt tolerances above. Direct dyadic lower-margin selection supplies the interior reserve without
repeated precision-discovery reads.

9.6 Packed conserved-source assembly

Prepare each Ö(1)-bit ĉe once per selected label. One independent sign word per label and lane
block suffices for J = CJ log n, a fixed number of blocks. Emit identical opposite endpoint packets
without materializing J scalar copies.

Exact modular accumulation. Encode every short dyadic in one fixed dyadic source unit.
Its integer encoding is an Ö(1)-bit mantissa shifted by a known nonnegative number of planes.
Polynomial coefficient ranges give an O(log n)-bit bound on the absolute packet sum. Choose a
B0 = Θ(log n)-bit modular range greater than twice this deterministic bound. At frame start, pad
each destination accumulator independently by a uniform B0-bit integer in each lane.

Fix packet order from selected labels and mathematical data; neither order nor mathematical
stop tests inspect pads or carry lengths. Skip planes below the first nonzero bit. Apply Boolean full-
adders and full-subtractors on the Ö(1) mantissa planes to positive and negative masks separately,
then continue until the carry/borrow mask vanishes or reaches the modular boundary. Negative
packets subtract magnitudes, avoiding sign-extension work. Only Boolean operations and mask
zero tests are used; modular wrap triggers neither operand failure nor a pad-dependent stop.

After the final packet has reached both endpoints, remove destination pads exactly on a fixed
full-width schedule. Decode and transpose the unique signed sums before any inverse, Richardson
product or source-dependent header query. The range bound ensures exact endpoint conserva-
tion without intermediate flushes. A work-cap interruption aborts the whole attempt before any
incomplete-source query.
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Expected carry cost. Condition on the checkpoint, preceding attempts, and the current at-
tempt’s entire mathematical history with actual-work and padding-cost caps ignored. Exact un-
padding leaves fields unchanged; neither fields nor mathematical stops inspect pads or carry costs.
Each lane before addition is its uniform pad plus a fixed prefix, hence uniform modulo 2B0 . Its
upper bits remain independent unbiased bits conditional on lower bits, including whether they ini-
tiate a carry or borrow. Survival through t extra planes has probability at most 2−t per lane, and
at most min{1, C log n2−t} after the lane union bound. Thus each packet has expected Ö(1) work,
even though different packets’ carry costs need not be independent. Initialization and removal cost
O(log n) per destination and frame. It follows that

E[Wsource | one attempt’s mathematical history] ≤ C(Mpkt log logn+ nT log n). (33)

The final transpose to scalar field vectors costs Ö(nT log n), included in Ssparse. Fresh pads are
used for each restarted attempt. Conditioning on the actual cost-aborted history, or on a whole
restarted trajectory influenced by earlier pad costs, would not justify (33).

9.7 Clean checkpoints and the stopped expectation

Coalesce selections, account requests and residual marks in one public queue, without resampling
physical masks. Finish old source and replica batches, commit selected coefficients, update owners
and actual-λ bins, prepare final fields, then read each queued label once at its old price. Close
its old epoch before replacing reference ϱ,λ, t̄, δ, π,Θ or conversions; the reference ϱ,λ differ from
their committed physical values. Central-only visits and private moves never close epochs.

A clean checkpoint is an actual full public refresh. One read per original label costs

C(log log n)2
∑
e

δ
−3
e = Ö(m).

Shared field preparation is subquadratic. Finish pending old-view source and clock service, then
scan all labels at frozen old prices before resetting accounts. Each read also performs the central
inspection of Lemma 8.2: retain its center only on the inner-window test, otherwise install an inner-
quarter center. After every label receives both services, zero positive debts, residual targets and
due flags, and save baselines for signed endpoint and common positive central clocks. After abort,
restore saved physical arrays, certified references, point enclosures and certificates literally, without
a new randomized read or central decision; discard or rebuild abandoned caches, transactions and
tapes. Thus Cinitial = 0 in (31).

Since Jt is measurable before frame t’s fresh coins, the tower rule, (31), and (32) bound total
positive-account reads, marked reads, and proposals by CE

∑
t JtBt, times their Ö(1) point and

packed-read factors. Equation (O3) pays the selected reads and, since πe ≥ 1, the source packet
count. Equation (33) pays source assembly. The end refresh pays its own dense scan. For the
sparse implementation used here,

T nd0 n
1/16 n16/p+o(1) = n1011/512+o(1) = o(n2),

and the fine-field, transpose, and source-inverse rows have smaller fixed exponents. This proves the
work bound (O4) under the stated sparse-preparation assumptions.

Charge cap, numerical, proxy, inverse and capture failures at their first failed premise. Uniform
source references and all-outcome grids justify unconditioned expectations before coupling to the
actual prefix; future cap success never conditions signs, masks or no-hit processes. Couple the
deterministic attempt-work cap only until its first crossing. Markov’s inequality and (O4) bound
that probability after choosing its constant, without a separate m log n confidence allowance per
attempt.
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10 Initialization and exact output

A hub supplies a feasible interior midpoint and an infeasibility alternative. We initialize tracking,
prove polynomial numerical ranges, and convert a terminal state into an integral flow and integer
dual. Cold initialization and exact output are each paid once.

Use the input and word model of Section 1. Here n,m are input dimensions, and N,M will
denote the augmented working dimensions. An incidence row has −1 at its tail and +1 at its
head. On the augmented graph, use the core-score proxy construction and fixed sparse inverse of
Section 6: their sparse work is N19/16+o(1), and initial dense construction costs Ö(M).

10.1 Preprocessing and a feasible midpoint

Removing lower bounds and trivial arcs. If some le > υe, that pair certifies infeasibility.
Otherwise set

x = f − l, unew = u− l, bnew = b−BT l

and record the cost offset cT l. Delete zero-width arcs. Self-loops have zero incidence and are
optimized independently at the cost-minimizing endpoint. Check

∑
v bv = 0; a nonzero sum is an

exact infeasibility certificate. All transformations take O(m+ n) word work, and the transformed
data retain a fixed polynomial bound. For the remainder of this subsection, 0 ≤ x ≤ u denotes the
transformed problem and every capacity is a positive integer.

The hub augmentation. In this augmentation calculation, r denotes the midpoint imbalance.
Put

Utot =
∑
e

ue, Cc = max{1, ∥c∥∞}, Mart = 2Cc(Utot + 1) + 1, r = b−BT (u/2).

Add a hub h with demand zero. For each original vertex v add the two arcs

h −→ v : uhv = 2(1 + (rv)+), chv =Mart, v −→ h : uvh = 2(1 + (−rv)+), cvh =Mart.

Since r is half-integral and sums to zero, these capacities are positive integers and the augmented
midpoint is exactly feasible. It has half-integer coordinates and both box margins at least 1/2. One
incidence pass constructs the n+ 1-vertex, m+ 2n-arc instance with polynomial data.

A dense working graph. Add n zero-demand dummy vertices, all directed arcs between distinct
dummy vertices, and the two opposite arcs joining one dummy to the hub. Each has capacity two
and cost Mart. Their midpoint circulation is one on each arc. The resulting graph has N ≤ 2n+ 1
vertices, M = Θ(n2) arcs, is connected, and has at most one arc for each ordered pair. It adds
no route between original vertices. The dummy subgraph, including its hub attachment, carries a
circulation in every feasible flow; replacing it by zero preserves all demands and strictly lowers cost
unless it was zero. Thus optimum dummy flow is zero.

Lemma 10.1. An integral optimum of the augmented problem either has zero hub flow and restricts
to an original optimum, or yields in O(M +N) work an original set S with

b(S) < −u(δ+(S)).

Before lower-bound removal this is

borig(S) < l(δ−(S))− uorig(δ+(S)).
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Proof. The cycle argument in Lemma 10.2 proves that every nonempty integer-demand box-flow
polytope has an integral optimum. An original feasible integral flow has cost at most CcUtot. Every
augmented integral flow with positive hub flow costs at leastMart−CcUtot > CcUtot. Hence original
feasibility forces every integral augmented optimum to have zero hub flow.

For the other case, let A− be the vertices with fvh > 0 and let A+ be those with fhv > 0.
Conservation at the hub and absence of dummy flow make both nonempty. Let S be the set
reachable from A− using residual arcs of the original graph only. It cannot meet A+: a simple such
path, together with the reverses of its two positive hub arcs, would be an augmented residual cycle
of cost at most

Ccm− 2Mart ≤ CcUtot − 2Mart < 0.

The zero-length path handles a vertex in both sets. This contradicts optimality. No original residual
arc leaves S, so all original arcs leaving S are saturated and all entering arcs carry zero. Summing
balance gives

b(S) = −u(δ+(S))−
∑
v∈S

fvh < −u(δ+(S)).

Reachability and checking this strict integer inequality are linear. Substituting bnew = borig −BT l
gives the lower-bound form. The cut is an independently checkable certificate.

10.2 Cold tracking initialization

A contracting fixed-point map. Use the augmented dimensions and write r = N−1, s = r/M .
At the midpoint, ze = υe/(2

√
2), so z2e = υ2

e/8 is rational. For positive weights w, let

H⋆(w) = BTDiag(z2/w2)B, τ (w) = Diag
(
Diag(z/w)BH⋆(w)†BTDiag(z/w)

)
.

The desired regularized equation is

w = 3s+ τ (w), λ = w − 2s.

Define the logarithmic map
Φ(v) = 2

3v +
1
3 log(3s+ τ (ev)).

If Π is the corresponding edge projection, differentiation gives

∂τ i

∂vj
= −21{i=j}τ i + 2Π2

ij .

Consequently DΦ has nonnegative entries and every row sums to 2/3; its diagonal lies in [0, 2/3].
Thus Φ is an ℓ∞ contraction with factor 2/3. The box 3s ≤ w ≤ 3s + 1 is invariant. Its unique
fixed point is at logarithmic distance O(logN) from w = 3s. Reaching the required fixed multiple
of κ/p accuracy takes O(log logN) iterations.

Estimating one iteration. At each iteration build a fresh static proxy P =
∑

α cαbαb
T
α of the

actual rational graph and use its fixed symmetric inverse TP . Choose dyadics dα approximating√
cα to the reserved relative accuracy, and prepare J = Θ(logN) fields hj = TP

∑
α dασαjbα, with

signs independent across sparse atoms and lanes. Their analytical covariance is TP (
∑

α d
2
αbαb

T
α)TP ,

which approximates H⋆(w)† to the allocated relative accuracy. Finite evaluations and canonical
score rounding use the same numerical reserves as the fine-bank construction in Section 9. An all-
label squared-distance scan gives relative score accuracy η = c⋆κ/p, with any prescribed polynomial
confidence, after allocating a fixed fraction of η to each of the proxy, inverse, and sampling biases.
The static core construction gives these first estimates without a prior tracking-weight bound.
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The finite update and installed reference. Implement the scalar map with error at most η in
log coordinates and clamp the result to 3s ≤ w ≤ 3s+2. The unrounded update is the cube root of
w2

e(3s+ τ̂ e). Locate its exponent by comparisons to powers of two, then use fixed-relative-accuracy
mantissa comparisons of cubes. Since η is fixed, this costs O(log logN) word operations, with
fixed-depth rational comparisons. The clamp cannot increase distance to the exact fixed point. For
example, store w = 3s+ q2−B, so λ = s+ q2−B and the floor is exact even when s = r/M is not
dyadic. These all share the fixed denominator M2B. The ordinary squared coefficients are exactly
z2/w2, evaluated as fixed-depth word-sized rationals from the stored state. Sparse packets and
accumulated vectors use separate common grids, with errors in the proxy/inverse reserves. Cold
ranges follow from midpoint capacities and 3s ≤ w ≤ 3s+ 2, without later tube bounds.

After O(log logN) iterations the distance to the fixed point is as small as any prescribed constant
multiple of κ/p. The map g(v) = log(3s+ τ (ev)) has ℓ∞ Lipschitz constant at most four, so

∥v − g(v)∥∞ ≤ 5∥v − v⋆∥∞.

Moreover (3s+ τ )/(s+ τ ) ≤ 3, so converting w to λ = w− 2s multiplies the relative error by only
a fixed constant. Fixing all accuracy constants therefore gives∣∣∣∣κ−1 log

λe

s+ τ e

∣∣∣∣ ≤ 1

600p
.

In particular the initial tracking potential is at most 2.01M . Prepare fresh fields and scan all initial
references on the final installed graph; the previous iteration’s fields do not apply. The dense cost
is

Ö(M logN),

plus a strictly subquadratic total of sparse preparations. Scalar fixed-accuracy roots and logarithms
fit this budget.

The initial central state. For centrality set y0 = 0, keep f0 = u/2, and put

Mc = max
e
ue|ce|.

Use the same actual central exponent P ≥ 512, P = O(log log(2N)), as the phase algorithm. Let
µ0 be the least power of two at least

max{1, 100P (1 +Mc)/(εs)}.

At the midpoint the barrier first derivative vanishes, and

|ς0,e| =
ze|ce|
εµ0we

≤ Mc

6εµ0s
≤ 1

600P
.

Thus the initial central potential is also at most 2.01M . The residual is exactly zero. Place the
central representatives and score references in their interior windows in the paid scan, with all
observer debts zero. The factor P in the polynomially bounded µ0 keeps this potential bound
uniform as P grows.
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10.3 Polynomial numerical ranges

Bound reduced costs from the feasible midpoint, then capacity margins and condition numbers, all
before choosing arithmetic meshes.

Suppose a later state has 0 < f < υ, λ ≥ s, and tracking for the actual rational graph:∣∣∣∣log λe

s+ τ e

∣∣∣∣ ≤ κ, µlow ≤ µ ≤ µ0,

where µlow = N−O(1) includes terminal-phase overshoot. Use the barrier quantities of Section 2,
with Ast, u in place of B,υmax, and write D0 = D and Ξ0 = zcy/(µw) = Ξ+ες, where cy = c−By,
|ςe| ≤ 1, and w = 2s+ λ. Define

k = D0Ξ0 + (3λ/w)(1−D0Ξ), We =
3λez

2
e

µw2
eke

,

W = Diag(We), L = BTWB, ρ = BT f − b.

Assume ∥ρ∥L† ≤ β
√
µ with β ≤ 1. Since |D0|, |Ξ| ≤ 1, 0 ≤ D0Ξ ≤ 1, and 1 ≤ 3λ/w ≤ 3, we have

1− ε ≤ k ≤ 3 + ε. Tracking gives λe ≤ C,
∑

e λe = O(r), 3s ≤ we ≤ C, and
∑

ewe = O(r).

Reduced costs. Define the nonnegative box expression

G(f ,y) =
∑
e

[fe(c
y
e)+ + (υe − fe)(−cye)+] .

Centrality alone gives G(f ,y) ≤ Cµr, without feasibility. For instance, when cye ≥ 0, writing
t = fe/(υe − fe),

fec
y
e

µwe
= 1−ϖ + εςe

√
1 +ϖ2 ≤ 1 + ε.

Set Sc =
∑

e υe|ce|. The estimates ze ≤ υe/2 and we ≥ 3s give

We ≤ Cυ2
e/(µs), We(c

y
e)

2 = 3µλeΞ
2
0,e/ke.

Therefore, using quotient Cauchy–Schwarz before any lower eigenvalue bound,

∥y∥L ≤ C (Sc/
√
µs+

√
µr) , |yTρ| ≤ Cβ(Sc/

√
s+ µ

√
r).

The exactly feasible midpoint gives the identity

1

2

∑
e

υe|cye | = G(υ/2,y) = G(f ,y) + cT (υ/2− f) + yTρ.

For a fixed sufficiently large CB, put

Bc = 1 + Sc + CBµr + CBβ(s
−1Sc + µr).

Then ∥cy∥∞ ≤ 2Bc, with a fixed polynomial upper bound independent of subsequent arithmetic
meshes.
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Capacity margins and condition numbers. If fe ≤ 1/4, then υe ≥ 1 implies Ξe ≥ 2/
√
10,

hence |Ξ0,e| ≥ 1/2. Using ze ≤ fe gives

fe ≥ µwe/(2|cye |) ≥ 3µs/(4Bc).

The upper endpoint is symmetric, so

min{fe,υe − fe} ≥ min{1/4, µs/(4Bc)} = N−O(1). (34)

Ground the hub. Paths and |Aey| ≤ |ce| + |cye | bound every stored potential coordinate by a
polynomial. All positive barrier and structural coefficients now have polynomial lower and upper
bounds. For a connected positive coefficient graph with minimum weight a−, path Cauchy–Schwarz
gives the grounded eigenvalue lower bound a−/N

2; twice the total coefficient mass is an upper
bound. Thus all required grounded condition numbers are polynomial. These bounds determine
grids for rational coefficients, sparse packets, and accumulated vectors without assuming their
accuracy in advance.

Finally the potential caps imply δ−p, (1− |ς|)−P ≤ NO(1). Any fixed number of differentiations
adds only fixed powers of inverse margins, p, and P = O(log logN). The resulting polynomial
derivative bounds fix word and grid exponents before implementation.

10.4 An exactly feasible fractional endpoint

The interior algorithm permits a small incidence residual. We remove it while preserving the box
constraints and a small duality gap: first bound the ideal feasible projection, then approximate it
and correct the remaining residual exactly on a tree.

