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Abstract

The main results are:

1. For arbitrary convex bodies, an improvement of the previous best query bound from
O(n3%) to O(n3?%), while also giving a simpler cooling path. This is obtained by di-
rectly prompting GPT 5.6 Sol and in Kimi Code with K3max (but not through prompt),
and is in Section 4. Its sharpness in Section A is obtained by directly prompting GPT 5.6
Sol.

2. For symmetric convex bodies, a matrix-regularized Gaussian cooling algorithm improves
the rounding cost to O(n?), and hence gives volume estimation in O(n?¢~2) membership
queries (Section 5). This is obtained by prompting GPT 5.6 Sol to improve an algorithm
from a previous submission with the above improvement in asymmetric settings. We have
been unable to reproduce it by directly prompting / running Codex, including running a
GPT 6 Astra agent swarm up to a budget of $100.

3. The counter examples in Section B and Section C were obtained by directly prompting
GPT 5.6 Sol with the statements of those conjectures.

Note. This document contains intermediate results of a project that started around February
2025 involving first Yang P. Liu and Colin Tang, then September 2025 Alicia Stepin, and July 2026
Richard Peng. These results were obtained using a combination of GPT 5.6 Sol, FizzyProver (a
heavy harness written by Junzhao Yang) running GPT 5.6 Sol, and Kimi K3 / Kimi Code.
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1 Introduction

Volume estimation of a convex set is a fundamental problem in computer science with a long
history [DFK91,LS93, KLS97,LV06b, LV06a, LV07,CV18]. There is a standard model for accessing
convex bodies which most of these previous works use. For a convex body K, we assume that
there is a routine QUERY(z) which for a point z € R"™ answers whether z € K. We call QUERY
a membership oracle, and we measure the complexity of our algorithm in the number of times
we call this membership oracle. All other running time overheads can be made to be polynomial
in n, though we do not carefully track it in this article. Also, it is standard to assume that
B,(0,r) € K C B,(0,R) where B,(x,r) is the n-dimensional ball centered at z of radius r.
Generally, the complexities of our algorithms (and previous algorithms) depend logarithmically on
R/r. Some assumption like this is necessary to design nontrivial algorithms: otherwise, K could
be a very small convex set inside a ball of radius R, and it would take exponential time to even
locate a single point inside K.

The work of [DFK91] proved that the volume can be estimated to within a constant factor
using polynomially many membership oracle queries. More recent work has focused on obtaining
faster fine-grained runtimes for volume estimation. Generally, volume estimation algorithms can
be broken down into two main phases, with most works focusing on one phase or another. The
first phase is isotropic rounding. In this phase, the goal of the algorithm is to compute a linear
transformation 7" on R™ such that the covariance matrix of the body TK is approximately the
identity matrix, i.e., to make the convex body nearly isotropic. The second phase is to design
algorithms to estimate the volume of a nearly-isotropic convex body.

The complexity of the second phase, i.e., estimating the volume of a nearly-isotropic con-
vex body, is reasonably well-understood by now. In this case, the Gaussian cooling algorithm of
Cousins-Vempala [CV18] gives a (1 + ¢)-multiplicative approximation to the volume in O(n3s~?)
membership queries. The complexity of the first isotropic rounding step has historically been larger.
Before this work, the best general bound was due to [JLLV26], using O(n3® log(nR/r)) membership
queries. In the remainder of the introduction, we assume that R/r < poly(n) for simplicity, and
use O(+) to suppress poly(logn) factors throughout the paper.

The main algorithmic results of this paper are two near-cubic rounding algorithms. The first
works for arbitrary convex bodies and estimates the uncentered second moment in 5(713'25)
bership queries. The second uses symmetry more strongly and obtains a cubic rounding bound for
symmetric convex bodies.

The next theorem concerns the general-body rounding.

mem-

Theorem 1. The algorithm ASYMMETRICSECONDMOMENT (Figure 2), given membership query
access to a convex set K C R™ satisfying Bp(zo,r) € K C By(xo, R) and a failure parameter

—~

B € (0,1), computes a positive semidefinite matriz M satisfying
0.99M < By |22 | < 101,

It succeeds with probability at least 1 — 3 and makes

o(1)
(@) <n13/4 log (2 + nR> )
B

membership query calls. On the same success event, the algorithm also returns an invertible affine
map T such that the uniform law on T (K) has covariance in [1/1.01,1.01]I and mean of norm at
most 1/250; in particular B(0,0.99) C T(K) and E, 7k [[|z]/*] < 1.02n.



The next theorem concerns the cubic symmetric rounding.

Theorem 2. The algorithm SYMMETRIC-COVARIANCE (Figure 3), given membership query access
to a symmetric conver set K C R™ satisfying B,(0,7) C K C B,(0,R) and a failure parameter
B € (0,1), computes a matriz ¥ satisfying

0.995 < Eyurc |z’ | < 1.01T,

It succeeds with probability at least 1 — 3 and makes
o)
0] <n3 log (2 + nR> )
rp

The next corollary concerns the volume estimation.

membership query calls.

Corollary 1.1. There is an algorithm that, given membership query access to a convexr set K C R"
satisfying By(xo,7) € K C By(z0, R) and an error parameter € € (0,1), outputs with probability at
least 3/4 a number within a factor 1 + € of the volume of K after making

O <n13/4 log(2 + nR/r)°W 4 n3e=2 log(n/5)0(1)>

membership queries. If K is symmetric and the two balls are centered at the origin, the query bound
improves to

@) <n3 log(2 + nR/r)°W 4 n3e2 10g(n/5)0(1)) .

The corollary is proved at the end of Section 4 from the two theorems, the inner-ball bound of
Fact 2.24, and the Gaussian cooling volume algorithm of [CV18] recalled in Fact 2.25.

The Gaussian cooling perspective gives a simpler route to rounding than the previous ellipsoid-
growth framework and improves the general membership-query bound from 5(713'5) to 6(n13/ 4.
The algorithms are discussed in Section 3 and presented in Sections 4 and 5.