For any y, the quantity

D(y) = bTy +
∑
e

υemin{0, ce − (By)e}

is a dual lower bound. For exactly feasible x,

cTx−D(y) =
∑
e

[xe(c
y
e)+ + (υe − xe)(−cye)+] . (35)

The analytical feasible projection. Consider the ideal projection

f̂ = f −WBL†ρ.

Let ℓphyse =WeAeL
†BT

e . The ordinary graph is exactlyH⋆ = BTDiag(z2/w2)B, so the tracking

bound applies directly in this metric. Since µL ⪰ csH⋆, inverse order and the trivial bound ℓphyse ≤ 1
imply

ℓphyse /λe ≤ Cmin{1/λe,λe/s} ≤ Cs−1/2.

Row Cauchy–Schwarz against the residual tube then gives

∥(f̂ − f)/z∥∞ ≤ Cβs−1/4, ∥(f̂ − f)/z∥w ≤ Cβ.

At the terminal trajectory state the residual invariant of Lemma 2.4 allows β = βs. The physical
step scale then makes the first bound at most 1/10. Consequently f̂ is in the box with a known
inverse-polynomial margin. Since zcy = µwC0,

0 ≤ cT f̂ −D(y) ≤ G(f ,y) + Cµβ
√
r ≤ Cgapµr.

Choose µend so that Cgapµendr ≤ 1/(64M). It is inverse polynomial and log(µ0/µend) = O(logN).
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Computing the projection. Freeze the exact rational weights We at the terminal stored state,
using the square-root cancellations in the proof of Lemma 3.2. The physical owner gives a sparse
constant proxy of L. After grounding the hub, its fixed sparse inverse is scaled to obey

aL−1
g ⪯ T ⪯ L−1

g

for an absolute a > 0. Starting from zero, use

vj+1 = vj + T (ρg − Lgvj).

This fixed-metric iteration contracts exact energy error by 1− a. Each true product is one O(M)
original-label pass; each inverse application has the separately supplied sparse price.

Finite arithmetic and a residual certificate. Use the preceding range and projection bounds
to choose known polynomial bounds Q ≥ max{1,maxeWe}, w− ≤ mineWe, and a known margin
σ ≤ mine{f̂e,υe − f̂e}. Put K0 = 2MQ, C1 = 1 +

∑
e |ce|. Choose a positive dyadic η = N−O(1)

satisfying
(1 + 2M)

√
Qη ≤ min{σ/4, 1/(64MC1)}. (E1)

These bounds reserve the box and duality-gap margins. Choose the dyadic scales by squared
rational comparisons or predetermined polynomial bounds, and the smaller iteration tolerance ν
so that

0 < νit ≤ min{η/8, η√w−/(16N
√
K0)}.

For each product round the fixed-depth rational We(vhead − vtail) once to a common grid of mesh
δmult, then add opposite endpoint integers. If dv is the incidence count, the error at v is at most
ϵv = dvδmult/2; the full error vector has Euclidean norm at most Mδmult. Choose

NMδmult/
√
w− ≤ aνit/32, Mδmult ≤ η

√
w−/(32N).

Round the sparse inverse application and stored addition with another local energy error at most
aνit/32. The actual iteration has

Ej+1 ≤ (1− a)Ej + aνit/16, Ej = ∥vj − L−1
g ρg∥Lg .

The polynomial initial energy and inverse-polynomial ν imply Ej ≤ ν after a predetermined
O(logN) steps. Every dense edge uses a fixed number of word operations and one rounding;
unrelated rational denominators are never summed.

One final dense pass computes a rounded value r̃ of ρg − Lgv and the exact common-grid sum

R2 =
∑
v ̸=h

(|r̃v|+ ϵv)
2.

Accept the solve only if
N2R2 ≤ w−η

2/4.

Because Lg ⪰ w−N
−2I, this certifies energy error at most η/2, independent of whether the sparse

primitive was successful. On its success event,√
R2 ≤

√
K0ν + 2Mδmult ≤ η

√
w−/(8N),

so the check passes with reserve. If the check fails, report terminal failure; do not repeat the dense
solve.
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Exact correction on a tree. Form f−WAv by one dense pass and round to a common terminal
primal grid with coordinate error at most

√
Qη/2. The result f̃ satisfies

∥f̃ − f̂∥∞ ≤
√
Qη, ∥BT f̃ − b∥1 ≤ 2M

√
Qη.

For q = b − BT f̃ , take any spanning tree and send each rooted subtree total q(Tv) through its
parent edge, with the appropriate sign. This constructs d with

BTd = q, ∥d∥∞ ≤ ∥q∥1/2

in O(M +N) exact common-grid work. Set x = f̃ + d. Equation (E1) preserves the box and gives

∥x− f̂∥∞ ≤ (1 + 2M)
√
Qη, 0 ≤ cTx−D(y) < 1/(8M).

Balances, bounds, and this gap are checked exactly. The complete terminal projection costs
O(M logN) plus a strictly subquadratic sparse row.

10.5 Integral rounding and an integer dual

Cost-nonincreasing rounding preserves the endpoint’s gap bound: cT f − D(y) ≤ cTx − D(y) <
1/(8M). This meets the 1/(4M) hypothesis of Lemma 10.3, which supplies the integer dual.

Lemma 10.2. From an exactly feasible common-grid flow x with integer demands and bounds, an
integral feasible flow f with cT f ≤ cTx can be found in O((M +N) logN) word operations. Each
coordinate remains between its initial floor and ceiling.

Proof. The fractional-edge subgraph cannot be a nonempty forest: a leaf would have exactly one
fractional incident coordinate, contradicting its integer balance. Along a fractional undirected cycle
choose the circulation direction of nonpositive cost, and move until a coordinate hits its initial floor
or ceiling. This preserves feasibility and cost nonincrease while permanently removing a fractional
coordinate. The finite argument also proves integral optimum existence from any real optimum in
the compact box.

Insert fractional edges into a dynamic forest. A within-tree insertion exposes a cycle; signed
path-cost sums choose its direction and directional path minima its step. Store the signed cost and
minimum distances to initial floors and ceilings. Augmentation subtracts from one distance and
adds to the other; reversal negates cost and swaps the aggregates. These are constant-size dynamic-
tree lazy updates. Cut every newly integral forest edge. To handle ties, after a cut recurse on the
two surviving endpoint subpaths, discarding a subpath with positive minimum. Each removal
creates at most two further queries; every edge is removed permanently. If the inserted edge
remains fractional, at least one forest edge has become integral. Cut all tied zero-distance edges
before linking the inserted edge; these cuts break the old path. Each fractional edge is inserted
at most once and each forest edge is cut at most once, giving O(M) dynamic-tree operations. All
flows stay on the initial common grid.

The dynamic-tree operations above cost O(logN) amortized time [ST83, Sections 2–4]; see also
Kang–Payor, Flow Rounding , Sections 2–4. This is one terminal O(M logN) call, storing each
capacity once.

Lemma 10.3. If f is integral feasible and 0 ≤ cT f − D(y) < 1/(4M), an integer potential p
satisfying all residual reduced-cost inequalities can be found in O(M +N logN) word operations.
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Proof. Let ggap = cT f − D(y). Every residual arc a → b of integer cost wab has positive integer
residual capacity, so (35) gives yb − ya ≤ wab + ggap. For 0 ≤ α < 1, put pv(α) = ⌊yv + α⌋. If
yb − ya ≤ wab, its residual inequality holds for every shift. Otherwise the violating shifts occupy
measure yb − ya − wab ≤ ggap. There are at most 2M residual arcs, so their forbidden union has
measure below 1/2.

Initialize p = ⌊y⌋ and count violations in one scan. If zero, return immediately. Otherwise sort
the distinct events 1−{yv} strictly between zero and one. At each event increment all tied vertices,
updating the violation count through their incident residual arcs. Inspect only after the complete
tie group. These tests cover every interval between events, so the measure bound guarantees a zero
count. Each residual arc is updated at most twice.

The returned inequalities are

ce − (Bp)e ≥ 0 (fe < υe), ce − (Bp)e ≤ 0 (fe > 0).

They make every summand of (35) vanish, so cT f = D(p). This exactly certifies optimality.

All fractional-part comparisons use represented grid integers. The final primal and dual scans
are exact. If the augmented optimum has positive hub flow, use Lemma 10.1; otherwise restrict
the flow and potential and restore lower bounds, fixed arcs, and optimized loops. For the original
lower-bounded instance the checked dual value is

bT p+
∑
e

[lemax{0, ce − (Bp)e}+ υemin{0, ce − (Bp)e}] .

Thus either output has a certificate checkable in O(m+ n) work.

10.6 Matching and the bounded-size branch

The proof of Corollary 1.2 in Section 16 gives the matching reduction. Below the fixed asymptotic
cutoff, enumerate the augmented integer box and choose a feasible minimum-cost assignment; the
midpoint and cycle argument guarantee existence. Bellman–Ford from a zero-distance source in its
optimal residual graph gives integer potentials. Apply the hub alternative or restrict and check the
solution. For fixed cutoff and input exponent this finite work is absorbed by the constant. Empty
and one-vertex inputs are handled directly.

10.7 Confidence and one-time work caps

Lemma 10.4. For any fixed input-range and confidence exponents, the cold and terminal procedures
can each be run once with a deterministic cap

Ö(M logN) +N19/16+o(1),

whose probability of firing on a valid endpoint input is at most any prescribed inverse polynomial.
The degree in the dense iterated-logarithm factor is absolute. A cap or failed certificate returns
failure and does not restart either dense endpoint.

Proof. Cold contraction uses a predetermined number Ö(1) of iterations, each with J = C log n
lanes and one all-label squared-distance scan. Including the separate final installed-graph scan,
these dense operations cost Ö(M log n) on every tape. Terminal refinement uses a predetermined
number O(log n) of true matrix products; its final exact residual test passes or reports failure.
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Tree correction, integral cycle rounding, integer dual extraction, and exact output checks cost
O(M log n+N log n). Sparse-inverse operand guards apply on every tape.

All random preparatory work lies in S(N) = N19/16+o(1)no(1), including the cold calls, amplitude
buckets, and terminal factor applications. Make the stated child, replay, residual-phase, sparse-
copy, factor-entry, and sample-count caps literal. For a Bernoulli or categorical-position batch in
the sampling reference with public conditional mean count at most V∗, scalar Chernoff gives a
cap C(V∗ + (c0 + Ast + 10) log n) with failure probability at most N−c0−Ast−10, where NAst is the
fixed call horizon. This also counts selected root positions that are subsequently discarded. The
structural finite-geometric primitive of Appendix A.5.1 has its separately allocated coupling failure
and O(log2 n) work per selected or exhausted position; stream starts are included. Apply structural
work bounds only before the first failed structural premise. On their simultaneous correctness event
the stated scan caps cannot be reached, so no conditioning on future success is needed.

After these caps there are at most a deterministic K∗ = O(S(N)) logical uniform-integer and
eligible-pivot choices. Integer rejection succeeds with conditional probability at least 1/2; combining
it with the low-degree eligibility test gives at least 1/4. Their conditional geometric moment
bound implies total elementary trials O(K∗+(c0+10) log n) except with probability N−c0−10. The
conditional moment bound applies to adaptive histories.

For geometric gaps, use the finite endpoint construction, with prefix constant B, power mesh
ζ, and remaining length d. Each completed gap has its ideal value on the stated coupling, costs
O(log2 n) deterministically, and has conditional failure probability at most C(d2−B logn + d2ζ) for
d ≤ NAst . The chosen precision makes the union over at most NAst calls smaller than the allocated
inverse-polynomial reserve. Report failure at the first ambiguous comparison, without redrawing a
gap or restarting the dense endpoint.

Every gap belongs to sparse proxy or preparation work. With the preceding stream-start and
sample-count caps, there are O(S(N)) gaps: each stream uses at most its raw activation count plus
one. Their O(log2 n) price is therefore absorbed in S(N)’s unspecified logarithmic factor. Dense
label scans use no geometric gaps. The scalar table of Lemma 12.1 has one-time deterministic
N1/8no(1) work.

Union conditional failures over the public horizon, fixing each call at its valid input before
fresh coins, including the adaptive terminal checkpoint. Confidence changes constants, not dense
iteration counts. The sparse row is o(N2); the bounded-input branch covers the exceptions.

11 Clean phases and restarts

Here n,m, r again denote the working graph’s vertex count, label count, and rank, written
N,M,N − 1 in Section 10.

A frame comprises a physical update and its reference/metadata service. A clean checkpoint
saves the physical state and refreshed references, with zero new observation debt. An attempt tries
to complete T frames from that checkpoint. Success installs a new checkpoint and completes a
phase; failure restores the old one.

Each frame draws one independent original-label mask. A failed residual, source-normalizer,
or work test aborts the attempt without redraw, so the reference laws of Section 2 and 3 apply at
every valid pre-mask state.

11.1 The four implementation contracts

In addition to local drift, use the following contracts, verified for this implementation by
Lemma 14.1.
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1. Potential certificates. At a returned valid state, representatives and class counts give com-
putable nonnegative certificates UR, UZ satisfying

ΨR ≤ UR ≤ 2ΨR, ΨZ ≤ UZ ≤ 2ΨZ .

Charge their preparation without an all-edge leverage calculation.

2. Clean checkpoints. At a returned state in the declared outer ranges, public refresh and
rebuild create a clean checkpoint for Ö(m) + Scp(n) work, where Scp(n) = o(m). Refresh
every original-label observer reference before zeroing new debt accounts, and save the physical
state and certified references. Restore all mutable state consistently at this same price.

3. Expected work. For an attempt stopped at its first invalid primitive premise, valid completed
outer exit, or prospective genuine-work ledger crossing, its uncapped reference obeys the
nonnegative accounting bound

EW ≤ CÖ(1)

[
m+ E

∑
t

JtB∗,t

]
+ S(n), (36)

where Jt says that frame t begins, and S(n) ≤ n2−ϵ+o(1) for fixed ϵ > 0. Include original-
label proposal evaluations, selected updates, observer credits and payments, scalar arith-
metic, inverse/field preparations, list starts, and rejected-endpoint refreshes. Freeze old-owner
prices before generating each batch. Observer payments may use earlier frames’ credits. The
prospective genuine ledger has the same expected bound.

4. Finite execution and controlled failures. A fresh construction has inverse-polynomial failure
probability given the valid history just before its tapes. A public observer epoch has an
inverse-polynomial probability of unreported residual exit given its valid zero-target birth,
for adaptive later fields and stopped at an earlier primitive failure. This bound is not con-
ditional on intermediate misses. Union at call starts and epoch births under the predeclared
polynomial horizon, from each clean checkpoint’s full epoch reset. Domain/operand guards,
iterative caps, and actual work counting ensure finite execution on every outcome. Hidden
matrix or projection failures need not be detectable; couple to the valid reference only until
its first failure.

11.2 Stopped potential and work budgets

Recall from Section 2 that βs = γβf and B∗ = βfm/
√
r. Let ϵtot bound the sum of the local

recurrences’ additive ϵnum terms over one attempt; the parameter hierarchy makes this reserve
inverse polynomial.

Fix inner constants CR,in, CZ,in and start with

UR ≤ CR,inm, UZ ≤ CZ,inP
2m.

Choose a fixed phase constant CT and length

T = CT

√
r/βs = O

(
n3/4+3/pP 16

)
.

Constants may depend on the fixed γ. The attempt length is fixed independently of the potential.
We use two proof processes. The killed process assigns zero potential after an abort or primitive

failure and controls endpoint potentials. The outer-exit process instead retains the value at a valid
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outer crossing, so the crossing remains visible in its expectation. These processes are analytical
devices; neither changes the algorithm.

If a stop occurs inside a begun frame, complete that frame only in the uncapped mathematical
reference before killing its potential, or assign zero if a primitive failure occurs first. Start from
the nonnegative matrix-killed tracking candidate and all-mask central candidate; later observer,
epoch, or operational failures only decrease them. The local tracking bound already includes its
same-frame signed-error reserve. A pre-mask preparation abort also sets the candidate to zero. The
fixed small-step choices give aR, aZ ∈ [0, 1], so the affine drift bounds have nonnegative right-hand
sides and remain valid at that abort. An abort during source preparation still charges its header
work to that frame’s B∗ and sparse row.

Lemma 11.1. For any attempt stopped by the preceding rules, before imposing its actual-work cap,∑
t

JtB∗,t ≤ CγCTm.

Thus the work contract gives EW = Ö(m) + S(n).

Proof. The frame-start indicator Jt is predictable. The first bound is deterministic: TB∗ =
O(CT

√
r/(γβf ))(βfm/

√
r) = Oγ(CTm). Apply (36).

11.3 An attempt and its probability of success

Use larger fixed outer constants CR,out, CZ,out. After each completed valid frame, abort if

UR > CR,outm or UZ > CZ,outP
2m.

Also abort at a failed computable residual or Γ test, a numerical/domain guard, a prospective
genuine-ledger cap, or the actual work cap. At a surviving length-T endpoint, perform the paid
public refresh before testing the inner certificates. Accept the checkpoint only if both inner tests
pass. A failed endpoint still pays for its refresh.

Lemma 11.2. The outer constants can be chosen so that an outer exit has probability at most
1/20, in addition to the separately budgeted primitive first-failure probability.

Proof. Set VR = ΨR/m, VZ = ΨZ/(P
2m), and V = VR + VZ . The two local drifts bound its

conditional expected increase by Cγβf/
√
r per valid frame. Summing through T gives a fixed

constant depending on γ,CT .
Kill the outer-exit process at a primitive first failure before any undefined barrier evaluation.

Freeze its first valid completed outer crossing at the crossing value. An earlier operational abort
also freezes it, but receives no exit witness. For a midframe abort, complete the mathematical
frame before freezing, or assign zero if a primitive failure occurs first. Freezing adds no drift.
Once a valid crossing is frozen, a later virtual-continuation failure cannot erase its witness. Killing
a nonnegative candidate adds no positive drift, with the local same-frame signed-error reserve
included. This remains true when a public-epoch failure has large conditional probability at the
current prefix.

A crossing UR > CR,outm retains the witness V ≥ VR > CR,out/2; the central crossing is
analogous. The expected final outer-exit value is bounded by V (0) + CγTβf/

√
r + ϵtot. Choose

both outer constants sufficiently large and apply Markov to this retained crossing value.

Lemma 11.3. The inner constants and CT can be chosen so that the probability of a surviving
endpoint failing either inner test is at most 1/20.
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Proof. Use the killed process at every earlier abort. Its nonnegative potentials obey the affine
recurrences, since killing only decreases them. For tracking,

EΨR(T ) ≤ e−aRTΨR(0) + Cm+ ϵtot, aRT = Θ(CT /γ).

For centrality,
EΨZ(T ) ≤ e−aZTΨZ(0) + CγPm+ ϵtot, aZT = Θ(CTP ).

Choose CR,in large relative to the first equilibrium constant, and CZ,in large relative to the second
constant divided by the uniform lower bound P ≥ 512. Then choose CT so both contraction
factors are small enough. For example both expected endpoint potentials can be made less than
one hundredth of their respective inner thresholds.

The refresh preserves physical state and true potentials. At a surviving endpoint, a rejected
upper certificate puts the true potential above half its inner threshold. Markov at that threshold
proves the claim without conditioning on survival or changing the within-attempt law.

Last-frame service. Prepare scalar ranges, field enclosures, and final metadata service on a
fixed one-step expansion of the outer range. The tracking estimate gives δ′e ≥ (1 − ϵ0)δe on a
good frame, where ϵ0 is a sufficiently small fixed constant; therefore an expanded tracking cap is
(1 − ϵ0)

−pCR,outm. For centrality, the wall and source caps give, with a fixed small movement
constant cmov,

|ς ′e − ςe|
1− |ςe|

≤ cmov/P
2, ψP (ς

′
e) ≤ (1− cmov/P

2)−PψP (ςe) ≤ e2cmov/PψP (ςe).

This expansion is uniform in growing P . A frame that crosses an outer certificate is serviced within
these expanded ranges and is never used to begin another valid frame.

11.4 Operational caps and their reference runs

Prospective ledger and token caps. Lemma 11.1 and the work contract bound the expected
genuine ledger by Ö(m) per attempt. Use the changed batch’s prices frozen before the mask and
test the prospective cumulative ledger before pruning, retirement, or carrying. Include the crossing
batch in the stopped expectation; Markov then gives crossing probability at most 1/100 for a
sufficiently large fixed cap.

Choose a separate sharp token cap Nsharp = Ö(m) after proving the weighted-rate expectation
under the coarse admission cap. The current moments proved under that coarse cap price the
batch. Here N counts admission tokens and Z is the genuine-event ledger at normalized frozen old
prices. Lemma 5.3 gives N ≤ Ninit+81Z. Before commit and copying, test Ninit+81Zpros ≤ Nsharp,
retaining the per-token guard without needing future export counts. The coarse reference includes
the whole proposed crossing batch. Choose the cap constant after bounding E(Ninit+81Z); Markov
makes a failed test a small constant-probability attempt failure.

With the owner’s threshold T0 ≍ m/ log1024 n, only after imposing this sharp cap use the
deterministic bound

1 + log

(
1 +

Nsharp

T0

)
= Ö(1),

since P = O(log log n). This pathwise depth pays copying; EN = Ö(m) alone would not bound
E[N log(1 +N/T0)].
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The actual-work cap. Fix the mean-work constants before the cap Ö(m). The following cou-
pling includes exact random sampling and bounds exhaustion by 1/100. A cap may interrupt a
call but never redraws an individual query.

For the coupling proof, use a coarse reference R0 with only its predeclared polynomial horizon
and ordinary mathematical stops, and a reference R1 that additionally applies the sharp ledger
and token guards but omits the actual-work cap. Their primitive-failure event B includes a first
failure in the same-tape virtual continuation of R0, even after the real execution has stopped. Its
probability is bounded at valid call starts and epoch births, not conditional on an expensive partial
stream. If AW is real work-cap exhaustion at w∗, instruction-by-instruction coupling gives

AW ∩ Bc ⊆ {WR1 ≥ w∗}, Pr(AW ) ≤ EWR1/w∗ + Pr(B).

This includes a stop during an exact gap call; the reference continues the operation on the same
logical tape.

Independent virtual tails. Give attempts and calls independent logical tapes, revealed as used.
After a midcall stop, complete only the virtual history with an independent auxiliary suffix, re-
serving the unread physical stream for the next real attempt. This preserves the reference law and
the next attempt’s independence from that history. The suffix never controls the algorithm and
requires no executed computation or random access: the machine requests fresh independent words
and discards abandoned cursors.

Random source pads across restarts. Draw exactly cancelling padding independently of this
attempt’s uncapped mathematical history. In the reference without the actual-work cap, math-
ematical stop tests and the prescribed source-finalization schedule do not inspect padding cost.
Integrate the conditional carry bound over that history. Each new attempt conditions on its check-
point and draws fresh padding; independence from the entire restarted trajectory is unnecessary.

11.5 Amplification and running time

Theorem 11.4. Assume the local drift bounds and the four contracts above. Assume a clean inner
initialization and a terminal extraction at µ ≤ µend with polynomial scale ratio µ0/µend. Then the
clean-phase algorithm makes the required progress with any prescribed polynomial confidence in

O
(
m log nÖ(1)

)
+ n2−ϵ+o(1) = O

(
n2 log nÖ(1)

)
work, for fixed positive ϵ and m = Θ(n2).

Proof. Allocate a small fixed probability to the two potential failures of Lemmas 11.2 and 11.3, the
genuine-ledger, sharp-token and actual-work caps, and all primitive failures. For the last group,
condition on the clean checkpoint and sum fresh-call failure bounds at their call times and no-hit
failure bounds at their adaptively chosen epoch births. Each valid birth starts at zero residual
target, and there are only polynomially many births. The epoch supermartingale bound already
covers its entire adaptive future, so no per-frame conditional no-hit bound is used. By the preceding
lemmas, each attempt has success probability at least a fixed q0 > 0, conditional on any valid clean
checkpoint and the entire preceding history. Every successful attempt makes between two fixed
positive constants of progress in − logµ, because it contains T frames and each actual ratio obeys
1− θ = Θ(βs/

√
r).
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Restore physical state exactly with its saved certified references. Rebuild owners and mutable
metadata, discarding failed queues, due flags, private caches, buffered transactions, and tape cur-
sors. Each restored observer epoch has its refreshed reference and zero new debt; the next attempt
uses fresh mask and source tapes. The checkpoint contract pays this restoration.

A polynomial initial-to-terminal scale ratio requires O(log n) successful attempts. Conditional
success probability at least q0 gives geometric domination; a Chernoff or elementary exponential-
supermartingale calculation bounds the number of attempts by Oc,q0(log n) except with probability
n−c. Apply this domination to indicators of actual accepted valid progress before the first primitive
failure, set to one thereafter in the analytical continuation. Before failure the checkpoint is valid;
afterward the artificial success probability is one. The lower-tail bound therefore needs no condi-
tioning on eventual absence of failure. On the no-failure coupling event the indicators agree with
actual progress up to termination; add the first-failure probability separately. Set that number as a
deterministic outer cap. No independence between successive checkpoints is assumed. Multiplying
the per-attempt actual-work cap, restoration price, and sparse budget by this attempt count proves
the stated bound. Fixed powers of log n, P in the sparse rows are absorbed by the strict polynomial
exponent gap; the dense rows retain only Ö(1) per attempt.

Contract 4 makes the capped execution finite on every tape. The coupling event gives progress
and the work bound; the terminal extraction contract guarantees correctness of every released
answer.

Run the terminal phase to its full endpoint. Choose the polynomial-range lower reserve only
after CT is fixed:

µlow = e−CµCT−1µend,

where Cµ bounds a full phase’s logarithmic decrement. A last phase begins above µend and remains
above µlow, even if its endpoint lies well below µend/2. The fixed-factor extension preserves all
polynomial ranges. At a successful endpoint, µ ≤ µend is the only terminal-scale condition required
by the stated extraction contract.

12 Choosing constants and finite precision

Choose margins and physical ranges first, confidence and arithmetic grids second, and sharp work
caps last. We check this order, including the growing powers on occupied classes and the cache
grid reused each frame.

Write N = 2 + n. The input magnitude exponent and the requested final failure exponent c0
are fixed constants. In this section a polynomial range means [N−A, NA] for a fixed A; its exponent
may depend on the fixed inputs and algorithm, but not on n or P . Bit bounds describe stored
operands rather than unused high bits of the machine word.

Finite arithmetic convention. Fix polynomial operand and address ranges, common rounding
grids, and iteration and operation caps in the order below. Fixed-depth rational expressions use a
constant number of words. Before each operation, check its domain and range without overflowing;
a failed guard or cap reports failure under that routine’s prescribed rule. These checks enforce
finite representation on every tape, including after a hidden primitive error. Accuracy and work
estimates are coupled to the reference only until its first primitive failure. Failure probabilities are
allocated at valid call starts or epoch births as specified in Section 11, without conditioning on
eventual success.
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12.1 Scalar enclosures and parameter order

Lemma 12.1. For every fixed precision exponent D, a one-time N1/8no(1) preprocessing permits
certified enclosures of logarithms of positive polynomial-range rationals to absolute error N−D in
Ö(1) word operations per query. The constants in the polynomial ranges and in D are fixed first.

Proof. Put v = max{1, ⌊log n/8⌋} and tabulate certified values of log(1 + j2−v), 0 ≤ j ≤ 2v, and
log 2 on a common inverse-polynomial grid. On [1, 2] the expansion

log x = 2
∑
i≥0

((x− 1)/(x+ 1))2i+1

2i+ 1

has ratio at most 1/9. Its explicit geometric tail and outward rounding give each table entry in
no(1) work. Reserve enough fixed powers of N in the table accuracy for later arithmetic.

For a query, binary search among bit positions finds t with z = 2−tx ∈ [1, 2) in Ö(1) operations.
Exact quotient selects j = ⌊2v(z−1)⌋. With zj = 1+ j2−v, write z = zj(1+u), where 0 ≤ u ≤ 2−v,
and use

log x = t log 2 + log zj +
k∑

i=1

(−1)i+1ui/i.

A fixed k, chosen after D, controls the alternating tail. Outward rounding uses one grid and a fixed
number of words. For bounded N , use the original series. Including interval endpoints and range
reduction, the query costs Ö(1).

Lemma 12.2. Assume the valid-state inequalities, stopped expected-work bounds, and finite sparse-
inverse guarantees established by the preceding constructions. The constants and grids in their
implementation can be fixed in an acyclic order, with P = O(log log n) and P ≥ 512, so that:

1. every ordinary stored operand uses O(logN) bits, and all ordinary addresses and deadline
keys have fixed polynomial ranges;

2. the direction and point-storage defects, source/product errors, and clock debts have any pre-
scribed inverse-polynomial total reserve;

3. the exact stream sampler has polynomial memory and its stated unconditional expected cost,
even though its reference running time is not bounded on every random tape;

4. the dense work multipliers are fixed polynomials in (P, log log n), and the displayed sparse
rows retain fixed exponent gaps below two.

Empty headers must be skipped before scalar power evaluation, and all invalid-state arithmetic must
be guarded as specified below.

Proof. First fix p = 512, ε, κ, local response reserves, γ, ajump, csol, cZ , η, ccen, and the sampling
lower bounds from the scalar and drift inequalities, without using an outer inverse-margin cap.
After the potential allowances below, choose dyadic M,h, γ, B̂∗ and the initial/terminal µ scales,
including overshoot, before state or source precision. Subsequent paragraphs fix the coarse horizon,
confidence, arithmetic grids, word width, and sharp caps in that order. Later sampling multipliers
are enlarged only where earlier estimates hold uniformly.
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Constants and potential allowances. The tracking drift has equilibrium CRm, and the central
drift has equilibrium CZPm, with CR, CZ independent of the outer potential allowances. Choose
the inner allowances to dominate these constants using only P ≥ 512, then choose CT for the two
contraction factors, and then the outer allowances for the frozen-exit estimate. The constant C∗ in

Bν = C∗PB̂∗

√
1 + β2f/(ϑB̂∗)

may now depend on the outer central allowance. Increasing it lowers the curvature-variance bound
without increasing the drift error. Its work multiplier is fixed before the sharp caps. The same
monotonicity permits choosing the final confidence multiplierK after the horizon and killed tracking
linear-term bound: the local arguments hold for every K above their original threshold, so the outer
allowances need not change.

The outer cap gives δmin ≥ cN−2/p and dZ,min ≥ cN−2/p, uniformly for P ≥ p. Consequently

h/δmin ≤ CchN−1/pP−16, h/ρmin ≤ CchN−1/pP−7.

These inequalities permit one fixed sufficiently small ch after the outer constants have been fixed.
Since a phase has T = O(

√
r/βs) frames, decreasing ch changes phase length and primitive counts

by constants and leaves TB∗ = Oγ(CTm) unchanged. The terminal lower scale is a fixed factor
exp(−CµCT − 1) times µend. It remains inverse polynomial.

Physical bounds precede accuracy. Section 10.3, with µlow ≤ µ ≤ µ0, gives polynomial cost-
slack, capacity-margin, grounded-potential, and condition-number bounds on the expanded valid
range. The three owner coefficients and physical coefficients are fixed-depth positive expressions
in those quantities, w ∈ [3s, C], and k ∈ [1 − ε, 3 + ε]. Hence their inverse norms, directions,
and required derivatives are bounded before any mesh is chosen. Contractive refinement and the
substochastic triangular-factor bound use one absolute grid for all O(log n) sparse inverse iterations.

Choose a sufficiently large fixed coarse admission exponent AN . Its operational stop bounds
the records, lists, and headers polynomially. The vector and coefficient caps also bound public
source and mark position counts by a polynomial, with exponent Apos. For a coarse frame/attempt
exponent AT , full enumeration has a fixed exponent Acall > AN + Apos + AT + 10. This gives
a combinatorial call horizon before bounding random sampling work. For the same-frame matrix
signed correction bounded by NAE , assigning failure at most N−c0−AE−Acall−10 makes its entire
sum negligible. Enlarge the earlier concentration multipliers to achieve this exponent. Apply the
call-start and epoch-birth convention above. Later observation failures kill nonnegative candidates
and need no signed correction.

Growing central powers. Put B = CP 2m for the expanded central allowance. For every
occupied central header its representative comparisons give d−P

Z ≤ CB. For every fixed derivative
order j,

|ψ(j)
P (b)| ≤ 2(P + j)j(CB)1+j/P ≤ Ö(N2+2j/p).

For every fixed 0 ≤ j ≤ p, power means also give∑
e

d−j
Z,e ≤ m(CP 2)j/P = Oj(m).

The constants are uniform in P ≥ 512 because P 2j/P is bounded. No step calls for the moment
order j = P in a fixed-order density or weighted-price estimate.
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An unused center may have dZ = N−a and potential NaP . Test multiplicity first: zero-mass
headers skip powers, derivatives, breakpoints, and reciprocals; occupied headers use the finite
arithmetic guards. Valid-range inputs never trigger them.

For an occupied header, first enclose the inverse bases (1 − b)−1 and (1 + b)−1, and then use
rounded repeated squaring on those bases. Only exponents up to 2(P + j) are needed. Its exact
positive intermediates lie between 2−2(P+j) and a fixed polynomial in N . Since P = O(log logN),
the reciprocal lower bound is a fixed power of log n. Relative enclosure error u per operation
accumulates to at most exp(CPu)− 1. One absolute grid with u ≤ N−D/(CP ), refined by a fixed
polynomial factor, therefore gives the required absolute accuracy. This avoids the artificial NC logP

loss from separate Lipschitz bounds at each squaring. At a nonzero center, |ψ′
P (b)| ≥ 2P (P +1)|b|

and its dyadic description has a polynomial nonzero gap; thus relative Gc, Jc enclosures are also
available. No exact denominator of length P log n is stored.

A fixed-depth precision ladder. If the direction perturbation bounds are NAE over at most
NAT frames, take ∆D ≤ N−AE−AT−c0−20, also refining it for the stated minimum central radius
and source norm. This uses only physical magnitudes. Next choose the point/state mesh so its
polynomial sensitivity times its mesh is at most a fixed small multiple of ∆D, and so its accumulated
residual and potential error fits the numerical reserve. The shifted weight storage λ = s+ qst∆state

preserves the floor exactly. Store µ on a mesh much smaller than µlowβs/
√
r and use the actual

ratio θ = µ′/µ. No product of old ratio denominators is retained.
The logical state bit bound Ws = As log n is now fixed. Coefficients and old–new differences

are fixed-depth rational expressions, so every nonzero λ|b| is at least 2−CWs . Use this separation
to choose the upward normalizer grid. The central rate uses Lemma 3.2: its exact zero test and
outward rational enclosure are chosen after these logical operand bits, without altering the analytical
noise. Neither enclosure changes the direction grid or requires resolving state cancellations below
this separation. The exact-zero branch and fixed dc ≥ ∆D absorb point rounding in |bsel| ≤ Cdc/p.
The ordinary metric remains exact.