1.1 Volume Estimation of Convex Bodies

In this section we discuss volume estimation algorithms for polytopes and how various techniques
(including ours) fit within the context of prior work. The main primitive for volume estimation is
sampling from a convex body K using membership oracle queries. Sampling from a convex body is
done with Markov chain methods, for example the Ball-Walk or hit-and-run algorithm. The mixing
time of these methods depends on the conductance of the polytope K, where conductance refers
to minimum surface area to small volume ratio of a partition of K into two equal-size pieces. So,
in discussion of these kinds of volume algorithms, it was important to understand the conductance
of convex bodies in high dimensions. The famous KLS conjecture asks whether this is always at
least Q(1), if K is isotropic, i.e., the uniform distribution has covariance equal to I. Exciting
recent progress has led to a bound of Q(log™"/4n) [Let26] (see Section 1.2 for more discussion on

these lines of work), which in turn implies that the Ball-Walk mixes in 6(712) steps for isotropic
bodies. Volume estimation requires sampling several points, and it is known that the volume of an
isotropic (even well-rounded) convex body can be estimated in 6(713) membership queries, using
the Gaussian cooling algorithm of Cousins-Vempala [CV18], as mentioned above. However, the



question remains on how to transform any convex body to isotropic position efficiently, and that is
the focus of this paper.

There are several related lines of work on sampling general log-concave distributions in different
settings, such as sampling and volume estimation in polytopes (that is, convex bodies explicitly
described by their m faces) [KN12,Narl6, NR17,SV16, CDWY17, CDWY18, LLV20, LV22, LV18,
KLSV22, KLSV23, GKV24, MV23, GKM 24, JC25 GC11]. Several different algorithms are known
in this setting, often motivated by barrier functions from interior point methods.

1.2 High-Dimensional Geometry

The KLS conjecture of Kannan-Lovasz-Simonovits [KLS95] asks about the minimal conductance
of a cut of a convex body K. The conjecture claims that if K is isotropic, then the conductance
is 2(1). This is an important conjecture, because the KLS constant not only governs the mixing
time of Markov chains for sampling from K, but captures how well functions distributed according
to K concentrate. For example, the thin-shell bound (concentration of the norm)

Eor |(lalls = n'?)?] < O(1)

would follow from the KLS conjecture. Our sampling bounds use proved estimates toward the KLS
conjecture. The cooling analysis uses Brascamp—Lieb and Paouris inequalities in the general case,
and an even-sector Poincaré inequality in the symmetric case.

Recent progress towards the KLS conjecture started when Eldan introduced a new method for
proving lower bounds on the conductance called stochastic localization. This initiated a chain of
work [E1d13,1V24, Che21,KL22,JLV22,Kla23,KL25b, Let26] culminating in the current Q(log™"/4n)
KLS lower bound. Related breakthroughs resolved the thin-shell and slicing conjectures [Kla06,
Gua24,KL25a,Fle10, GM11,EL14]. These analytic inputs are developed in Sections 3 to 5.

2 Preliminaries

General notation. The notation of 5() throughout indicates hidden dependence on the error
parameter and logarithmic factors. We use R>g to denote the nonnegative real numbers. For
a twice-differentiable function f : R® — R we let Vf and V2f denote its gradient and Hessian
respectively. We call a function f : R®™ — R locally Lipschitz if, for every x € R", there is a
neighborhood N, of x and a constant L, < oo such that

[f(y) = F()| < Lally — zlla for ally, z € Ny

We first restate some notions and facts fundamental to high dimensional geometry.

For positive semidefinite (PSD) matrices A, B € R"*" we say that A and B are a-spectral-
approximations (or a-approximations where it does not create confusion) for o > 1 if a=!A4 <
B < aA where = denotes the Loewner ordering of PSD matrices. For a PSD matrix A we let
| Allop = max,|,—1 v" Av denote its operator norm.

Furthermore, we abbreviate two sided multiplicative approximations using «. For non-negative
scalars a,b € R>q, we use a =, b to denote éa < b < aa, and similarly for matrices A, B € R™*"™,
we use A ~, B to denote éA < B < aA.

The Frobenius norm of a matrix A is denoted as [|Al|p := Tr (AT A) Y2 The operator norm of
matrix A is denoted by ||Al|op and defined to be

[Allgp = sup || Au],.
u€R™:||ull,=1



When the domain of integration is omitted, integrals are taken over R".

2.1 Probability

A probability density function, or distribution, on R" is a measure p : R™ — R>( such that
[, p(x) de = 1. We use with high probability (abbreviated w.h.p.) to mean that an event holds with
probability 1 — n~¢ for any constant C' > 0 (possibly by adjusting constants in the definition of
the event).

We measure distances between two probability density functions using total variation distance.
The next definition concerns the total variation distance.

Definition 2.1. For two probability density functions p,q on R™ we define their total-variation
distance as

TV (p,q) = sup
A

[ 0@ - a@) dd|,
A
where A C R" ranges over all measurable subsets of R™. Alternatively, we can write

Vina) = [ @) - @] o= lpall.

2
Given a probability density function p on R", and a function f : R" — R, we use E,, [f(z)],
Var, [f(x)] to denote expectation and variance of f(z). Precisely, Exvp [f(2)] = [, cgn f(2)p(x)dx
and

Var,. [ (@) = [

z€R™

(f (2) = Eanp [f (@) P (&) do = By | [ (2)°] = Bany [ (@))%

Sometimes to avoid notational clutter we will just write E, [f(z)] instead of E,~p, [f(x)] when the
variable being drawn from p is clear from context.
Now we define the mean and covariance matrix of a probability density function on R"

Definition 2.2. Given a probability density function p on R", we denote its mean m,, as
R" 5 my = Egp [7]

and covariance matrix Cov,, as

-
R™ "™ 5 Covp = E,p [(x —mp) (x —my) } =Esp [:qu — mpm;.
Matrix concentration bounds state that a sum of random matrices is close to the sum of their
expectations, assuming the norm of each matrix in their sum is not too large. Below we use the
following version of Matrix Bernstein.
The next fact concerns the matrix Bernstein inequality, symmetric case of Theorem 1.6.2 of
[Tro15] L.

Fact 2.3. Let Y1,...,Y,, € R™" be independent mean 0 random Hermitian matrices such that for
each i € [m], ||Yillop < R with probability 1. Then

Py, iY >t <2n-exp|— 1522/2
i=1 HZZEYz sz ]Hop +‘Rt/?’

op

LarXiv:1501.01571v1
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2.2 Convex geometry

Let By (z,9) denote the n-dimensional Euclidean ball with radius § centered at z. Alternatively
By (z,0) ={z € R": ||z — z|| <}.

We say that a probability distribution (or density function) p on R™ is isotropic if m, = 0 and
Cov, = I,, where I,, € R™*" is the n x n identity matrix. We say that p is near-isotropic up to a
factor of v if m, = 0 and Covp =g 1.

Let K be a convex body in R™. Its associated indicator function 1x : R™ — R is given by

1 ifzekK
1k (x) ::{

0 otherwise

and its volume is given by Vol(K) = [ 1g(x)dz. We say that K is isotropic if its associated
probability density function pg = ﬁ(ff)l K 18 isotropic.
2.3 Log-Concave Distributions

In this section we collect some standard facts on log-concave distributions. We first define a log-
concave function. The next definition concerns the log-concave.