Source and packet grids follow this separation bound and the public position counts. Source
Richardson iterations reuse one absolute grid because their error convolution is contractive. The
observer’s relative filter evaluation has only k = 16 layers. First fix its positive dyadic action-error

tolerance ν ≤ cnumd
−1/4
0 , also below the ordinary numerical reserve. Since R0 ≥ 1, this gives

ν2 ≤ CR2
0/
√
d0; the choice uses only the already fixed polynomial-range filter parameter d0. At

each layer the previous product grid provides a nonzero input lower bound; choose the next grid
from it and the fixed spectral bounds. A recursion Aj+1 ≤ CAj +C ′ for 16 stages has a fixed final
exponent. Such a recursion over Θ(P ) or Θ(log n) layers would not justify the same claim and is
not used here.

Choose the signed clock mesh ∆C after the horizon so that

2Tmaxamax∆C ≤ ρmin/1000, CmTmaxamax∆C/ρmin ≤ N−c0 .

Round signed vertex increments once to this mesh and the common positive increment upward.
Every debt translation is then exact integer arithmetic. With magnitude bound NAC and mesh
N−DC , a shifted key needs at most b = (AC + DC + 2) log2N bits. Fix that key width first. A
reserved deadline block has size 2O(b); polynomially many fresh instances still require only polyno-
mial addresses. The arithmetic word may be enlarged afterward to hold those addresses. Its extra
bits do not enlarge the deadline universe or change a scalar grid.

Proxy caches on a fixed grid. First fix a to bound the physical base and observer coefficients,
their relevant positive eigenvalues, and rate multipliers by [N−a, Na]. The observer coefficient has
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a fixed positive metadata grid chosen from these bounds; more accurate fine reads leave that grid
unchanged. Also fix the coarse proxy copy-count guard N q from the sparse count bounds, before
proxy precision. On a valid old proxy, spectral comparison with the current base gives cα ≤ Na

and ∥Told∥ ≤ Na. Thus for every assignment of the atom signs,

∥xrand
j ∥2 ≤ N q+a+1, ∥Toldxrand

j ∥∞ ≤ N q+2a+2.

Use the coordinate guard NHc , where Hc = qexp + 2a+ 4, with the numerical reserve. Choose the
observer score floors γ, γQ from the physical bounds in (CF1)–(CF4), with N−dc ≤ γ, γQ ≤ 1 for a
fixed dc. Every non-aborted score evaluation then satisfies

N−dc ≤ Ae, zv ≤ NKc , Kc = a+ 2Hc + 6.

The field guard and positive score floor enforce this representation bound even on a bad spectral
tape.

The cache, residual-M , and residual-Q packet weights are respectively

µe
C log nAe

,
ωe

CR0ϵ−2 log nAe
,

ωe

CR0ϵ−2 log nµezv
.

Consequently each positive packet lies in [N−kc , Na+dc+2] for kc = 2a +Kc + 2, before its output
grid is chosen. The lower bound uses the score upper bound, independently of previous inverse
precision or score-floor denominator. The score floor bounds packets above even at zero empirical
distance. Choose once σ = 2−g log2 N with gkey ≥ kc + a + 10, also fine enough to divide the fixed
deterministic core grids. It preserves positivity and gives the required relative rounding reserve.
Every new cache returns to this same packet mesh. The cold static cache and the exact core atoms
fit these bounds after one fixed enlargement of a, q, kc.

Only afterward choose the field accuracy, for example coordinate error at most N−dc−a−Hc−8

for (CF1), and the sparse inverse’s pivot and scratch grids from that accuracy and input mesh σ.
The next cache returns scores to γ and packets to σ without inheriting the scratch grids. The Q0

coordinate fields use its explicit current base core and residual diagonal. A component with positive
residual diagonal has a polynomial grounded eigenvalue bound from its base edges and one edge
to ground; zero-residual components use their quotient inverse. Thus the same choice applies with
γQ.

In the observer filter, a nonzero layer product on grids σ and ∆j has ∥PMz∥Q−1 ≥
σ∆j/

√
λmax(Q). This determines the next action grid once for each of the fixed 16 layers.

Each frame restarts this ladder; its output never becomes a cache coefficient. Public categorical
counts are fixed from these guarded magnitudes and envelope bounds. They may exceed the coarse
copy-count guard: crossing that guard aborts, rather than changing the position law. Range or
count failures abort without redrawing fields or packets. Spectral and numerical claims stop at the
first primitive failure; representation bounds hold on every executing tape. Expectations remain
unconditional on eventual guard success.

Exact stream inputs and endpoint precision. After representing all actual rational proba-
bilities, fix A to bound their numerator and denominator bit lengths by A log n, their list lengths
by NA, and the total number of calls by NA. The exact sampler of Section 7 then has poly-
nomial memory and uniform conditional expected cost. For the finite endpoint sampler, choose
B > 2A + c0 + 20 and D > 3A + c0 + 20 in its prefix length B log n and mesh 2−D logn. Its total
coupling failure is inverse polynomial. Choose scalar-table accuracy from the required numerical

73



reserves and then fix the final arithmetic word. This does not change the stream inputs or their
exponent A. Only the capped execution needs an actual-work counter; the exact reference may
continue on its original tape with bounded memory.

Final caps and work exponents. Use Section 11’s prospective token guard after its coarse-
stop expectation and before copying. Its sharp cap is eventually below the coarse cap and, for
T0 ≍ m/ log1024 n, gives pathwise depth Ö(1). Include copying, metadata, sources, and exact
sampling in the complete expectation before choosing the actual-work cap. The coarse horizon
bounds call starts; sampling work uses the uniform conditional expectation proved above.

Every explicit growing-P factor is fixed degree: h−1 contributes P 16, the central floor contributes
P 12, the normalizer contributes P , the central potential allowance contributes P 2, the central radius
has inverse at most CP 9d−1

Z , and the center count is Ö(log n). Products of their fixed number of
uses remain fixed polynomials. In particular the principal sparse exponents are

1001

512
< 2,

1011

512
< 2,

15

8
+ o(1) < 2.

Any fixed powers of log n, P can be absorbed in these strict gaps. The dense row retains only Ö(1),
and O(log n) total attempts introduce its one explicit factor log n. All constants can be increased
to cover the finitely many inputs below the fixed asymptotic cutoff, using the separately specified
finite exact fallback for bounded input size. This completes the parameter-order implication.

13 The complete algorithm

The following state and execution rules satisfy the four phase contracts; Section 14 verifies them.

13.1 Persistent state and the three coefficient owners

Store original-label arrays f ,λ, c,υmax, vertex potential y, and common parameter µ, with f ,y, µ
on fixed common grids and λ = s + q∆state with an integer q ≥ 0. Unselected labels retain their
stored f ,λ, so the structural metrics

ϱ2
e =

z2e
w2

e

,
z2e
we

,
ϱ2
e

λe
(37)

change only on the selected list. Their fixed-factor dyadic envelopes support, respectively, the
ordinary inverse, physical solve, and observer sampling. The latter two graphs are maintained
bases: the graph with coefficient z2/w is spectrally comparable to µL, while the observer’s margin-
dependent coefficient ω remains metadata. Thus changes to y, µ and reference metadata need no
dense structural update.

Use the static construction and original-label pruner of Theorem 4.1 in each simple layer and
amplitude bucket. The hybrid counter of Section 5 uses τ0 ≍ n9/8, R ≍ n1/16, T0 ≍ m/ log1024 n.
A core’s current cut certificate is in its immutable actual birth-degree reference. Its original labels
occur in compact live arrays with direct handles; private deleted ghosts are absent from scalar and
sampling arrays.

Use a stored field coordinate as each fixed-reference weighted median, shared at both endpoints.
The energy bound (15) holds for every field, including constant and past-dependent fields. Start
under the coarse polynomial token stop, charging lower-capacity records at their full worst deficit
price; impose the sharper cap below.
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Use the joint lists, exact-count guards, and saved cache contributions of Section 8.3, further
refined by coefficient bucket and required public precision bin. Their no(1) headers per core vertex
belong to field preparation; touched labels update only a fixed number of handles. The physical
metric needs the narrow actual-λ bin to control w−1/2 in addition to z2/w. Lemma 8.3 handles y, µ
changes without member scans. Changing header waterfills or feedback causes no label migration.

13.2 One physical frame in execution order

Begin with all previous requests served and tracking cells, central windows, coefficients, lists, and
owners valid. Execute these steps in order.

1. Freeze the inputs. Form the class masses and potential upper certificates. Compute the
rational represented source F and class feedback φ, including its lower-wall guard. Choose
the next stored µ′ on its fixed grid so that its actual ratio θ = µ′/µ has the required decrease.
Freeze all source branches, actual coefficients, and old read and deletion prices.

2. Prepare the sparse operators. Use the physical-base owner to construct the sparse physical
proxy, sampled right-hand side, and direction xdir of Lemma 6.3. Prepare or retain a fixed
inverse of the old ordinary graph with the scaling required for the source iterations. Construct
the base top-list observer filter using fresh proxy tapes. This filter is fixed before the physical
mask.

3. Fix the original-label rates. Use the fixed lazy direction Υc of Section 3, evaluated from the
old data. Use dc = |Υc|+ |φ| and the corresponding νc in every physical, quadratic, wall, and
curvature rate. Use certified rational upward enclosures as the actual component probabilities.
For the central rate, Lemma 3.2 supplies the exact-zero branch and a relative enclosure with
no numerical background rate. For the tracking wall, the literal target is Cδdc/(ajumpδ); the
certified comparison δ ≤ Cδδ makes it dominate dc/(ajumpδ) without reading the true current
score. The represented class source fixes the source-cap set. All target probabilities depend
only on this frozen data.

4. Draw one product mask on original labels. Homogeneous Bernoulli streams use Theorem 7.1.
Thin endpoint unions only on each original label’s first proposal, using the actual incidence-
union denominator. Mark a label processed even when its thinning coin rejects it. Distinct
labels use independent coins. Evaluate the full union probability pe on every selected label
and use the actual inverse probability 1/pe.

5. Test the candidate. Compute and buffer the selected finite candidate points. Unselected points
are literal no-ops. Form the exact candidate residual from the maintained n-entry residual
vector and the selected stored endpoint changes, using Lemma 6.4. Its norm test applies the
retained old physical inverse with a fixed gap that reserves the new-metric comparison. Form
the upward common-grid source normalizer Γ of (19) from actual rational coefficient changes.
A failed residual or normalizer test aborts the entire attempt.

6. Finish the old-graph work. With the old graph and its owner still installed, construct all
conserved change sources, perform their original-product Richardson iterations, and com-
plete the observer filter evaluations and old-view clock increments. Generate residual marks
with their public categorical-position count. Finish the signed central-clock increments too.
Selected labels, positive-account requests, residual marks, and central deadlines are buffered
and coalesced by original label. Use the operators from Step 2.
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7. Commit the batch. After the prospective ledger and token checks below pass, commit the
actual selected f ,λ and the common y, µ. Detach the whole genuine coefficient-change batch
at its frozen old prices before pruning, retirement, or carries. Pruner exports and carries
move live ownership and translate their stored debts and due flags; they are not new external
deletion sources. Update actual-λ bins before preparing final-graph fine fields. No new
physical query occurs during this commit.

8. Refresh the observations. Read each queued fine label once from the shared final fields at its
old frozen margin price. Close its old public observation epoch before replacing its reference
metadata and starting new accounts. Serve central-only requests without a fine score read.
Install all final joint classes and guards and evaluate the returned state’s potential upper
certificates. Check phase/attempt caps before another frame begins.

Deduplicate by generation stamps, then service each coalesced list in original-label order; fix
source-packet order before signs and pads. For IDs in {0, . . . ,m− 1}, m = O(n2), a fixed number
of stable radix passes with power-of-two radix in [n, 2n] costs O(z + n) on z labels. The fixed
number of lists charges O(z) to enumerated labels and O(n) array initialization to sparse frame
preparation. Thus private proposal order does not control public commit order.

An abort discards the pending transaction, attempt-local caches, and tapes, then restores the
last clean checkpoint; a retained frame never rewinds a consumed random cursor.

13.3 Finite arithmetic

Use the fixed direction mesh, bounded-denominator enclosures, and coefficient-separation and clock
grids of Section 12. Paired packets share one rounded scalar for exact conservation. Round signed
fields before clock increments, positive clocks upward, and transfer debts exactly in stored units
with upward credit for unit conversion. The parameter-order proof bounds total clock error and
avoids cross-label denominator products.

13.4 Work ledger and operational caps

Before each mask freeze Re = 1+We+ δ̄
−3
e,old, the price used for raw proposals and selected updates.

Lemma 5.2 and the sparse-component bounds in Section 5 cover every rate in Step 3, using its
implemented direction envelope.

After Lemma 14.1 bounds the genuine old-price ledger Z under the coarse stop, set Nsharp =
Ö(m). Before each structural commit, test the cumulative certificate Ninit + 81Zpros ≤ Nsharp in
the owner’s normalized prices, retaining a per-token insertion guard. This uses the enumerated
old-price batch before its exports are known and bounds historical copy depth by Ö(1).

Central inspections, joint-list moves, feedback cache changes, and signed-index operations cost
Ö(1) per touched label. An occurrence move unable to preserve its signed debts queues a cheap
central inspection, without a fine score read. Header enumeration is sparse field preparation.

Lemma 14.1 bounds stopped-reference expected work, and Section 15 gives its explicit dense
factor. Choose the actual work cap afterward as in Section 11; exhaustion aborts the whole attempt,
without redrawing an individual mask, source, or proxy.

13.5 Clean starts, amplification, and exact output

Initialize once by Section 10. At each later clean checkpoint perform the observer’s full public
refresh using current packed fields before zeroing debts, and save the physical arrays and certified
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references. A retry literally restores the saved checkpoint state and rebuilds owners and caches as
specified in the proof of Theorem 9.1.

Run complete clean phases under the total attempt cap of Theorem 11.4. When a successful
phase ends with µ ≤ µend, perform the one-time exact extraction of Section 10. The common-shift
dual or hub cut certifies the original answer; matching returns original edges and an original-cost
integer dual. External exact flow is used only in sparse structural subproblems.

14 Why the phase theorem applies

We verify the four contracts of Section 11 for the algorithm in Section 13, starting with its state
invariant.

Lemma 14.1. Fix the input exponent and a polynomial confidence exponent. With the constants
and grids ordered as in Lemma 12.2, the implementation in Section 13 supplies all four contracts
of Section 11. There is a polynomial Qled(P, log logn) of absolute degree, independent of the input-
range and confidence exponents (which may change its multiplicative constant), such that one clean
attempt, before its actual-work cap and stopped as specified there, has expected work at most

CmQled(P, log logn) + n15/8+o(1) + n1011/512+o(1).

The initialization and terminal procedures of Section 10 supply the remaining endpoint premises of
Theorem 11.4.

Proof. Work on the reference stopped at its first primitive failure, before imposing the actual-work
cap, without conditioning on eventual success.

State invariant and clean start. At each returned state, f ,λ,y, µ satisfy both tubes and their
exact incidence residual meets the physical-metric bound. Tracking cells and central representatives
are valid, all preceding selected labels are serviced, and no request or due flag is pending. Each
metric has one live owner per label, no public ghosts, and immutable birth-reference core certificates.
Clocks retain debt exactly. The preceding-frame sparse base cache is constant-comparable to the
current base by the one-frame coefficient bound.

The cold midpoint, deterministic core upper scores, contraction scans, and final-graph reference
scan establish this invariant. Warm checkpoints refresh references before zeroing accounts.

Constructing a frame. The owner energy bound (15) applies to every field, including past-
dependent fields. Lemma 8.3 constructs tracking feedback, and the waterfill in Section 8 constructs
central sources, without member scans. Center counts and outward enclosures certify potentials,
skipping empty headers as prescribed.

Lemma 6.2 supplies the leverage bounds for the true-metric direction of Lemma 6.3. Step 2
fixes the filter and old inverse before the mask, without fine reads: physical upper scores use birth
references and observer coefficients use metadata. The lazy direction is therefore fixed on every
label.

The exact-stream multiplier covers all endpoint and direct occurrences. Thus Steps 3–5 use
independent original-label bits and the actual union denominator, meeting the scalar identities and
Theorems 2.5 and 2.6. Candidate tests use the rounded point and abort without local retry.
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Restoring valid observations. Step 6 supplies the raw-moment premises: source products and
capture use the old matrix and actual coefficient changes, with the filter fixed before those changes
are sampled.

An unrequested label is unselected, so ϱe,λe, its epoch price, and threshold stay fixed. Positive-
account ceilings, residual no-hit bounds, capture, and inverse order protect its window up to first
exit. The one-frame margin bound protects requested labels until their final shared reads, using
the same old certified references.

The tracking tube | log(λ/(s + τ ))| < κ supplies both comparisons required by the observer:
τ ≤ Cλ and λ ≤ C(s + τ ). Its reference ϖ stays comparable to s + τ throughout the epoch.
On the same-frame safety event the actual candidate has τ ′

e ≤ Cλ′
e and λ′

e ≤ C(s + τ ′
e), and its

true tracking margin is comparable to the old one. Hence the packed read’s additive error c⋆δλ
is a relative error O(c⋆δ) in s + τ . Choosing c⋆ within the tracking-cell reserve gives the required
logarithmic accuracy.