Definition 2.4. A function f : R™ — Rx¢ is log-concave if for all z,y € R™ and « € [0, 1] it satisfies

flaz + (1 —a)y) = f(x)*fy)' ™

Throughout we refer to a log-concave probability density function as a log-concave distribution
for brevity. We now define a strongly log-concave density.
The next definition concerns M-strongly log-concave.

Definition 2.5. For a PSD matrix M, we call a log-concave function f(x) M -strongly log-concave
if f is twice-differentiable and satisfies V2(—log(f(x)) = M for all x € R™. For a positive real
number ¢, we say that f is ¢t-strongly log-concave if V2(—log(f(x)) = tI for all x € R™.

We note that log-concave distributions have sub-exponential tails. The next lemma states that
log-concave distributions have sub-exponential tails.

Lemma 2.6. There exists a universal constant ¢ > 0 such that for every isotropic log-concave
distribution p, for every unit vector v € R", and for every t > 0, the following holds:

Pop [[(v, 2)] = t] < exp(—ct).

We require the following bound on the values achieved by log-concave distributions due to
Fradelizi (we cite the version in [Paol2, Theorem 3.3]).

Lemma 2.7. Let pu(z) o< e=®@) be log-concave with mean 0. Let x* = argmingegn ¢(z). Then
w(x*) < e™u(0). Equivalently, $(0) < n + ¢(x*).

We require the Brascamp-Lieb inequality. This will be applied to bound the covariance of
M-strongly log-concave distributions. The next lemma concerns the Brascamp-Lieb inequality.

Lemma 2.8. For any log-concave distribution p : R™ — R>q of the form p(z) = exp(—¢(z)), and
any differentiable function f : R™ — R it holds that

Vargp [ (@)] < Eonp [(Vf(2), V2 (2) TV f(2))]

7



The next corollary concerns the Brascamp-Lieb inequality for covariances.

Corollary 2.9. Let p(z) e=%®) be a probability density on R™ and suppose p is M -strongly
log-concave for some positive definite matriz M. Then

Cov,, = M1
Proof. We fix v € R™ and set f(x) = (z,v). Then V f(x) = v, so by the Brascamp-Lieb inequality
(Lemma 2.8)
Varony [£(2)] < Eunp [(V (), (V26(2) 'V f(2)] = Bany [0 (F20(2) 10| <vTM o

where the final inequality comes from the definition of M-strongly log-concave. Since ’UTCova =
Var,p [(x,v)], this yields the claimed spectral bound Cov, < M 1. O

We require the standard fact that log-concavity is preserved under marginals [Pré73]. The next
lemma concerns the Prekopa-Leindler inequality.

Lemma 2.10. Letp be a log-concave probability density on R™ and letv € R™. Then the distribution
(x,v) on R (where x ~ p) is a log-concave probability measure.
For v # 0, this measure has density
. 1 _
=i | pla) " (2),
[vll2 Jizern:(@p)=t)

where H" ! is the induced Euclidean surface measure. For v = 0, it is the point mass at zero.

We require the Paouris Inequality which allows us to bound the tail behavior of the Euclidean
norm of samples drawn from an isotropic log-concave distribution [Pao06].

The next lemma concerns the Paouris inequality.

Lemma 2.11. There is an absolute constant C' > 0 such that for any isotropic log-concave distri-
bution p on R™ and every t > 1 it holds that
Pyp |llz]l4 > Ctnl/ﬂ < exp (—tnl/Z) .

We need the following inequality to bound moments of log-concave variables [LV07, Theo-
rem 5.22].

The next lemma concerns the reverse Holder.
Lemma 2.12. Let p be a log-concave probability density on R™. For every positive integer k,

(Ep {qugbl/k’ <2EE, [||z]2] < Qk‘(Ep [Hxng])l/Q

We use the following Gaussian-source form of Caffarelli’s contraction theorem [Caf00, Theo-
rem 11].
Theorem 3. Let V : R® — R be twice continuously differentiable with V2V (x) = 2I for every
xz € R", and define
dvy(z) = 72713 g, du(z) = 2 e V@ dg, Z = / e V@ dg.,
The quadratic-cost Brenier map T = Vi satisfying Ty = p is unique up to a y-null set and has

a 1-Lipschitz representative. In particular,

| DT (2)||lop <1 for v-almost every x.



2.4 Conductance of Log-Concave Distributions
We start by defining the conductance (KLS constant) of a log-concave distribution.

Definition 2.13. Let p be a log-concave distribution on R". We define its KLS constant 1, as

1 Jos p(x) dz

— = Sicnfn .
Vp SR™ min {fs p(x)dz, fRn\Sp(:z:) da:}
Here, 0S denotes the boundary of the set S. The KLS conjecture [KLS95] asks whether 1, =

O(HCovaé{)?) for all log-concave distributions p. While this has not been proven, there has been
significant recent work on tightening the bound. The current best bound is due to Letwin [Let26].

Theorem 4. If p is a log-concave distribution, then 1, < O(||Covp||(1)r/)2 log'/4 n).

The next inequality converts conductance bounds into variance bounds for smooth test func-
tions. The next lemma concerns the Poincare inequality.

Lemma 2.14. Let p be a log-concave distribution on R™ and let f : R™ — R be a differentiable
function. Then

Var,p [f (2)] < O (2) - Bany IV £ (@) 3]

Two algorithmic black boxes from [KV25] drive the full-density rounding primitive of Sec-
tion 4.1: the near-cubic isotropic rounding of a well-rounded log-concave law, and the estimation
of the mean and covariance of a well-rounded law with bounded covariance from one run of a
Markov chain. We state both with the exact hypotheses under which they are proved in [KV25];
the reductions of our inputs to these hypotheses are carried out in Section 4.1. The constants in
the following definition are those of [KV25, Assumption 4.4].

The next definition concerns well-rounded log-concave distributions.

Definition 2.15. Let 7 « e~ be a log-concave probability law on R", let z € R”, and let
p,H,B > 0. We say that 7 is (p, H, B)-well-rounded around z if

B(z,p) C{zx e R": W(x) < inf W + Hn} and Ex~r [||X — z\|2] < Bn.

We say that 7 is grounded around z with respect to W if p = 1 and H = 10 can be taken, and in
addition min W > 0 and W < 10n on the support of m, so that the support of m equals the level
set {WW <inf W + 10n}.

Note that well-roundedness is a relaxation of near-isotropy.

The following adapts the well-rounded isotropizer of [KV25, Algorithm 4 and Lemma 4.11] under
their Assumption 4.4. We record its output through an affine map and give the implementation
and proof below.

Theorem 5. There is a universal constant ciso > 0 and, for every C' > 1, there are constants
Ac,ac > 0 such that the following holds. Let m oc e be a log-concave law on R™ that is grounded
around a known point z with respect to W (Definition 2.15), with Ex [||X - zHQ] < C?n for the
known constant C, and let W be given by an evaluation oracle. There is a randomized algorithm
which, on an event of probability at least 1 — cison ™2, returns an invertible affine map F : R™ — R™
with

Cryn ~1.01 In and ||mF#7r|| < 0.01,

and the expected number of evaluation queries it makes on this event is at most Acn3log® (2n).



Writing F(z) = A(z — Z) with A invertible and ¥ = (AT A)~!, the conclusion reads ¥ ~1 o1 Cx
and ||[27Y2(Z — my)| < 0.01, because Cryr = AC,AT and ||~ V20| = ||Av|| for every v.

Implementation and proof of Theorem 5. We specify the rounding primitive using the sampling and
stationary covariance-estimation results of [KV25,KZ24]. Translate the original input by its known
point z, so its potential is Wy(z) = W(z + z) and Er, [[|X|*] < C?n. All affine maps below are
recorded and composed with this translation. Set

2 2
L =max{4,log(2n)}, ¢=L""'  do= %’ e qlcf-

Start with mg and rg = 1. At stage i, write m;, C; for the true mean and covariance of the current law
;. While r; < r,, estimate its covariance by a positive semidefinite empirical matrix 5; satisfying

—%Ci—dofj S; — C; < Tloci-f—dof. (2.1)
Let P; be the spectral projection of .S; onto eigenvalues at most n, put M; = I + P;, and update
Tip1 = (M;)pmi, rie1 = 2(1 — @)y

The estimates, their probability of success, and their query cost are justified below. Their required
accuracy differs from a constant additive multiple of n only by a logarithmic factor.

We first give the deterministic geometric argument on the event that (2.1) holds at every
completed stage. The covariance obeys C;11 = M;C;M;, whence trC;y; < 4trC;. The lower
estimate in (2.1) gives P;C;P; < 2nP;. Consequently,

1/2 1/2
|Citillop = IC2(1 +3P)C lop < [[Cillop + 6n.

There are O(L) stages, because 2(1 — ¢) > 3/2 and 7, < y/n. Since (1 — q)"9F) = O(1), these
observations imply
trC; = Oc(rin),  [Cillop = Oc(nL). (2.2)

We next prove that the support of 7; contains a ball B(c;,r;) for some center ¢;; the al-
gorithm need not know this center. The assertion holds initially. The support also contains
m; + 6_102-1/23(0, 1) by the log-concave support-ball bound [KV25, Lemma A.10]. Suppress the
index ¢ and put M = I + P. After applying M, the support contains the two ellipsoids

A=MB(c;,r;),  B=M(m;+e'C/*B(0,1)),

and hence their weighted Minkowski sum (1 — ¢/2)A + (¢/2)B. Center this sum at ¢ = (1 —
q/2)Mec; + (¢/2)Mm,;. For a unit vector u, write a = ||[(I — P)u||. The centered support function
of Ais r||Mul| = r;v/4 — 3a% > r;(2 — 3a?). Since S; = n(I — P), the upper estimate in (2.1) gives

na® — 4dy

uTMCZ-Mu > 11

If a? < 8dy/n, the contribution of A alone is at least 2r; — gr; — 0.12¢%r; > 2(1 — q)r;. Otherwise

the centered support function of B is at least \/na/(ey/2.2). Its weight ¢/2 compensates the term
%riaQ, because

vn _ qvn
100 — 3em‘

10



The support function of the sum is therefore at least 2(1 — ¢)r; in every unit direction. Thus the
sum contains B(c, 2(1 — q)r;), proving the induction. This argument uses support functions of the
full ellipsoids and does not require their principal sections to be large.

Here is the sampling implementation. Before each covariance-estimation stage, including the
final one, independently apply [KV25, Theorem 3.16] to the original input Wy, with accuracy log 2.
Its hypotheses hold with known center 0 and R? = C?n. The construction uses evaluations of Wy,
including Wy(0), and does not require the value of inf Wy. It generates a fresh ideal sample from
a law bounded by twice the original exponential lift. Push this sample forward by the current
recorded linear map, leaving the lift coordinate ¢ unchanged. Conditioned on the preceding stages,
the resulting ideal starting law is bounded by twice the lift of ;.

For sampling at stage 4, rescale only the x-coordinates by r,” ! The ground set then has unit
inradius. By [KV25, Lemma 2.5], the lifted covariance has operator norm at most

2(ICillop /77 + 160).

The exact proximal kernel is reversible. Its x? contraction, the Poincare bound, and [KV25,
Lemma 2.14] provide a thinned chain with spectral gap at least 0.99, using

O(n* (ICillop/r? +1))

queries per retained sample, with logarithmic dependence on its abort budget. The mixing lengths
and sample counts use deterministic upper bounds from (2.2), computed from the known C,n,r;
and stage index; they do not require the unknown covariance C;. Undoing the known coordinate
rescaling preserves this spectral gap. The resulting stationary law is the unscaled exponential lift,
whose covariance has trace at most tr C; + 160 and operator norm at most 2(||C;||op + 160). Apply
[KZ24, Theorem 8] to this lifted chain with multiplicative accuracy 1/10 and additive accuracy dp.
Using (2.2), its sample requirement is k; = 5(;(7’12) Compressing the empirical covariance to the
z-coordinates gives (2.1) with stationary-start failure probability O(1/n). Since r? < n at every
updating stage, the total sampling cost of that stage is O¢ (n3).

At termination, r; > max{1,r,}. The per-sample bound above is now O¢(n2). Use O(n)
retained samples for the final empirical mean m and covariance S. If S is not positive definite,
declare failure. For their analysis, whiten the x-coordinates by C{l/ % and leave t unchanged; this
is an invertible change of variables of the stationary chain and preserves its spectral gap. The
resulting lifted covariance has operator norm at most 322. The stationary covariance and mean
estimates [KZ24, Corollaries 10 and 33], with sufficiently small fixed accuracy, therefore give

1-9)C =S+, 67 m-m)|<e, =107,

except with probability O(1/n). Whitening here is used only in the analysis: the algorithm com-
putes the ordinary empirical statistics in its current coordinates. The final map z — S~V2(x — )
has covariance between (14¢)~'I and (1 —¢)~!I, and its mean has norm at most £/y/1 — € < 0.01.
Compose it with all recorded maps to obtain the required F'.