The updated independent actual-λ index supplies the final-graph fine proxy and lanes before
joint tracking classes change. Step 8 then uses the simultaneous prefix guarantee for adaptively
requested labels and precisions at their old margin prices. New interior windows and central-only
service restore the invariant.

The commit rule in Step 7 retains due flags and signed and positive debt at frozen old prices; due
positive debt uses old credit. Representation changes pay any needed central inspection, without
resetting tracking epochs or creating genuine deletion sources.

Contract 1: potential certificates. The restored windows and occupied-header arithmetic give
ΨR ≤ UR ≤ 2ΨR and ΨZ ≤ UZ ≤ 2ΨZ .

Contract 2: clean checkpoints. The packed all-label checkpoint read costs Ö(
∑

δ
−3

) =
Ö(m). Rebuilding owners/caches and copying physical/reference arrays cost Ö(m). Retry dis-
cards failed mutable state, restores saved arrays, references, and point enclosures literally, and
rebuilds graph/proxy caches with fresh tapes. The saved refresh, central inspections, and baselines
justify zero new debt without cold lane scans.

Contract 3: expected work before the actual-work cap. Under the provisional token stop,
Lemma 5.1 gives pathwise moments before any event-count estimate. Lemma 5.2 prices all raw

proposals, including rejects and duplicates, at frozen old weight 1+We+δ
−3
e . Its curvature estimate

cancels (1+ ζ∗)
1/2 and (1+ ζ∗)

−1/2 pointwise. Thus the dense conditional mean is Ö(B∗) without a
cumulative curvature assumption; other physical components retain their strict polynomial reserves.

Lemma 11.1 gives
∑
JtB∗ ≤ Cm deterministically, so genuine events cost Ö(m) in expectation.

Pathwise pruning gives N ≤ C(m+ Z) for admissions and the old-price genuine ledger Z. Impose
Lemma 5.3’s sharp token stop before using historical depth Ö(1). This pays copies, exports, and
debt-preserving migrations; static births cost n15/8+o(1). Copying uses the stopped prefix, not a
convex function of EN .

The selected-rate bound supplies Theorem 9.1’s selected-read premise. Lifetime positive credit
and residual intensities pay autonomous reads at Ö(1)E

∑
JtB∗, plus selected reads and sparse

preparation; releases may use earlier frames’ credit. Lemma 8.2 pays central reports by signed
displacement, paid visits, and migrations. Neither kind of report changes structural coefficients or
creates genuine events.

Packed assembly costs Ö(1) expected work per selected packet plus sparse destination setup.
Use the one-uncapped-attempt padding analysis and same-tape exact sampling of Section 11, be-
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fore the actual-work cap and without redraw. Inverse, field, header, timer-header, and proxy
preparations have exponent at most 1011/512 < 2. These bounds also pay the prospective genuine
ledger. Markov bounds genuine-ledger, sharp-token, and actual-work cap crossings on their stopped
references by small fixed probabilities before a primitive failure; add the primitive-failure budget
afterward.

Contract 4: failure accounting and finite execution. Each structural, proxy, solve, source,
or fine-field call is fixed before its independent tapes, permitting the call-horizon union bound.
Residual no-hit bounds cover adaptive futures from valid zero-target epoch births; union over
births conditional on the checkpoint, not intermediate misses.

The finite arithmetic convention of Section 12 enforces finite execution and first-failure coupling,
with ranges fixed before sharp work caps. Later failures kill nonnegative drift candidates; only the
same-frame tracking matrix event needs signed correction. The separate frozen outer-crossing
process retains its witness, as required in the phase proof.

Endpoint hypotheses. Section 10 supplies the connected dense strictly feasible midpoint, in-
ner start, polynomial data and scale ratio, precision bounds, and terminal feasible-gap premise.
Lemma 10.1’s hub alternative and the terminal primal/dual checks preserve and certify the original
answer. Lemma 10.4 pays cold construction and O(m log n) terminal work once, separately from
interior work.

15 The explicit bound for dense work

We expand Lemma 14.1’s dense polynomial: weighted event counts pay copies, and each copy pays
scalar and handle work. Write p = 512; the exponent P ≥ 512 with P = O(log log n) is the integer
fixed in Section 1.1. All constants may depend on the fixed input-range and confidence exponents.
The powers of P, log logn displayed here do not.

Lemma 15.1. The dense expected work of the stopped clean attempt in Lemma 14.1 is at most

O
(
mP 14(log log n)19

)
= Ö(m).

The looser polynomial (P + 1)16(log log n + 1)24 is therefore an admissible choice for its
Qled(P, log log n). The separately specified sparse rows, one-time cold construction, and one-
time terminal construction are unchanged.

Proof. Weighted event counts. Put Re = 1 +We + δ
−3
e , as in the weighted raw-rate lemma. The

current-density calculation and the fixed tracking moment give∑
R12

e = O(m(log log n)132),
∑
e,o

ϕ−12
eo = O(m(log log n)60).

For every fixed order j used here, the central potential allowance gives
∑
d−j
Z ≤ m(CP 2)j/P =

Oj(m) uniformly in P ≥ 512. Thus Hölder gives, explicitly,∑
R4ϕ−4d−2

Z = O(m(log log n)64),
∑

R2ϕ−2d−2
Z = O(m(log log n)32),

where the second formula holds for either certified margin d. These are population moments of the
current owners, including their low-capacity records; they are not historical update counts.
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In the notation of the weighted raw-rate proof, the two factors in the curvature bound are

SR ≤ CγP
2(log log n)32(m/s)(1 + ζ∗), Bν/V ≤ CγP (1 + ζ∗)

−1/2.

Pairing
√
SR with Bν/V cancels ζ∗. Since kP = CP 12, the resulting curvature price is at most

CP 14(log log n)16B∗. The tracking-wall, central-wall, and forced source-wall rows are respectively
bounded by C(log log n)16B∗, CP

12(log log n)16B∗, and CP 2(log log n)11B∗. These prices cover
rejected and duplicate raw hits, deletions, and fine reads at their old margins. As

∑
JtB∗ ≤ Cγm

in an attempt, the resulting dense weighted count is

E
∑
raw

Re = O(mP 14(log log n)16), (38)

apart from the already separated sparse physical components. The P 16 in the number of frames
does not multiply this quantity: it has canceled against βf in TB∗.

Cost of a visited label. A changed label updates a fixed number of handles, cache summands,
keys, and accounts. Signed-key access and exponent comparisons cost O(log log n). Targets are
fixed-depth rational or quadratic-field expressions; the separation bounds of Section 3 and the
scalar-update routine of Section 2 give square-root and scalar-root evaluation in O(log log n) stages,
at most O(log log n) work each. Thus cheap point operations cost O((log logn)2). The normalized
root derivative bound is uniform at capacity walls. Growing-P powers use O(logP ) rounded mul-
tiplications with polynomial values and precision by Section 12. Only sparse preparation scans all
headers; touched labels use their own handles.

Packed fine reads cost O((log logn)2δ
−3
e ) despite their Θ(log nδ

−2
e ) confidence lanes. Source

coefficients have O(log log n) mantissa bits, fitting the O((log log n)2) square comparison allowance;
their fixed number of packed lane blocks costs O(log log n) conditional expected carry work. Setup
and transposition stay in the sparse nT log nno(1) row. Exact gaps cost O((log log n)2) expected
work per start and raw success, by Section 7.

Copies and central reports. Equation (38) also bounds the expected genuine deletion ledger
Z. Thus the sharp prospective stop may use Nsharp = CC,c0mP

14(log log n)16 with a sufficiently
large fixed multiplier. The pathwise certificate N ≤ Ninit+81Z and the mixed-radix argument give

1 + log(1 +Nsharp/T0) = O(log log n), ENcopies/moves = O(mP 14(log log n)17).

Charging O((log logn)2) for the attached scalar and handle service therefore costs

O(mP 14(log log n)19).

The unweighted fixed-birth pruning work is already in We; there is no further dynamic-tree factor
on that dense row.

The central scheduler’s radius satisfies ρ(ς)−2 ≤ CP 18d−2
Z . Its actual endpoint variation is there-

fore at most CP 9(log log n)5B∗, by its displayed fourth-moment estimate; the common positive-
clock contribution is at most CP 9B∗. Its lifetime inspection count is bounded by

C
(
m+ P 9(log log n)5

∑
JtB∗ +Npaid +Nmove

)
.

Paid visits and moves enter additively, without the P 9(log log n)5 multiplier. An inspection changes
list membership without creating another occurrence-representation move. Its O((log log n)2) ser-
vice is dominated by the copy bound.
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Observer and checkpoint rows. The autonomous observer supplies conditional new-credit and
raw-mark expectation O(B∗). Its residual multiplier obeys

log nALR
3
0√

d0
≤ n−8/p+o(1) = O(1)

for the observer’s fixed sufficiently large logarithmic exponent D0 and the asymptotic cutoff. The
sharp true-energy trace estimate, not the crude R0 comparison, pays remaining positive credit.
Autonomous reads therefore cost O(m(log log n)2) per attempt, including initial zero-credit con-

ventions. At a checkpoint,
∑

δ
−3

= O(m) gives O(m(log log n)2) for complete packed refresh.
Saving physical/reference arrays costs O(m); restoration and bulk owner/metadata construction
cost O(m(log log n)2), charging only records actually built. The cold lane scan remains a separate
one-time cost.

Dense ledger. The resulting dense ledger is

raw physical proposals, selected scalar work and fine reads O(mP 14(log log n)18),
conserved source preparation and expected packed additions O(mP 14(log log n)18),
genuine coefficient changes and unweighted pruning O(mP 14(log log n)16),
copies, migrations, and attached scalar/debt service O(mP 14(log log n)19),
autonomous central reports O(mP 9(log log n)7),
autonomous observer reads and complete checkpoint service O(m(log log n)2).

Central inspections paid by a prior visit or move are included in that visit or move’s scalar service.
All charges use their frozen old read prices. Exact stream work is included in the conditional
expected scalar price. This proves the lemma.

Where the full logarithm enters. The terms n15/8+o(1) and n1011/512+o(1) cover the full header
population, solves, proxy/field lanes, timer-header scans, and sparse exact-flow backend. Their
exponent gaps absorb fixed powers of log n; this does not apply to dense m loga n terms. Cold
initialization costs O(m log n log log n + m(log log n)3) and is paid once, with its own confidence
budget. Terminal correction, integral rounding, and the exact dual construction have dense cost
O((m + n) log n) and are also paid once. Finally, O(log n) attempts multiply the per-attempt
work. Since P = O(log log n), the looser polynomial’s two exponents add to 40, a conservative
bound for all dense rows; in the notation of Section 1.1 every dense row is Ö(m) and the total is
Ö(m log n) = Ö(n2 log n).

16 Proof of the main result

Proof of Theorem 1.1. Apply the exact preprocessing and augmentation of Section 10 and
Lemma 10.1. They preserve the original answer and give a connected working host with N = Θ(n)
vertices, m = Θ(n2) labels, and r = Θ(n), represented in a fixed number of simple layers. Cold
construction starts from its exactly feasible midpoint and gives an inner checkpoint with zero resid-
ual. The data and µ0/µend have polynomial ranges; the dense price is O(m log n log log n)+mno(1),
paid once with polynomial confidence by Lemma 10.4.

Fix constants and meshes by Lemma 12.2. Lemma 14.1 supplies all four phase contracts and
the endpoint premises. Theorem 11.4 therefore gives O(log n) total attempts, with the sharp-
token, actual-work, and attempt-count caps specified there and separately budgeted first-primitive
failures.
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Lemma 15.1 permits Qled(P, log log n) = (P + 1)16(log log n + 1)24. Since P = O(log log n),
the interior work is O(m log n(log log n)40) = Ö(m log n). The two sparse rows in the closure
lemma remain o(n2) after multiplication by O(log n), by their strict exponent gaps. The one-time
endpoint prices also fit this bound; input range and confidence affect constants, not the degree 40.
The bounded-input branch covers the finitely many smaller dimensions.

At the terminal checkpoint, Section 10 supplies exact tree correction, cost-nonincreasing integral
rounding, and an integer dual, or the verified hub cut when optimal hub flow is positive. Its dense
cost is O(m log n+ n log n), paid once under Lemma 10.4.

Finally verify the proposed answer on the original input in O(m+n) exact word operations. For
a flow, verify integrality, both capacity bounds, and all vertex balances. For the supplied integer
potential y, put cye = ce − (Ay)e and verify

fe < υe =⇒ cye ≥ 0, fe > le =⇒ cye ≤ 0.

These are exactly zero complementary slackness on every interval [le,υe]. Together with primal
feasibility they prove optimality by weak duality. Self-loops and zero-width intervals satisfy the
same direct tests. Alternatively verify the stated bound, demand, or capacity-cut inconsistency
directly. Reject any failed check with Fail. These checks require only polynomial-size integer sums
and a fixed number of words per operand.

Allocate the original confidence exponent with a fixed reserve among cold initialization, fresh
primitives and epoch events, attempt-count exhaustion, and terminal construction. Their union
has probability at most n−c0 . A global word-operation counter enforces the displayed bound on
every tape, including all malformed intermediate and rare exact-arithmetic branches. All good
executions finish below that cap. Exact final verification makes every answer actually released
correct, also on a tape outside the good event.

Proof of Corollary 1.2. Orient every edge left to right, put lower capacity zero and upper capacity
two on each edge, and give each left vertex demand −1 and each right vertex demand 1. A feasible
integral flow has exactly one unit edge at each vertex, and hence is a perfect matching. Every
edge of this integral flow is strictly below its upper bound. The verified flow dual therefore has
yj − yi ≤ cij on every edge, with equality on the selected edges. Set αi = −yi on the left and
βj = yj on the right. Then αi + βj ≤ cij and equality holds on the output matching, giving the
stated integer assignment dual.
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A Construction and pruning of original-edge cores

We prove Theorem 4.1, using the graph, reference, and label conventions of the structural interface.

A.1 A child guard and its fresh sparse sample

The guard estimates degrees by probes and scans a full original row only when removing its vertex.
Freeze root incidence arrays with exact positive degrees w, volume W0 = 2q0, and minimum degree
d ≥ 1. Each child A, given by a vertex list and stamped membership, is fixed before its fresh tapes;
its failure budget is δc = n−O(1). Public removal excludes a row from the current original vertex set
and scans its root row; private removal changes auxiliary ghost-flow state. These operations need
not coincide.

Lemma A.1. For inverse-dyadic e ≤ 1/4096, use k = 8 log2(8n/δc)/e
2 independent uniform root-

neighbor membership probes at each listed vertex. Let d̃u be wu times the empirical membership
fraction. Repeatedly remove a vertex with d̃u < wu/3, scan its root row, and decrement every still-
child neighbor’s estimate by one. Except with probability δc, on the surviving child C the known
integers

ru = d̃u + 3ewu, dC(u) ≤ ru ≤ 2dC(u), wu/4 ≤ ru ≤ 2wu (39)

are valid. Every removed vertex had current true child degree below 3wu/8. Original degree esti-
mates keep the same additive error under all subsequent exact public row removals.

Proof. Hoeffding and a row union bound give |d̃u − dA(u)| ≤ ewu. Every decrement changes the
estimate and truth by the same amount; adaptively chosen removals do not change this error. A
survivor has dC ≥ (1/3 − e)w > w/4. Also dC + 2ew ≤ r ≤ dC + 4ew ≤ dC + 16edC ≤ 2dC ,
using positive integral dC and 16e ≤ 1. The remaining comparisons follow, and at removal dA <
(1/3 + e)w < 3w/8. Only listed rows are initialized. Uniform positions use exact integer rejection;
its exponentially decaying extra work is capped globally.

An empty guarded child terminates immediately. Otherwise write v = |C|, choose a known
d∗ ≤ min dC and ρ ≥ max{1, v/d∗}, and take a fresh sample after the guard. For an inverse-dyadic
probability choose

min{1, C0 log n/(ϵ
2d∗)} ≤ p ≤ min{1, 2C0 log n/(ϵ

2d∗)}. (40)

Run Bernoulli streams of rate p on root rows. Inspect every selected position, retaining only
internal edges in their smaller-endpoint orientation, with weight 1/p. Each internal edge thus has
one independent eligible position; never search until an internal edge appears.

The game uses the completed Laplacian comparison. The later repair uses the raw adjacency
bound to control degree error after adaptive removals.
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Lemma A.2. For a sufficiently large C0, with the allocated confidence,

∥D−1/2
dC

(Â−AC)D
−1/2
dC
∥ ≤ ϵ/4, |d̂u − dC(u)| ≤ (ϵ/4)dC(u). (41)

If ϵ ≤ e/4, complete both adjacencies to known row sums r:

A∗ = AC+Diag(r−dC), Â∗ = Â+Diag(r− d̂), D = Diag(r), V = r(C), Jr = D−rrT /V.

Both loop completions are nonnegative, and

−ϵJr ⪯ L̂− LC ⪯ ϵJr, ∥D−1/2(Â−AC)D
−1/2∥ ≤ ϵ. (42)

Sample generation costs O((v + pw(C) + log n)no(1)) operations and that many or fewer original
position accesses, including every discarded position and exhausted stream.

Proof. Each independent normalized adjacency summand has norm at most 2/(pd∗), and its total
variance parameter is O(1/(pd∗)). The dimension in matrix Bernstein is at most n. Scalar Bernstein
and a union over rows give the degree assertion. If p = 1 both are exact. The sample degree error is
smaller than the guard’s positive margin r− dC ≥ 2ew, so loops are nonnegative. Adjacency error
plus the degree diagonal gives completed error at most ϵ in D norm. Both Laplacians annihilate
constants: centering a test vector in r replacesD by Jr. A Chernoff bound caps selected positions by
O(pw(C) + log n). Finite geometric skipping with the same distribution up to a globally budgeted
coupling error is specified in Appendix A.5.1. A negative computed loop is reported as failure,
rather than used as an edge.

A.2 A low-trace filter and sparse smoothing

The filter approximately preserves low-energy cuts and reduces the initial potential to O(ρ), con-
trolling the number of game rounds.

Let P subtract the r-mean. Define

Ŵ = D−1Â∗, c0 = 1 + ϵ, B0 = (I + Ŵ/c0)/2.

Set h = 512 log2(64n), computed by integer bit-length comparisons. It is a multiple of 16, satisfies
h ≥ 512 ln(64n), and is O(log n). Put

ph(t) =

h∑
j=13h/16

(
h

j

)
tj(1− t)h−j , F = Pph(B0)P. (43)

Lemma A.3. For the above guard and sample parameters, F is a centered, D-self-adjoint contrac-
tion satisfying

∥F∥2HS,r ≤ 16ρ+ 1 =: Pmax, ∥(I − F )x∥r ≤
(

1

16
+
√

8λC(x)

)
∥x∥r (44)

for every centered x, where λC(x) = xTLCx/∥x∥2r. One application takes O(M log2 n) sparse
arithmetic operations at inverse-polynomial output accuracy, where M counts stored sample atoms
and vertices.
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Proof. The binomial tail is at most ξ = e−h/512 for sampled adjacency eigenvalues at most 1/2,
and at least 1 − ξ for eigenvalues at least 3/4. Write the true normalized completed adjacency as
U +Diag(ℓ) with U = D−1/2ACD

−1/2. Simplicity gives

Tr(U2) =
∑
u

∑
v:uv∈E(C)

1

rurv
≤ v/d∗, 0 ≤ ℓu ≤ 16e+ 1/d∗.

If d∗ ≥ 8, loop norm plus sample perturbation is below 1/4. At most 16v/d∗ sampled eigenvalues can
exceed 1/2, by the trace bound on true U and eigenvalue monotonicity under a norm perturbation.
If d∗ < 8, dimension v < 8v/d∗ suffices. Compression by P cannot increase Hilbert–Schmidt norm,
and vξ2 < 1 proves the first claim. In particular we do not square all the completion loops.

On the centered subspace, let E0 project to true normalized Laplacian eigenvalues at most
1/8, and let Q0 project to sampled adjacency eigenvalues below 3/4. True completed adjacency
eigenvalues on E0 are at least 7/8. The Sylvester equation for Q0E0 has spectral separation 1/8.
Its integral solution bounds ∥Q0E0∥ ≤ 8ϵ. Thus ∥(I−F )E0∥ ≤ ξ+8ϵ ≤ 1/16. The complementary
component of x has norm at most

√
8λC(x)∥x∥r. This proves the second claim. De Casteljau

evaluation of the Bernstein polynomial uses O(h2) sparse products. The amplification 2O(h) is
polynomial in n, permitting the common O(log n)-bit grid of Appendix A.5.

To turn sample error into one-sided control of original cuts, join a hub to each original vertex
u with weight ϵru. Eliminating it gives

L+ = L̂+ ϵJr, LC ⪯ L+ ⪯ LC + 2ϵJr. (45)

For any active A ⊆ C, let DA = Diag(r|A) and eliminate the hub and inactive originals:

SA = SchurA(L+), γ = (1 + 2ϵ)−1, KA = I − γD−1
A SA, TA = (KA +K2

A)/2.

Route on the explicit sample plus hub; apply Schur operators by sparse solves without storing
them.

Lemma A.4. KA is a reversible nonnegative Markov kernel and a contraction. If X = TAZ, then

Tr(XTSAX) ≤ (∥Z∥2r − ∥X∥2r)/(3γ). (46)

For every full original set U ⊆ C, extending kernels by the identity on inactive coordinates gives

∥(TA − I)1U∥r,1 ≤ 3[∂C(U) + 2ϵmin{r(U), V − r(U)}]. (47)

Each action uses two grounded solves on a sparse graph of size O(M).

Proof. Schur signs and zero row sums, with (SA)uu ≤ (1 + 2ϵ)ru, prove the Markov assertions. Its
spectrum lies in [−1, 1]. Equation (46) follows by diagonalization from 3(1 − x)((x + x2)/2)2 ≤
1− ((x+ x2)/2)2 on that interval. For an indicator, its K displacement is twice γ times its Schur
cut. The full original indicator is an admissible extension in the Schur variational minimum, so this
cut is bounded by (45). A second K step has at most twice the first displacement by weighted ℓ1
contraction. Averaging gives the factor three. This argument applies to all original sets, including
ones chosen only at the end of the execution.

Here LXY are blocks of the explicit sample-plus-hub Laplacian. A K action solves on eliminated
vertices B, including the hub, with right-hand side −LBAf . Replace B–A edges by ground edges
preserving the diagonal and retain their active values in this right-hand side. The block is positive
definite for nonempty A; Appendix A.5 supplies certified solves.
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A.3 One projected candidate and a deficient exact flow

Represent the embedding by actions on signs, retaining active rows and original-child columns. A
projected field selects separated source and target demands; flow supplies endpoint mixing and,
when deficient, seed removal, the two loss terms below. Equation (56) records smoothing, mixing,
seed deletion, and recentering.

Put VA = r(A). Freeze a centered current embedding Z, set X = TAZ, draw fresh Rademacher
column signs g, and compute a centered approximation y to Xg. Let a be a weighted median of
y; change the signs of both y and the analytical field Xg if necessary so that a ≥ 0. All projection
events and quadratic estimates are invariant under this common sign change.

The eligible sets are y < 0 and y ≥ 3a/2, omitting zero coordinates. At least 2/11 of squared
energy lies in their union: excluded energy is at most (9/4)r(A)a2, while zero mean and the median
force negative energy at least r(A)a2/2. Choose an eligible set containing at least 1/11 of all energy
and take its largest-|y| prefix of reference mass at most r(A)/8, splitting its final vertex if necessary.
This retains at least 1/8 of that eligible energy. Use this prefix as source demand l, and the opposite
median half as target demand t. Then

0 ≤ l, t ≤ r, Supp(l)∩Supp(t) = ∅, l(A) ≤ VA/8, t(A) = VA/2,
∑

luy
2
u ≥ ∥y∥2r/128. (48)

Every source differs from every target by at least |yu|/3. Demands have denominators dividing 8.
Write ∂+ for cut weight in the explicit sample-plus-hub graph. Give augmented routing edges

capacity β times their weight, where β is a dyadic integer, and terminal arcs capacities l, t. Compute
an exact maximum flow after common dyadic scaling. If all sources are saturated, put U = S = ∅.
Otherwise let U be the residual reachable routing vertices from the super-source, and S = U ∩ A.
In the latter case, the minimum cut gives

β∂+(U) + t(U) < l(U), r(S) < 5VA/8, ∂+(U) < r(S)/β. (49)

Indeed t(U) ≥ r(S)− VA/2 and l(U) ≤ VA/8.
Cancel opposite flow and cycles, and retain source–target records whose source lies outside

U . These sources are saturated and their paths avoid U : an entering positive arc would have a
residual reverse arc leaving U . For retained amounts Auv set Ruv = Auv + Avu off-diagonal and
complete row sums to r with nonnegative loops, using disjoint demand supports and (48). Then
MR = (I + D−1

A R)/2 is reversible and fixes seed rows, and ER(X) = Tr(XT (DA − R)X) equals
routed endpoint squared energy.

Lemma A.5. If ∆X is squared-norm loss after MR, deletion of S, and recentring, then

∆X ≥ 1
2ER(X) +

∑
u∈S

ru∥Xu∥2, (50)

ER(y) +
∑
u∈S

ruy
2
u ≥ 2−11∥y∥2r . (51)

For every full original W ⊆ C,

∥(MR − I)1W ∥r,1 ≤ β[∂C(W ) + 2ϵmin{r(W ), V − r(W )}]. (52)

The endpoint records can be constructed in O(M log(2M)) work and O(M) records.

Proof. For a reversible PR = D−1
A R with eigenvalue x ∈ [−1, 1], 1− ((1 + x)/2)2 ≥ (1− x)/2. Seed

rows are unchanged by MR, and centering only reduces norm. This proves (50). Each source is
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either in S, whose energy is paid by deletion, or routed in full to separated targets. Thus the left
side of (51) is at least

∑
luy

2
u/9 ≥ ∥y∥2r/1152. For (52), place the hub on the larger-reference side of

W . The resulting augmented cut has weight at most the bracket by (42); every endpoint-crossing
route crosses it and has congestion at most β. The lazy displacement equals the endpoint cut
weight; the bound uses the explicit augmented cut, not a Schur cut.

Compressed routes. Maintain a forest with at most one selected positive outgoing arc per
vertex. The super-source has only outgoing arcs and the super-sink only incoming arcs. Extend
from the current root, purging zero arcs on both relevant root paths before root/cycle tests. Link
distinct trees; on a cycle subtract its minimum flow. At the sink subtract the path bottleneck and
record endpoints and amount.

After source flow is exhausted, scan a fixed arc list to cancel circulations. Query linked values
from the dynamic tree. Process each positive arc’s tail until its outgoing flow vanishes, so that
arc has zero flow before the cursor advances. Flows only decrease: every positive bottleneck zeros
an arc, every linked arc is cut once, and a renewed closing-arc attempt has a new zero-arc charge.
Current outgoing pointers therefore give O(M) dynamic-tree events. Check initial conservation
once; path and cycle subtractions preserve it. Finish with a sparse zero-residual scan.

For endpoint queries, synchronize two more forests with the same links and cuts. Give source
arcs s → u tag u in one, sink arcs w → t tag w in the other, and all other arcs a larger sentinel.
Each s–t path has exactly one tag of each kind. Its two path minima return the endpoints in
O(log(2M)). Only the flow forest receives path additions. These are precisely the operations of
[ST83, Section 2]; no represented path is traversed.

A.4 A uniform projection event and finite game chronology

The flow response may depend on the projected field, so progress must hold for every valid response
to the same signs. Put bρ = log2(2 + ρ), ϑ = 2−60/bρ, and Bc = 64bρ.

Lemma A.6. If VA∥y −Xg∥2∞ ≤ 2−20∥Z∥2r, with probability at least 1/16 over fresh signs, every
candidate response allowed above loses at least ϑ∥Z∥2r, including smoothing loss.

Proof. Unmarked norms of fields and embeddings are r-weighted; norms of individual row vectors
are Euclidean. If smoothing already loses at least ϑΦ, where Φ = ∥Z∥2r , the claim holds. Otherwise
use the harmonic extension of X through the fixed augmented graph. As proof-only randomness,
take the first G = min{v, ρ ln(1/ϑ)} vertices of a uniform permutation of the original child. At each
active row, let cu be the harmonic-extension value at the first bank vertex adjacent to it in C, or
zero if none. For each fixed active row, the probability of being uncovered is at most ϑ; conditional
on coverage, the chosen neighbor is uniform among its neighbors in C. Since ru/dC(u) ≤ 2, the
harmonic energy bound (46) and γ−1 < 3/2 give

EδX ≤ 2(∥Z∥2r − ∥X∥2r) + ϑΦ ≤ 3ϑΦ, δX =
∑

ru∥Xu − cu∥2.

The factor two counts both orientations of each original edge; original energy is bounded by aug-
mented harmonic energy. The bank has at most 24bρ centers including zero. Rademacher tails and
a union bound give simultaneously |⟨c⋆−c′⋆, g⟩|2 ≤ Bc∥c−c′⋆∥2 for all pairs, except with probability
below 1/1000. Markov gives

δX ≤ Φ/(224Bc), δg :=
∑

ru⟨Xu − cu, g⟩2 ≤ Φ/224
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outside total probability below 1/48, including the pair event: the two Markov failure bounds
are at most 3ϑ224Bc and 3ϑ224. Meanwhile E∥Xg∥4 ≤ 3(E∥Xg∥2)2, so Paley–Zygmund gives
Pr{∥Xg∥2 ≥ ∥X∥2/2} ≥ 1/12. The intersection has probability greater than 1/16.

For any response define the positive form F(Y ) = ER(Y ) +
∑

S ru∥Yu∥2; its normalized norm
is at most three. Expand X = c⋆ +(X − c⋆) twice. Pairwise center distortion, the inclusion of zero
as a center, and (50) give, simultaneously for every R,S,

F(Xg) ≤ 4BcF(X) + 12BcδX + 6δg ≤ 8Bc∆X + 12BcδX + 6δg. (53)

Writing y = Xg + e and using (51) gives

F(Xg) ≥ 2−13∥Xg∥2 − (3 + 2−12)∥e∥2r .

On the displayed events this is more than 2−15Φ before the two center-error terms; those total at
most 18Φ/224. Thus ∆X ≥ Φ/(220Bc) > ϑΦ. Marginalizing the proof-only bank proves the stated
sign probability; the bank is never constructed and makes no original access.

Committed rounds and validation. Fix cut conductance χ and a volume-loss reserve S ≥ 1.
Set

τ0 = 2−12, t = 16ϑ−1 log2(Pmax/τ0) + 1, β = 2log2(2/χ), (54)

K = t(β + 3), ϕ = 2− log2 max{2048,16K}, η = βϕ/(128S), ϵ ≤ 1/(4096K). (55)

Let the diagonal frame be F0(u, u) = 2− log4 ru , so 1/(4ru) ≤ F0(u, u)
2 ≤ 1/ru. Keep implicitly

Z = PAQFF0, (56)

Here PA subtracts the r-weighted mean on active rows, and Q contains committed smoothers, cou-
plings and deletion masks, retaining all original columns. Intermediate centerings may be omitted:
Markov factors preserve the active constant, deletion maps it to the next constant, and final PA

kills it. Thus (56) equals centered replay, Q is nonnegative substochastic, and contraction gives
Φ ≤ Pmax.

Candidate signs find progress; independent validation signs measure it before a commit. Permit
at most t committed rounds and one additional terminal validation block. At each of these at most
t+ 1 blocks perform the following operations in order.

1. Freeze the active state and D0 = C \ A. Generate s = 16 log2(16(t + 1)/δc) independent
candidates from this same state.

2. If some seed has r(D0 ∪ Si) ≥ ηV , return that particular union as a cut. Never accumulate
rejected seeds.

3. Otherwise freeze every candidate map. Independently draw a shared validation bank in the
smallest odd number J of groups of 128 signs satisfying J > log2(16(t + 1)(s + 1)/δc) + 1.
Median group means estimate Φ and each ideal candidate loss ∆i.

4. Put astat = ϑτ0/16, U = 2(Φ̂ + astat), and Li = max{0, (2/3)(∆̂i − astat)}. Stop if U ≤ 4τ0.
Otherwise report failure before any further commit if t rounds have already been committed.
If fewer have been committed, select the largest Li, reporting failure if it is below ϑU/16, and
commit only that candidate.
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Frozen candidates are contractions, so each ideal loss is a nonnegative quadratic form with
Rademacher variance at most twice its squared mean. Chebyshev gives [1/2, 3/2] accuracy with
failure at most 1/16 per 128-sign group, and the median fails with probability below 2−J . Including
Appendix A.5’s arithmetic error gives

Φ ≤ U ≤ 3Φ + 4astat, ∆i/3− 4astat/3 ≤ Li ≤ ∆i. (57)

When Φ > τ0, all s candidates miss the uniform progress event with probability at most e−s/16. If
a candidate has that progress property, it passes the selection threshold, and the committed round
loses at least ϑΦ/16. The choice of t forces Φ ≤ τ0, where the stop test succeeds. No relative
accuracy is required in this small-potential case.

Lemma A.7. Except with the allocated failure probability, the game returns either a cut of true
reference conductance at most χ, whose two sides have reference volume at least ηV , or an active
near-expander A1 with

r(A1) > (1− η)V, ∂C(A1) ≤ r(C \A1)/β, ∂C(U) ≥ ϕr(U) (r(U) ≤ r(A1)/2). (58)

It uses no original row scans. Its sparse cost is M1+o(1) when χ−1, S, ϵ−1, log(2 + ρ) are bounded
by fixed powers of log n, the ambient quantities v, V, ρ have the prescribed polynomial range, and
log(1/δc) = O(log n). In particular, ρ itself need not be polylogarithmic.

Proof. For a failed-flow seed use the full original set U ∩C in (49). Hub elimination and (45) show
its true cut is at most the augmented cut. Inactive originals already belong to D0. Submodularity
therefore increases the boundary of D0 ∪ S by at most r(S)/β. At a triggering union its volume
is between ηV and (5/8 + 3η/8)V ; the complement is at least 3(1 − η)V/8. Since η ≤ 1/9, this
complement is at least ηV , and the volume ratio is at most two. Conductance is at most 2/β ≤ χ.