Finally, we account for failure and queries without conditioning a sampler on successful rejec-
tion steps. Fix a deterministic bound J = [4L] on the number of covariance-estimation stages.
Assign every warm-start run and every sampling run an abort budget n~2/(2.J). Ideal processes
use rejection sampling without a cutoff. Couple each implemented run to its ideal run using the
same proposals until a cutoff is exceeded. The per-step estimates in [KV25, Lemmas 2.14 and 3.10],
summed along the ideal processes on accurate preceding stages, bound the probability of an abort
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before any earlier statistical failure by n=2. For any event E of a stage’s ideal chain, its condi-

tional probability, given the preceding stages, is at most twice the corresponding stationary-start
probability: if v; < 27;, then

Py, (E) = / Py (E) vi(dz) < 2 / Py (E)7i(de).

Thus each first statistical failure, conditional on accurate preceding estimates, has probability
O(1/n). A union bound gives overall failure probability O(J/n) +n~? = O(n~'/?). Each fresh
start costs O¢(n?), as does each updating stage and the final stage. The same per-step estimates
bound the expected capped query cost along accurate prefixes; summing over J = O(L) stages gives
the stated expected Oc(n?®) query bound on the success event. As usual, fixed small dimensions
are absorbed into the universal constants; the later application explicitly pads to a sufficiently large
dimension. O]

The second black box is the final step of [KV25, Algorithm 4], run on a law whose covariance is
already known to be bounded: a warm start from [KV25, Theorem 3.16], one run of the proximal
sampler of [KV25, Section 2|, and the dependent-sample mean and covariance estimator of [KZ24,
Corollaries 10 and 33], as recorded in [KV25, Lemma 4.6]. We state the resulting guarantee and
then record how it is assembled from the cited statements.

Theorem 6. There is a universal constant cesy > 0 and, for every cy > 1 and every § € (0,1),
there are constants A,a > 0 such that the following holds. Let m oc e=" be a log-concave law on
R™ with ||Cr|lop < c4, let W be given by an evaluation oracle, and let a point z and a radius R > 0
be known with

B(z,1) C{W <inf W + 10n} and Ex~r [|X — zHQ] < R2.

For every n € (0,1) there is a randomized algorithm which, on an event of probability at least
1 —2n — cest/n, returns (m, C) with

1-6C <C=<(1+6C,  and | —mg| <E

and the expected number of evaluation queries it makes on this event is at most A (n’R? +
n?)log?(2n/1).

The theorem is extracted from [KV25] as follows. Let (z,t) o ™™ on K = {(x,t) e R" x R :
W(z) < nt} be the exponential reduction (exp-red) of [KV25, Section 2.1]: it is log-concave, its
z-marginal is 7, and its covariance & satisfies ||§JHOp < 2(||Cxllop + 160) < 2cy + 320 by [KV25,
Lemma 2.5]. The two displayed hypotheses are those of [KV25, Problems 2.1 and 3.1] with z¢ = z.
First, use [KV25, Theorem 3.16] with accuracy log2 and abort budget n to generate a warm
start. Its ideal process uses rejection sampling without a cutoff and has output law v < 27; the
implemented algorithm agrees with that output except on an abort event of probability at most 7.
The expected query bound is O(n?(R? V n)log®(1/n)).

Let P be the exact proximal-sampler kernel for 7. It is reversible, and [KV25, Lemma 2.9],
applied in dimension n + 1, gives

XP(AP|7) < (14 h/Cer(m)) 72X (A7)
The covariance bound above and Theorem 4 and Lemma 2.14 imply

Cp1() = O((c+ + 1) 1og'?(n + 2)).

12



Choose N so that P has spectral gap at least 0.99, using this known upper bound in place of the
unknown Poincaré constant. Set

/ f - (=2 2n+2 2
f—im, E= (&) (n+1)log 7 log®(n + 2).

Choose the step size and rejection cutoff by [KV25, Lemma 2.14] for kN steps, warmness M = 2,
and total abort budget 7. These choices can be made with N = O((c4 + 1)n21og®M ((n + 2)/n)),
where constants may depend on £ and cy.

For the ideal chain started from v, every marginal is 2-warm because v P/ < 27PJ = 27. The
per-step estimates in that lemma, summed along the ideal chain, bound the probability that any
rejection cutoff is exceeded by 7 and the expected implemented query count by 6(14:N log?(kN/n)).
Couple the implemented and ideal chains using the same proposals until the first abort. This
argument does not condition the chain on successful rejection steps.

Let Zi,...,Z) be every N-th ideal iterate. Under a stationary start, [KV25, Lemma 4.6] gives
empirical mean m and covariance ¥ satisfying

ORI SEFS)
= mz|* < (€)% ]lop < €2,

except with probability O(1/n). The same conclusion holds from v with at most twice this failure
probability: for every path event A,

PuA) = [ Pu)vlds) <2 [ P.(A)F(d2) = 2P2(4),

Taking the z-blocks of m and ¥ gives m and C with the claimed bounds, since £ < £. Outside the
two abort events, these are exactly the implemented outputs. A union bound gives total failure

probability at most 21 + cest/n. Adding the warm-start and chain costs gives the stated query
bound.

2.5 Additional conventions

The algorithmic parts of the paper distinguish centered covariance from the uncentered second
moment, and the technical upper bounds are stated through an evaluation oracle for a convex
potential before being specialized back to membership oracles. We record the relevant notation
here so that the main body can remain focused on the main membership-oracle convex-body second
moment estimation.

We will also use the following layer-cake consequence of Tonelli’'s theorem. The next lemma
concerns the layer-cake identity.

Lemma 2.16. Let Y,Y' be random variables on a common probability space satisfying Y,Y' > a
almost surely, let s,t > —a, and let k,¢ > 0. Then, with the expectation and the probability taken
over the joint law of (Y,Y"),

oo oo
E[(Y +s) k(Y + t)—ﬂ = / / P(Y <,V <yk(z+s) "YUy +t)~dedy.
a a
The corresponding one-variable identity is

(Y + s)*]c = / Ly <ayk(z + s)*k’1 dx.
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Proof. The one-variable identity follows by integrating the derivative of u + (u 4 s)™* from Y
to oco. Multiplying the two identities and applying Tonelli’s theorem to the resulting nonnegative
integrand gives the two-variable formula. O

2.6 Matrices, moments, and affine changes

Vectors are columns, || - || is the Euclidean norm, and we define a ball of radius r centered at x as
B(z,r) ={y : |ly — z|| < r}; we abbreviate BY = B(0,1). For symmetric matrices, A < B means
that B — A is positive semidefinite. We write A~T = (A~!)T for an invertible matrix A.