At potential stopping, put r0 = r(C \ A1) < ηV . Boundary is at most r0/β, hence b :=
∂C(A1)/r(A1) ≤ ϕ/64. For a final set U ⊆ A1, s0 = r(U) ≤ r(A1)/2, let x = 1U − (s0/r(A1))1A1 .
It is centered on the full child, ∥x∥2r ≥ s0/2, and λC(x) ≤ 2∂C(U)/s0 + b (expand its three edge
classes). If the cut ratio is at most 1/2048, Lemma A.3 and Φ ≤ 4τ0 give

∥PA1Qx∥r ≤ (2
√
Φ+ 1/16 +

√
8λC(x))∥x∥r < ∥x∥r/2.

Here the frame gives ∥PA1QF∥HS,r ≤ 2
√
Φ. For this comparison, view Q on all rows of C, padding

deleted output rows with zeros. Since Q is substochastic and x takes values in an interval containing
zero and of length one, |(Q − I)x| ≤ 1. Orthogonal centering on A1 and PA1x = x imply ∥(Q −
I)x∥r ≥ ∥x∥r/2, hence ∥(Q − I)x∥r,1 ≥ s0/8. Every deletion mask fixes this final-support vector.
Suffix telescoping of Q − I, followed by weighted ℓ1 contraction, tests the same full original sets
U,A1 in every earlier factor. Equations (47) and (52) give

s0/8 ≤ K[∂C(U) + (s0/r(A1))∂C(A1) + 4ϵs0].

Thus the ratio is at least min{1/2048, 1/(8K)− b− 4ϵ} ≥ ϕ. This proves near-expansion. For the
work bound below, ϑ−1 = O(log(2 + ρ)) and

t = O
(
log(2 + ρ) log(Pmax/τ0)

)
= O

(
log2(2 + ρ)

)
.

The proof-only bank and scalar Pmax require no list of ρ objects. Other reciprocal parameters are
polylogarithmic; vertex and volume factors affect only O(log n)-bit precision. The static construc-
tion chooses admissible dyadic accuracies.
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A.5 Finite arithmetic, sparse solvers, and work

A.5.1 Finite Bernoulli skipping

For a row suffix of length N ≤ n, invert the geometric CDF Pr(T > k) = (1− p)k by binary search
on 1, . . . , N+1, where N+1 means exhaustion, using a uniform b-bit dyadic U . Repeated squaring
on mesh ζ evaluates each power with error O(nζ), by telescoping products in [0, 1]. Coupling U to
a continuous uniform succeeds unless it lies within 2−b + O(nζ) of one of the N CDF boundaries.
Thus per-call error is O(n2−b + n2ζ); choose b = O(log n) and ζ = 2−O(logn) for the polynomial
horizon. Each selected or exhausted position costs O(log2 n) arithmetic and reads no unselected
label. The coupling transfers the ideal Chernoff work cap to this finite sampler.

A.5.2 Uniform replay error and centering

Every ideal replay of F0g has D-norm at most
√
v. Choose final coordinate error

a∗ ≤
ϑτ0

216v(V + 1)
. (59)

Budget a∗/(4t + 8) in D norm per factor. Contractions and exact centerings add these errors;
ru ≥ 1 gives coordinate error at most a∗, meeting Lemma A.6 for Φ ≥ τ0. Squared-norm error is
at most 2

√
v
√
V a∗ + V a2∗, small enough for astat even when subtracting two norms.

After each sparse action round to a fixed dyadic grid, then center exactly. This introduces
only the integer volume denominator VA, discarded at the next rounding. Round each coefficient–
coordinate product before summing, so denominators never accumulate. Polynomial magnitudes,
2O(h) filter amplification and polynomially many summands permit a common O(log n)-bit grid
fine enough for all errors.

A.5.3 A finite grounded inverse

Use Lemma 6.1 and its grounded-block construction with ambient size n + 2, including the child,
hub, and ground vertex. The sample weights 1/p, dyadic hub weights ϵru, and ground-edge sums
share an O(log n)-bit dyadic mesh and polynomial positive ranges. Together with the sparse count
cap and the preceding common-grid rule for replay right-hand sides, these satisfy the lemma’s input
hypotheses.

The lemma supplies fixed symmetric analytical inverse maps and finite evaluations in M1+o(1)

work with O(log n)-bit words. Choose its accuracy for the per-action allowance a∗/(4t + 8) in
(59), and allocate factorization and random-work failure budgets over the predetermined structural
call horizon. Its zero-pivot rule, operand guards, and work caps apply with the same first-failure
convention. The lemma and its grounded-block reduction are proved independently of core con-
struction.

For the actual game block LBB, a path to ground gives λmin(LBB) ≥ wmin/(v + 1)2. Its sparse
exact residual certifies energy error using this bound. If C0 = −LAB, its row sums are at most
γ−1rA. Let DB,A be the diagonal matrix of total augmented edge weights from each vertex of B
to A. Weighted Cauchy gives

CT
0 D

−1
A C0 ⪯ γ−1DB,A ⪯ γ−1LBB.

Thus squared KA output error is at most γ times grounded solve energy error. Sparse residual
checks certify replay precision.
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A.5.4 Exact flow on small sparse children

Common-scaled capacities have O(log n) bits. Give all network arcs cost zero and add a sink-to-
source return arc of cost −1 and capacity Q, the sum of source-arc capacities, with zero demands.
Zero is feasible; adding or removing the return arc identifies minimum cost with negative maximum-
flow value. Apply [vdBCP+23, Theorem 1.1] with U the maximum of two and all capacities,
including Q, and cost bound C = 2. Its M1+o(1) logU logC bound includes capacity scaling, so
logU = O(log n) givesM1+o(1) work even for tiny children. Check capacity, conservation, integrality
and the final residual cut by sparse scans; handle empty and constant-size cases directly.

After local renumbering the input has z = O(M log n) bits. Keep input/output integers in
O(log n) bits and simulate the O(logO(1) z)-bit fixed-point words of [vdBCP+23, Section 2] with
no(1) ordinary words and work per operation. Store any wide addresses as multiword keys in a
balanced dictionary pointing to ordinary records. There are at most as many keys as operations,
so lookups cost no(1) and allocated memory is polynomial. This preserves the work bound and the
exact integral interface of [vdBCP+23, Theorem 1.1 and Lemma 4.1]. Lemma A.5 supplies route
decomposition.

A.5.5 Total game work and failure probability

Keep at most t+ 1 active-set factors for prefix replay. Candidates in each block share the current
factor; their final seed deletion needs no new factor. Every rejected candidate pays one replay,
smoothing, sort, exact flow, and compressed route decomposition. Independent validation replays
the prefix and each frozen suffix. A sufficient total bound is

O((s+ 128J)(t+ 1)2M1+o(1) + s(t+ 1)M1+o(1)). (60)

This includes filter application and every factor construction. Predeclare a polynomial call horizon
and abort before any work cap. Allocate failure among probes, sample concentration and skipping
coupling, factors, candidate progress, validation, and random-integer tails. New tapes follow a fixed
input state; bound the first failed operation conditionally on its past and union over the capped
horizon. No randomness is conditioned on future successful execution.

A.6 A weighted fixed-birth pruner with atom-count work

Sample atoms can have large weight 1/p, so work must depend on their count. We first establish
the mass and cut bounds, then implement them with a dynamic forest. Within a pruning theorem
and its proof, V denotes its birth vertex set.

Theorem A.8. Let a weighted undirected birth graph have m stored atoms with positive integer
weights, positive integer birth degrees b, volume B, and reference conductance α ≤ 1/2, an inverse
power of two. An arbitrary adaptive sequence of distinct nonloop birth atoms may be fed as genuine
deletions. Each feed deletes that entire atom at its full birth weight, at most once; partial decrements
of one atom are outside this interface. With fed weight k, a deterministic structure removes birth
volume at most 16k/α. Its surviving live graph satisfies

∂live(X) ≥ (α/4)b(X) for X ⊆ A, b(X) ≤ b(A)/2.

For
H = 2 + ln(2B)/ ln(1 + α/8),

total work is O((m+|V |)H log(2m+2|V |)), independently of numeric weights except their bit length
and H. No fed-weight budget is required for correctness or the volume bound.
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Implement height by 2 + 16/α log2(2B), with binary logarithms computed by bit lengths and
comparison. For the density-height bound below at θ = ϕ/8, use 2/θ and log2max{1,M/(θd2)}.

A.6.1 State and the mass proof

Put c⋆ = 2/α. Initially A = V , f = 0, and all levels are zero. Private vertices are the survivors A;
private edges include every birth edge induced by A, including deleted ghosts. Keep antisymmetric
integral flow |f(u, v)| ≤ cwuv, and

σA(u) = c⋆w(E(u, V \A))+2c⋆ degD(u), m(u) = σA(u)+
∑
v∈A

f(v, u), e(u) = max{m(u)−bu, 0}.

(61)
Here degD counts all atoms fed so far at their birth weights, including atoms whose other endpoint
is no longer private. Feeding weight w adds 2cw at each endpoint still private; charge 4cw even if
one is gone. Thus charged injection is J = 4ck = 8k/α. Maintain

m ≥ 0, l(u) > 0 =⇒ m(u) ≥ bu, cwuv − f(u, v) > 0 =⇒ l(u) ≤ l(v) + 1, 0 ≤ l ≤ H. (62)

Once absorbed, sink mass never leaves a surviving vertex.
Let Si = {l ≥ i} and let zi be crossing weight between levels i and i − 1. If SH ̸= ∅, some

nonempty Si has zi ≤ (α/8)b(Si): otherwise successive volumes grow by 1+α/8 from at least one,
exceeding B.

Remove this upper set simultaneously, replacing crossing edge u→ v by source cw at survivor
v. Its mass gain is cw − f(u, v) ≥ 0, zero across a level gap of at least two by residual saturation.
Adjacent-level edges create at most 2cw each, totaling at most b(S)/2, while removed positive-
level sinks destroy at least b(S). For cumulative creation C and removed birth volume R, every
completed prefix satisfies

C ≤ R/2, R ≤ J + C, R ≤ 2J = 16k/α. (63)

At a zero-excess checkpoint, for smaller-reference X ⊆ A let x be its private cut, y its birth
boundary outside A, and z =

∑
u∈X degD(u). Birth expansion and feasible mass give

x+ y ≥ αb(X), cy + 2cz ≤ b(X) + cx.

Since 1/c⋆ = α/2, substitution gives x−z ≥ αb(X)/4. Deleted crossing weight is at most z, proving
the fixed-reference live guarantee.

A.6.2 The dynamic forest algorithm

Batch pushes along a child-to-parent forest. Each arc satisfies l(u) = l(v) + 1 and stores residual
capacity cwuv − f(u, v). Lazy zeros may remain linked. Before cutting, query and materialize its
flow; unlinked flows are explicit. Row queries test linkage in either direction and read linked values
from the tree, never a stale explicit copy.

Each vertex has a row cursor reset only on relabel, incoming-child list, and one active queue
handle. Validate private membership and excess before use; clear stale handles at excess-interval
end or removal.

Choose any active v. Purge zero residual arcs on its root path, repeating root finding after cuts,
and let w be its current root. Process v only while it has excess.
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1. If m(w) < bw, push a = min{e(v), bw − m(w), path residual minimum} along the root path,
subtracting a lazily from residuals. Source and root masses change by −a,+a; internal masses
stay fixed and the root gains no excess. The path is nonempty since v has excess.

2. For a full root sink, scan its current row for positive residual w → z with l(w) = l(z) + 1. If
found, link it, leave the cursor there, and repeat, purging extended-path zeros. The trees are
distinct: a z–w path would force l(z) > l(w).

3. If no admissible arc remains, raise l(w) by one, reset its cursor, and materialize and cut all
incoming arcs. Their children now have the parent’s level; advance their rejected slots. Every
residual neighbor had level at least old l(w), so raising preserves (62). This applies even to a
full root with zero excess.

4. On reaching heightH, immediately prune a qualifying upper set and restart the queue; otherwise
continue with v.

For pruning, mark the whole set and collect crossing atoms. Query, materialize and cut all linked
crossing atoms before any survivor source update. Save their flows, then update sources, remove
vertices and internal links, and update handles. No push interrupts this batch; only its completion
is a checkpoint. Strict descent prevents a surviving child from pointing into the removed upper set.

A.6.3 Cursor validity and the atom count

At a fixed sender level, a rejected positive slot’s neighbor is already as high and only rises. Saturated
slots reopen only by a reverse push, which also puts the neighbor too high; parent relabels have
the same effect. Removal is permanent. Thus each directed slot is scanned and selected O(1) times
per level: scans, links and value queries total O(mH), relabels O(|V |H), and each link is cut once.

Every positive push saturates a link, first fills a root sink, or ends its source’s excess interval;
break ties arbitrarily. A saturated link is purged before reuse. Pushes leave internal masses un-
changed and create no destination excess, so only feeds and prune-boundary additions start excess
intervals. Each atom is fed and crosses a prune boundary at most once. Hence there are O(m+ |V |)
intervals and sink fills, and O(mH + |V |) pushes. Charge root queries to the next push, scan, link,
cut, relabel or interval completion.

Search levels downward to the first successful test, scanning only ultimately removed rows:
total row work is O(m+ |V |) and empty-level work O(|V |H). Materialize each crossing atom once.
Dynamic trees add one logarithm per operation, proving Theorem A.8 and termination even behind
full zero-excess roots.

A.7 Adaptive degree-bias repair and the local induced core

Return to the sampled child C, with V = r(C). Repair uses the global raw-adjacency bound to
convert a sampled induced expander into an original induced core. We first prove this repair step;
Lemma A.10 then obtains its input by trimming the game’s near-expander.

Lemma A.9. Let 0 < α ≤ 1/2 be an inverse power of two, with α−1 bounded by a fixed power of
log n. Let C be simple, dC ≤ r ≤ 2dC , and let a sample satisfy the raw error in (42) and d̂C ≤ r.
A sample-adaptive A0 has r(A0) ≥ 3V/4, and its sampled induced graph completed to degree 2r is
an α-expander. Suppose original degree estimates have error at most δ0ru/4 and are maintained by
exact public row decrements. If

0 < δ0 ≤ α/100, log n ≥ log2(2v), ϵ ≤ αδ0/(256S log n), S ≥ 1,
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then sparse work M1+o(1) plus scans of first publicly removed original rows produces an original
induced α/12-core R, removing reference volume at most 576ϵ2V/(αδ20).

Proof. Give Theorem A.8 the fixed birth graph on A0, with sample edges and loops 2ru− d̂A0(u) ≥
ru. Initialize public R = A0 and keep it inside the private survivor set. Removing a row from R
scans its original root row, independently of private ghost-flow removal.

A public row is BAD if |d̂R(u)− d̃R(u)| > δ0ru/2. Both degree counters exclude the reference-
completion loops. Choose one BAD row and feed every not-yet-fed birth nonloop edge incident to
it. Complete the pruner batch, then publicly remove that row and all privately pruned rows. A
forced BAD row may remain private, with its state and loops untouched. Finish all public updates
before making the next BAD decision.

Let VB be reference volume of chosen BAD rows and VP = r(A0 \R). Fed weight k ≤ VB since
birth nonloop degree is at most r. Private pruning removes r-volume at most 8k/α, so

VP ≤ (8/α+ 1)VB ≤ 9VB/α. (64)

This holds for every completed prefix with no small-budget premise.
For the analysis of VB, put E = D−1/2(Â − AC)D

−1/2 and order P = A0 \ R by completed
batches. A chosen BAD row has true bias greater than δ0ru/4, whose normalized value is its
coordinate of ED1/21A0 − ED1/21Pearlier

; Pearlier contains only rows removed before its decision.
The second term on chosen rows is therefore a restriction of the strict block-lower part T (E)D1/21P .
Neither E nor T (E) is constructed. For every block order,

∥T (E)∥ ≤ log n∥E∥. (65)

To prove this, recursively bisect the ordered blocks. At each depth, lower off-diagonal rectangles
have disjoint rows and columns, so their direct sum has norm at most ∥E∥. Sum over at most log n
depths. This is valid for an order chosen after seeing E.

Consequently
(δ20/16)VB ≤ 2ϵ2V + 2 log2 nϵ2VP .

Combine (64) and ϵ2 ≤ αδ20/(576 log2 n) to absorb the last term:

VB ≤ 64ϵ2V/δ20 , VP ≤ 576ϵ2V/(αδ20). (66)

At termination every edge from R to a BAD row still private has been fed. For U ⊆ R, r(U) ≤
r(R)/2, both sides of the private cut have b-volume at least 2r(U), where b = 2r. Hence the sampled
live public cut is at least (α/2)r(U); use only (α/6)r(U). Final degree bias is |d̂R − dR| ≤ δ0r, and
the raw norm gives |1T

U (Â − AC)1U | ≤ ϵr(U) for every adaptive U . Degree sum minus internal

adjacency yields |∂̂R(U)− ∂R(U)| ≤ (δ0 + ϵ)r(U). Since δ0 + ϵ ≤ α/12, the original bound follows.
Sparse degree counters and a BAD queue update only affected rows. Each sample edge is fed

once. Only first public removal scans an original row; later private removal cannot scan it again.
Since C is simple and r ≤ 2dC , the weighted birth volume is at most 2V ≤ 4n2. Its height is
therefore no(1), and Theorem A.8 costs M1+o(1).