The next definition concerns the moment matrices and relative Loewner approximation.

Definition 2.17. Let 7w be a probability law on R™ with finite second moment, and let X ~ m. Its
mean, uncentered second moment, and centered covariance are

My = Exon [X], My :=Exor [XXT} . Cri=Exr (X —ma)(X — mW)T] .

Thus
M, =Cr + mﬂml. (2.3)

For positive definite A, B and k > 1, write
A~,B <= r 'B<A=<kB.

When an accuracy is given additively, we state the oriented inequalities explicitly; for example,
(1—-¢)B = A= (1+¢)B. For a convex body K, let mx = Unif(K) and abbreviate mg = mx,.,
Ck = Cry, and Mg := M,

TK *

If a law is even, then its mean is zero and its uncentered second moment is its covariance. In
particular, this holds for mx when K = —K. This identity explains why the symmetric result
may speak of covariance, whereas the asymmetric results must retain the phrase uncentered second
moment.

The next definition concerns the affine pushforwards.

Definition 2.18. Let T (x) = B,g(xz — b), where B,g is known and invertible, and write 77 for
the law of 7(X) when X ~ 7. Then

MTyr = Baff(mw - b)a (24)
CT#W = BaﬁrcﬁBgﬁ, (2.5)
Mz = Bt (Cr + (mx = b)(ms = 0)") Bl (2.6)

In particular, Loewner inequalities between covariance matrices are preserved by affine congruence.
Raw second moments obey the same congruence under a linear map; under a translation one must
use Equation (2.6), rather than treating a raw moment as a covariance.

2.7 Oracle models and adaptive randomized calls

This subsection separates the binary membership model used for convex bodies from the exact-real
evaluation model used for general log-concave laws. It also records the conditional-success and
deterministic query-limit conventions needed when the later algorithms choose their oracle calls
adaptively.

The next definition concerns the membership and evaluation oracles.

14



Definition 2.19. A membership oracle for a convex body K returns the bit 1;,cx) on input x €
R™. An exact-real evaluation oracle for an extended-valued convex potential V : R” — R U {+o0}
returns V' (x) on input . The associated log-concave law has density

m(dz) = Z;lefv(x) dz, Zy = / e V@ dg.

Neither Zy nor the irrelevant additive normalization of V' is assumed as known. For a convex body
K, its indicator potential
0, r e K,
I (x) = {

+oo, z¢ K

satisfies e /K = 1 ; hence evaluation access to I is exactly membership access to K. Computation
between oracle calls is not charged unless explicitly stated.

General log-concave densities require their potential values, while the uniform-body specializa-
tion V' = Ik uses only membership. This is a model distinction, not an impossibility result.
The next definition concerns the conditional guarantees and query limits.

Definition 2.20. Suppose a randomized routine is called on inputs chosen from earlier outputs. A
failure guarantee p under adaptive conditioning means that, conditional on every realized pre-call
history for which the routine’s displayed input promises hold, fresh internal randomness makes the
call succeed with probability at least 1 — p. A deterministic query limit is a bound that holds
for every valid input, every history, and every realization of the internal randomness, including
executions that return a failure symbol.

This convention allows failure budgets to be assigned chronologically and summed by conditional
union bounds. It also keeps correctness events separate from the all-outcomes query limits used in
the algorithmic theorems.

The next definition concerns the grounded evaluation-oracle input.

Definition 2.21. Fix a universal constant hg > 0. A grounded input in dimension n > 1 consists
of a proper lower-semicontinuous convex function V' : R” — RU{+o0}, exact-real evaluation access
to V', numbers r, R > 0, and a known point zg € R™ such that

0< / e V@ dr < o0, B(zg,r) C{x: V(z) <infV + hon},

and, for X ~ 7 x eV,

Exr [IX — 20]*] < R%.

Constants hidden by asymptotic notation may depend on hg, but not on n, r, R, or a caller-supplied
failure probability.

Here and below, a sublevel set of V' is a set of the form {z : V(x) < a}. The promise concerns
one such set, not necessarily the entire support. It gives a known ball in a low sublevel set and a
global second-moment bound; the algorithm need not know inf V.
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2.8 Finite-order change of measure

This subsection fixes the change-of-measure quantity used to pass between successive laws on the

cooling path. Distinguishing the logarithmic divergence from its exponentiated form will keep the

warmness assumptions and one-step estimates in the overview and upper-bound proof unambiguous.
The next definition concerns the Rényi divergence and finite-order warmness.

Definition 2.22. Let v and 7 be probability laws and let ¢ > 1. If v < 7, define

dv

D)= —ton [ () . Ryl = exp(D (1)

otherwise both quantities are +o0o. In particular,

Rao(v||7) = / (Z;>2d7r.

We use D, for the logarithmic divergence and R, for its exponentiated finite-order warmness.

The order-two orientation matters: in the cooling argument, the new target is compared to
the law from which the rounding call inherits its state. Writing both arguments in Definition 2.22
prevents this direction from being suppressed.

2.9 Standard log-concave facts

The following proposition records exactly the background consequences used later. Its constants
are universal and may change from one occurrence to the next.
The next proposition concerns the log-concave toolkit.

Proposition 2.23. Let v be a full-dimensional log-concave probability law on R™ with potential
W, mean m, and covariance C, and let Y ~ v.

(i) The barycenter inequality gives
W(m) <inf W + n.

(ii) If m = 0 and %I =< C =< 21, then there is a universal cp > 0 such that, for every u > 1,
P1”<||Y|| >cp- unm) < exp(—un'/?/cp).

(iii) There is a universal Cy > 0 such that every affine functional ¢ satisfies
By [[6(Y)]Y] < Ca(By~, [[6(Y)2])°.
(iv) There are universal p, Hy, > 0 such that, if m = 0 and $I < C < 21, then
B(0,pr) C{W <inf W + Hyn}.

Under the same covariance bounds, the conclusion with radius pr/2 still holds when the
centering hypothesis is relaxed to |m|| < pr/2.
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(v) Every affine functional ¢ obeys

1/2
By [ < 4By, [16Y)]].
Moreover, if m =0 and s71I < C < sI for s > 1, then

1
B(O, esl/2> C suppv

(vi) If W is twice continuously differentiable and strictly convex on its support, then every locally
Lipschitz g in the associated Sobolev space satisfies the Brascamp—Lieb variance inequality

Vary, [g] < Ey., [vg(Y)T(VQW(Y))‘lvg(Y)} .

Consequently, V2W = ol implies C < o' and Vary., [g] < o 'Ey., [|[Vg]/?].

The barycenter estimate in part (i) is due to Fradelizi [Fra97]. Part (ii) is Paouris’ norm
concentration [Pao06]. The one-dimensional moment and level-set estimates of Lovdsz and Vempala
[LV07] imply the precise reverse-Hoélder, support, and level-set consequences in parts (iii)—(v); their
short reductions are retained with the full-density-rounder proof in Section 4.1. Part (vi) is the
classical Brascamp—Lieb inequality [BL76]. The later cooling proof establishes the nonsmooth
extended-valued form it needs, rather than silently applying part (vi) beyond its hypotheses.

For orientation, parts (iv)—(v) are used to pass from a bounded restriction to the full law in
Section 4.1; parts (i), (ii), and (vi) enter the cooling estimates in Section 4.2; and the fourth-
moment and reverse-Holder bounds in parts (iii) and (v) are used in the moment-transfer and
endpoint arguments in Sections 4.2 and 4.3.

The next fact is Theorem 4.1 of [KLS95], the inner ball of an isotropic convex body, in the
scaled form used for the volume corollary.

Fact 2.24. Let K C R” be a convex body with centroid m and covariance C. If C = X for some
A >0, then B(m,\'/?) C K.

Proof. The body C~'/2(K — m) has centroid 0 and covariance I, so Theorem 4.1 of [KLS95]
gives B(0, ((n + 2)/n)Y/?) € C~2(K —m). Hence K —m 2 CY?B(0,1) 2 B(0,\/?), because
|C=12u|| < A=V2|ul| for every u. O

The next fact is Theorem 1.1 of [CV18], in the form stated there for a general second moment.

Fact 2.25. There is an algorithm that, for any e,p € (0,1) and any convex body K C R™ containing
the unit ball and satisfying Eq [||z]|?] < R?, with probability at least 1—p outputs a number within
a factor 1 + ¢ of Vol(K) after

2,2 3 1 1
O (max{R 2n 1} log? n log? = log? n log )
€ € € p

membership queries.

3 Overview

We begin with the general-body scalar Gaussian-cooling algorithm. Previous general rounding
algorithms followed an ellipsoid-growth framework, and the best known membership-query bound
had remained at 5(n3’5). Our scalar cooling path gives a more direct analysis and improves the
query bound to 5(7113/ 4). After describing this general-body algorithm, we explain the symmetric
matrix-cooling algorithm, which uses symmetry to reach cubic complexity. We then explain how
the counterexamples to natural conjectural shortcuts fit with this algorithmic picture.
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3.1 General-Body Scalar Cooling Algorithm

The scalar cooling path has an inherent limitation: the single temperature ¢ relaxes the Gaussian
factor by the same amount in every direction. If only a few directions are close to becoming poorly
conditioned, the scalar update must slow down all directions anyway. The general-body algorithm
still gets a speedup by combining this scalar cooling path with a stronger near-cubic rounding
primitive for already well-rounded log-concave distributions. This lets the algorithm decrease the
temperature by a factor of 1 — @(n_l/ 4) while preserving enough finite-order warmness between
consecutive targets.
For an asymmetric body, the target matrix is naturally the uncentered second moment

Mg =FE, i [mxT} =Ck +meIT(.

At each temperature the algorithm estimates both the centered covariance and the mean, then
uses the covariance estimate to define the next affine coordinates. The key comparison between
consecutive temperatures is a finite-order change-of-measure estimate. If s = (1 — §)t and p,(z)
e~ul=l31 4 (2), then

Do(psllpee) = A() + A(2s —t) — 2A(s),  A(u) = log /K o—ulel3 g

Using the variance bound A”(u) = Varx.,, [[|X[3] < O(n/u?) gives Dy(us|lpue) = O(nd?). Choos-
ing 0 = ©(n~'/*) makes this divergence O(n'/?). The full-density primitive can tolerate this
finite-order warmness because, after truncating to the Paouris event for the old rounded law, the
complement contributes negligibly and the second moment of the new target remains O(n) in the
old coordinates. This is the source of the n'/4 factor in the O(n'/*log(nR/r)) cooling-stage bound.

Thus the algorithm makes O(n'/*log(nR/r)) calls to the near-cubic full-density rounding prim-
itive. Each call returns an approximate mean and covariance in the current coordinates; the next
coordinates are obtained by subtracting the empirical mean and applying the inverse square root
of the empirical covariance. At the endpoint the Gaussian tilt is weak enough that the cooled law
is comparable to the uniform law on K, and one final call estimates the desired covariance and
mean. Combining them as M=C+mm’ gives Theorem 1.

Compared with the previous O( 3:5) rounding framework, this is both faster and structurally
simpler: the proof follows an explicit Gaussian-cooling path rather than tracking intersections with
a growing ellipsoid. The symmetric cubic algorithm in the next section goes further by replacing
tI with a matrix precision, so the algorithm can continue cooling the well-conditioned directions
while separately regularizing the troublesome ones.

For symmetric bodies this scalar algorithm is still valid, with the simplification that all means
are zero. The next section describes a genuinely symmetric improvement: because multiplying the
density by any even quadratic weight preserves its center, the algorithm can choose an anisotropic
matrix precision and remove the extra n'/* factor.

3.2 Cubic Symmetric Algorithm

For a symmetric body, the uncentered second moment and covariance coincide throughout the
cooling path. More importantly, symmetry lets us replace the scalar temperature by a matrix-
valued quadratic penalty without having to track a moving mean. For a positive semidefinite
matrix H, define

prr(z) o e*xTHle(a:), Cru =Ezpy [xxT} .
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The matrix H specifies the strength of the quadratic penalty in each direction; it is also called the
precision matrix of the Gaussian factor. We start from Hy = r—2I and drive H toward 0. At every
successful iteration the algorithm maintains an estimate W ~ C'. In the normalized coordinates
z = W~/2, the current covariance is

wW2ogw 2 & 1.
The update is the main new feature. Set

Tr(W H)

H = (1= 0)H + Nridge w-L

If B=WY2HW?Y2, then the quadratic-penalty matrix in the normalized coordinates changes to

Tr(B
(1= 8)B + e 1

Thus every eigenvalue is decreased by the scalar cooling step and receives the same additive ridge.
The ridge has the largest relative effect on directions in which the current quadratic penalty is
smallest. The interpolation estimates in the proof show that the next transformed law still has O(n)
second moment and a fixed-radius ball in an O(n)-height sublevel set. These are the hypotheses of
the near-cubic covariance estimator used at each step.