Lemma A.10. In the near branch of Lemma A.7, set

α = ϕ/8, δ0 = α2/256, e ≤ min{1/(4096 log n), δ0/16},
ϵ ≤ min{e/4, αδ0/(256S log n), 1/(4096K)},

(67)

all inverse powers of two where appropriate. An original induced core of reference conductance at
least α/12 remains after removing less than V/(16S) reference volume. Removed root volume, and
hence original row work, is less than w(C)/(2S). Other work is M1+o(1).
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Proof. Complete the original-vertex rows of the sample-plus-hub graph to 2r. To trim A1, let bu
now denote its augmented boundary supply and put b(S) =

∑
u∈S bu. Use sparse maximum flow

with sink capacity ϕru/2 and routing-edge capacities equal to their sampled weights. Route only
on sampled edges induced by original vertices of A1; the hub and excluded originals are boundary
sources, never transit. Since B1 = ∂C(A1) ≤ r(C \ A1)/β, total source is at most B1 + 2ϵV . For
the residual set S1 reachable from unsaturated sources (empty if none), the mincut gives

∂̂A1(S1) + (ϕ/2)r(S1) ≤ b(S1), r(S1) ≤ 2(B1 + 2ϵV )/ϕ.

Remove S1 and replace its saturated outward arcs by boundary supply of the same weights at their
surviving endpoints. The survivors’ old sources were saturated, so the remaining flow routes all
new boundary supply to the same sinks. Put A0 = A1 \ S1.

For smaller-r U ⊆ A0, let x be its sampled internal cut and y its full augmented boundary
outside A0. Near-expansion and augmented domination give x+y ≥ ϕr(U); the retained flow gives
y ≤ (ϕ/2)r(U) + x. Hence x ≥ (ϕ/4)r(U), giving conductance α = ϕ/8 after completion to 2r.

Loss so far divided by V is at most

βϕ

128S
+

1

64S
+

δ0
512 log nS

,

so r(A0) ≥ 3V/4. Discard the hub and use the integral sample with completion loops 2r− d̂A0 ≥ r.
The guard estimate error is ew ≤ 4er ≤ δ0r/4, and exact public decrements preserve it.

Initialize A0 estimates by scanning committed removed root rows in C \A0 once and decrement-
ing retained neighbors via membership flags. The displayed loss pays game removals and trimming;
rejected seeds trigger no scan. Stamp scanned rows to prevent scanning these original rows again.
Lemma A.9 removes at most

576ϵ2V/(αδ20) ≤ 9αV/(1024 log2 nS2).

The sum is less than V/(16S). Each removed row costs wu ≤ 4ru; V ≤ 2w(C) gives the root-volume
and row-work bound.

A.8 Delayed original-label classification and static cover

The recursion first finds vertex sets. Assigning original labels only after the tree is fixed keeps its
depth out of the dense scan cost.

For qj > τ , put Sj = AD2
j and tj = qj/(nSj). Peel current degrees below tj , exporting at

most ntj = qj/Sj labels in one original scan. The nonempty remainder has exact root degrees w,
minimum d ≥ max{1, tj}, and frozen arrays. Let q0 be its edge count and W0 = 2q0 its volume.
Set common root parameters

d∗ = max{1, d/4}, ρ = max{1, n/d∗}, J0 = 1 + log2max{1, 8W0/d
2},

χ = 2− log2(256SjJ0), S = 32Sj .
(68)

Choose each accuracy as the largest inverse power of two satisfying all its upper bounds, hence
within a factor two of their minimum. Before child tapes, choose (68), then bρ, ϑ, Pmax and (54)–
(55), then α = ϕ/8, δ0 = α2/256, and finally e and ϵ in that order from (67). Thus ϕ is independent
of the later ϵ, and reciprocal accuracies have fixed polylogarithmic exponents. Use these parameters
and the same sampling probability at every node of the binary refinement tree. Stop before calls
with fewer than d/8 vertices; otherwise guard, stopping if empty, then run the game and bootstrap
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its near branch. CUT recurses on both surviving sides; CORE exports removed vertices and
terminates. Fresh tapes follow the fixed child, and the guard supplies the common d∗.

By (39), each accepted cut has both root-volume sides at least ηw(C)/8, and true boundary at
most twice χ times its smaller root-volume side. Enforce the stated volume-balance test even on a
bad-sample execution.

Lemma A.11. The next explicit residual has qj+1 ≤ 9qj/(8Sj) ≤ qj/2 for sufficiently large A.
This phase uses O(qj + n) full original scan work and n1+o(1) probes and sample positions. Its
sparse work is n1+o(1).

Proof. Let Pg be all guard-removed vertices, Fg the distinct labels whose other endpoint is still in
the current node when their first guard endpoint is removed, and Bg all accepted-cut labels. Every
label incident to Pg belongs to Fg∪Bg: a terminal CORE cannot be an ancestor of a later recursive
node. The removal bound in Lemma A.1 and endpoint counting give

|Fg| ≤ 3w(Pg)/8, w(Pg) ≤ 2(|Fg|+ |Bg|), w(Pg) ≤ 8|Bg|, |Fg| ≤ 3|Bg|.

Charge each cut to its smaller root-volume side. Each vertex’s next charged parent has at most half
the preceding volume. Split parents have volume at least d2/8, so the sum of smaller-side volumes
is at most J0W0 and |Bg| ≤ 2χJ0W0. For a small leaf U , simplicity gives e(U) ≤ w(U)/16 and root
boundary at least 7w(U)/8. Summing those boundaries counts Bg ∪ Fg at most twice, so adding
small-leaf internal labels multiplies that charge by at most 8/7. Terminal CORE input sets are
disjoint; their root-volume losses total at most W0/(64Sj). The full post-peel residual is therefore
at most

4|Bg|
1− 1/8

+
W0

64Sj
≤
(

8χJ0
1− 1/8

+
1

64Sj

)
W0 < q0/(8Sj).

Including first-peel exports proves the size recurrence.
Uniform balance bounds depth by H0 = 2+(8/η) log2(2W0/d) = no(1), even with guards before

cuts. Consequently
∑

i |Ai| ≤ nH0 and
∑

iw(Ai) ≤ W0H0. Probes cost k
∑

i |Ai|. Common
sampling probability satisfies p ≤ C log n/(ϵ2d∗) even when clamped to one, and d∗ ≥ qj/(4nSj).
Together with the sample-cost bound in Lemma A.2, this gives

p
∑
i

w(Ci) ≤ CnSj log nH0/ϵ
2,

∑
i

Mi + all probe and stream work ≤ n1+o(1).

This includes discarded sample positions and exhausted streams, not only accepted sample edges.
Stamped local IDs avoid an ambient n clearing per call. Sum (60) and the sparse bootstrap cost
as (

∑
iMi)

1+o(1).
Guard scans occur once and terminal export allowances are disjoint. After fixing the tree,

classify each root label once: equal retained-core endpoint flags install it, otherwise it enters the
residual. This builds degrees and direct handles in O(qj + n), without routing labels through tree
depth.

Repeat on the residual until size τ . Lemma A.11 gives
∑

j qj ≤ 2q and O(log(2 + q/τ)) phases.
Cores are vertex-disjoint within phases and globally edge-disjoint, induced in their phase residual;
total vertex population is n1+o(1). The n1+o(1) probe and sample touches per phase are O(qj) for
qj > n9/8, by asymptotic absorption of any fixed logarithmic power.

From ρ ≤ 4n2Sj/qj and (68), J0, log(2 + ρ) = O(Dj). The game has t = O(log2(2 + ρ)), hence

h−1
j = O(ϕ−1) = O(SjJ0 log

2(2 + ρ)) = O(D5
j ).

The guard and first peel give retained reference minimum qj/(4nSj). Appendix A.5’s first-failure
bound covers adaptive refinement and residual phases, completing the static portion of Theorem 4.1.
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A.9 Unweighted fixed-birth pruning at a density-dependent height

Simplicity and minimum degree give installed cores a smaller pruning height and a charge per
genuine deletion. In the next lemma, θ > 0 is the level-growth threshold; the pruner uses θ = ϕ/8.

Lemma A.12. In a simple private graph whose degrees are bounded by positive integer references
r, with

∑
r ≤ M and min r ≥ d, give vertices levels 0, . . . ,H. Put Si = {l ≥ i} and let zi count

edges between levels i and i− 1. If SH ̸= ∅ and

H ≥ 2 + lnmax{1,M/(θd2)}/ ln(1 + θ),

some nonempty Si, i ≥ 1, has zi ≤ θr(Si). It can be found by scanning only rows ultimately
removed.

Proof. If all tests fail, simplicity gives θd|SH | ≤ θr(SH) < zH ≤ |SH | |{l = H − 1}|. Thus the
next level has more than θd vertices and r(SH−1) > θd2. Each further failed level has r(Si−1) >
(1 + θ)r(Si), contradicting total M at this height. Scan levels downward and stop at the first
success; only rows in its upper set have been read. Empty-level bookkeeping costs O(H). The
d2 argument requires simplicity; Appendix A.6 uses a different work proof for weighted parallel
atoms.

Theorem A.13. Let a simple unweighted birth graph have actual degrees r > 0, volume M = 2qb,
minimum degree d, and conductance ϕ ≤ 1/2, an inverse power of two. Define

∆ = 1 + ln

(
1 +

M

(ϕ/8)d2

)
, H = O(∆/ϕ)

using Lemma A.12. For any adaptive sequence of genuine deletions there is a deterministic structure
with live reference conductance at least ϕ/4, total work

O(qb + |V |+H + U∆/ϕ2),

and O(U/ϕ) exported live labels. All prices and references are fixed at birth. Retire at the first
U ≥ ϕM/128, exporting every remaining live label.

Proof. Use the ghost source and mass state (61) with b = r, unit edge weights, and c⋆ = 2/ϕ. A
genuine deletion removes public handles but retains private flow and adds 2c⋆ at each endpoint;
its injection is 4c⋆ = 8/ϕ. Preserve (62). Choose the minimum-level vertex with excess and level
below H. On an admissible arc u→ v push a = min{e(u), c⋆ − f(u, v), rv}. Minimum-level choice
makes the recipient nonexcessive, so its new excess is at most rv. Sending only excess preserves
filled sinks. When no admissible arc remains, relabel and reset the cursor; the weighted forest’s
rejection argument applies unchanged.

When only height-H excess remains, apply Lemma A.12 with θ = ϕ/8 and mark its entire upper
set before removal. Replace each crossing private edge by source c⋆ at its surviving endpoint. The
source-and-mass calculation leading to (63) gives, for injection J = 8U/ϕ, cumulative creation C,
and removed birth volume R, C ≤ R/2, R ≤ J+C, and R ≤ 2J . Scan each removed birth row once.
At most R live incident labels are exported, each once; historical ghosts are never exported. The
feasible-cut calculation following (63) proves the ϕ/4 live guarantee without subtracting deleted
incidences twice.

Put B = J + C ≤ 2J . Each ever-active vertex absorbs ru until removal, so
∑

ever active ru ≤ B
and scans/relabels cost O(HB). A push of a lowers Ψ =

∑
e(u)l(u) ≥ 0 by at least a, since
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its nonexcessive recipient is one level lower. For cumulative direct injection/creation Iu, we have
e(u) ≤ ru + Iu: received pushes start at zero excess and add at most ru. All relabels together
increase Ψ by at most H

∑
ever active ru +H

∑
Iu ≤ 2HB; direct additions raise Ψ by at most HB,

and removals only lower it apart from charged creation. Thus pushed integral mass and push count
are at most 3HB.

Use per-level active lists. Pushes lower the minimum by at most one; positive integral additions
lower it by at most H, charged to their amount. Pair upward scans with these decreases and
initialization: queue work is O(HB + H). At most R ≤ 2J upper-set removals cost O(HJ) in
empty levels. Total update work is O(HJ +H), pathwise under adaptive deletions.

At retirement qb = M/2 ≤ 64U/ϕ, paying the final scan and exports. Charge a frozen batch
in full as genuine input at old birth prices, even if it triggers retirement; its exports are not new
deletions in this birth.

A.10 Installing the static cores and closing the interface

The construction reference was chosen before the core was known. Installation replaces it by actual
original birth degrees and freezes those degrees for pruning.

In a phase-j core, each retained reference is at least mj = qj/(4nSj). In a core with at least two
vertices, singleton cuts have reference at least mj on both sides, so actual birth minimum degree
is at least hjmj . Actual degree is no larger than the static reference, so actual-degree conductance
is at least hj . Omit singleton cores with no original label. Round ϕ down within a factor two of hj
and freeze it. Birth volume is at most 2qj ; hence

M

(ϕ/8)d2
≤ C

n2S2
j

h3jqj
, ∆ = O(Dj).

Theorem A.13 now gives Theorem 4.1’s deletion and export prices.

98



B Table of symbols

Table 1: Symbols, in order of first appearance.

Symbol Meaning

n,m, r Vertices, labels, and rank r = n− 1 of the working graph
P Central potential exponent, the integer fixed in Section 1.1
C, c0 Magnitude exponent of the input data and confidence exponent
B Incidence matrix
s Density s = r/m
f Stored flow
λ Tracking weights
y Vertex potential
µ Barrier parameter
c,υmax Cost vector and upper capacity vector
z Local barrier scale
w Regularized weight w = 2s+ λ
ϱ Row scale ϱ = z/w

Ξ Barrier gradient scale z(f−1 − (υmax − f)−1)
D Barrier curvature scale z3(f−3 − (υmax − f)−3)
H Ordinary coefficient Laplacian BTDiag(ϱ2)B
τ Edge leverage scores of H

U,Π Scaled incidence Diag(ϱ)BH−1/2 and the projection UUT

L Physical metric for the direction solve and residual norm
ϖ Logarithmic tracking error
δ Margin of the tracking error to the boundary

δ Stored margin
ϖ Positive stored reference scale comparable to s+ τ
ς Central error
ς Stored representative of the central error
σ Relative change of the squared row scale in a frame, (ϱ′

e/ϱe)
2 − 1

b Demand vector
dZ Margin 1− |ς| of the stored central representative
p Tracking potential exponent, p = 512
ψq Potential kernel (1− x)−q + (1 + x)−q

ΨR Tracking potential
∑

e ψp(ϖe/κ)
ΨZ Centrality potential

∑
e ψP (ςe)

M Frame scale, 105n1/4 ≤M ≤ 2 · 105n1/4
h Central step size, within a factor two of chn

−3/pP−16

βf Flow step scale h/M
βs Sampled step scale γβf
B∗ Per-frame variation scale βf

√
m/s

We Frozen structural update price of an edge
ajump Fixed scalar jump allowance of the owner rates
kP Coefficient of the central correction
GZ,e Certified central gradient bound of an edge
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Symbol Meaning

cZ Constant of the central correction cap
F Central correction
K0 Root-update coefficient (C + q)/(θ(1 + bw))
T0 Target of the root update
CR,out Threshold of the tracking potential at a valid pre-state
∆D Direction mesh
µlow Supplied lower bound on µ over an attempt range
ccen Rational constant of the central scheduler
ρmin Dyadic floor of the scheduler radii

τ0 Residual cutoff of the owner, τ0 ≍ n9/8
ϕeo Owner gate weight of a label occurrence
Ninit Number of initial tokens, O(m)
Nsharp Sharp token cap C0mB(P, log log n)
TP , TH Approximate inverses of P and of H

Ξ Central ratio z(c−By)/(µw) = Ξ+ ες
Ξ0,D0 Central ratio and curvature scale at the initial point
R Reduced-cost ratio (c−By)/(µw)
S Third-order barrier scale f−3 − (υmax − f)−3

Z Squared barrier scale z2

Y Weight ratio 3λ/w

k Step denominator DΞ+Y(1−DΞ)
g,g0 Step right-hand side and its leading term
q Potential part of the step, zBxdir/(µw)
xdir Potential direction of the solve
Υ,Λ Implemented and exact flow directions
d Movement scale |Υ|+ |φ|
ν Central noise coefficient (g0 − q)/(εθ)
φ Source of the central correction
ι Leverage correction 1− s/λ− τ/τ̂
T Selection scaling, Te = Ie/pe
ξ Selection noise (T− 1)ν
G Gradient of the tracking potential
E Scaled change UTDiag(σ)U
Q,K0 Root-update operators of the local step
X Per-edge variation scale
I Identity
M,Qω,Qµ Observer matrices BTDiag(ω)B, LC(ω) +DRE

(ω), LC(µ) +DRE
(µ)

W Price diagonal Diag(We) of the exact output
x Generic vector; iterates xi of the observer solves
κ Scalar step argument of Φ and R
ϵ0 Prefix threshold of the upper-stopped drift argument
∆C Common-grid gauge mesh of a core occurrence
UR, UZ Computable upper bounds of the two potentials

d0 Endpoint list depth n64/p logD0 n
LC , DRE

, ARE
Weighted Laplacian of the endpoint union and residual degree and ad-
jacency
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Symbol Meaning

Q0 Reference operator LC(ω) +DRE
(ω)

xrand
j Random vertex vectors of the observer

PM Proxy (1± ϵ)M of the observer
µ0, µend Initial and final barrier parameters
CT Phase constant of the attempt length
T Attempt length CT

√
r/βs

W0 Root volume 2q0 of the core construction
dC , d∗ Degree in the core C and a known lower bound on min dC
ru Guard reference degree of a vertex
VA Reference volume r(A)
A0, A1 Sample-adaptive set and active near-expander of the pruning game
δ0 Degree-estimate error parameter of the repair lemma
S1 Residual set reachable from unsaturated sources
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