The analysis tracks

Vol(K)

Dsym(H) = log [ e e g
K

gsym(H) =Tr(Cy H) .

If X is uniform on K, then

o~ Dsym(H) 7XTHX] _

= E X~ K [6
Thus Dgy measures the reduction in the normalizing integral caused by the quadratic weight,
while gsym (H) = Expy, [XTHX} is the expected quadratic penalty under pgy. With L = O(1 +
log(2+ nR/r)), § = L2, and nyiqge = L2, the proof gives
)
Dsym(H+) S Dsym(H) - §QSym(H)7 QSym(H) S Dsym(H) S O(L)qsym(H)‘

Hence Dgyr, contracts by a factor 1 — ©(L~3) at each successful update, and O(L*) updates suffice.
Once Dgym is a small constant, a terminal comparison shows that the uniform measure on K is
well-rounded in the current coordinates, so one final near-cubic covariance call estimates C.

This gives the cubic symmetric algorithm of Theorem 2. Sampling-based membership-oracle
volume algorithms already spend O(n?) membership queries per well-rounded sample and use O(n)
samples for stable cooling ratios. Thus we do not expect a sampling-based approach to beat cubic
query complexity except by changing the model or avoiding the bottleneck invoked by sampling
procedures.

3.3 Counterexamples to Previously Stated Conjectures

We also include several refutations of previously conjectured directions for further improving these
algorithms. Specifically, we refute the possibility of constant-size scalar Gaussian-cooling steps
from the algorithm in this paper, and the possibility of large ellipsoid-growth steps from an already
rounded intersection referenced in [JLLV26].
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For the scalar-cooling obstruction, an astute reader may observe that if

<0(1/t),

op

—1/2dAy [ —1/2
oG

then one could simply decrease t — (1 — 1/O(1))t per iteration, and obtain a cubic scalar-cooling
algorithm even for asymmetric bodies. For a compact convex body K C R"™ and positive definite
Q, write
1 1 _
prQ(de) = ——1x(z) exp (—xTQ lzr) dz,
K.Q 2
and say that pg g is isotropic if it has mean zero and covariance I,,. For 0 < § <1, define

R,(0) = sup{Tr Cov(ig,(145)@) : K CR™ a convex body, @ = 0, uk,q isotropic}.

The next theorem concerns the sharp trace growth under anisotropic Gaussian warming.
Theorem 7. There is a universal constant ¢ > 0 such that, for everyn > 1 and 0 < <1,
Rn(8) > c(n+ n264).
For this lower bound, K may be taken to be a convex polytope.

The proof is given in Section A. Together with Theorem 9, this rules out the shortcut above. In
particular, Theorem 7 constructs restricted Gaussians for which the trace after a small anisotropic
warming is Q(n +n26*). Thus a constant warming step can make the next target have trace Q(n?)
in the old coordinates, far outside the well-rounded regime needed by the near-cubic primitive.
The scale § = @(n_l/ 4) is exactly where this obstruction stops being superlinear in n. Similarly,
Theorem 9 gives a symmetric log-concave counterexample to the coordinate-moment simplification
behind a constant-size derivative bound, so this shortcut fails even before one has to handle moving
means.

For the ellipsoid-growth obstruction, the framework of [JLLV26] suggests another possible sim-
plification: if K N E is already approximately isotropic, then modestly enlarging E might keep
K N (1+90)FE well-rounded. Such a statement would allow the older ball/ellipsoid-growth method
to take much larger growth steps. The following theorem shows that this route fails as well.

The next theorem concerns the counterexample to Conjecture 3.5 of [JLLV26].

Theorem 8. There are absolute constants c¢,C > 0 such that, for every sufficiently large n, one
can construct a convexr body K C R"™ and an ellipsoid E C R™ such that K N E has mean zero and
covariance I, but for every 0 < 6 <1 satisfying (n —1)6 > C,

Tr (Cov(K N (1+0)E)) > ¢(n — 1)%6%

Theorem 8 is proved in Section C; the quantitative form used there is Theorem 12. This
limitation still leaves open the possibility of a future asymmetric volume algorithm that avoids full
second-moment estimation.

We now state the two conjectures refuted in Sections B and C. Recall the notation from Sec-
tion 2: a convex body K has uniform law 7g, and its mean, covariance, and uncentered second
moment are mg, Ck, and Mg respectively. When K = —K, we have mg = 0 and Cx = M.

We first give a counterexample to a coordinate-moment conjecture that would make the scalar
Gaussian-cooling derivative uniformly bounded. If true, the resulting bound would permit constant-
size temperature decreases in the scalar cooling method of Section 4, removing its n'/* stage
overhead and yielding a cubic asymmetric rounding algorithm up to logarithmic factors.

The next conjecture concerns the coordinate-moment conjecture.
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Conjecture 3.1. Let f : R™ — [0, +00) be an isotropic log-concave function. Then

2
Eeny [a3(I2l” - n) ]| = 0(1),
where 1 = (x,e1) and the implicit constant is absolute.

The second obstruction is the ellipsoid-growth statement that would let the previous method of
[JLLV26] take substantially larger growth steps. If true, it would allow that method to replace its 1+
©(n~1/2) updates by constant-factor updates, reducing the number of stages from O(n'/2log(R/r))
to 6(log(R/ r)) and giving a cubic asymmetric rounding algorithm.

The next conjecture concerns the ellipsoid growth, Conjecture 3.5 from [JLLV26].

Conjecture 3.2. Suppose that for a convex body K and an ellipsoid F, the set KNFE is 2-isotropic.
Then K N2F is well-rounded.

For this body-level conjecture, we say that a convex body L is 2-isotropic if
1
§In = ML = 2[7“

and well-rounded if Tr (C1) = O(n) (the O hides polylogarithmic factors) and B(0,1) C L. This is
the body-level specialization of the well-roundedness terminology used in the main text.
The next theorem concerns the failure of the coordinate-moment conjecture.

Theorem 9. There is a universal constant ¢ > 0 such that, for every sufficiently large n, there is
an even isotropic log-concave density f on R™ satisfying

’Exwf [m%(”w”g — n)} ‘ > ent/2,

The conjecture counterexamples indicate that the scalar Gaussian-cooling route is unlikely to
be pushed to constant-size steps using the moment simplifications discussed in Section 4.5, and the
previous ellipsoid-growth route cannot rely on Conjecture 3.5 of [JLLV26]. We therefore view cubic
complexity as the natural limit for these second-moment methods in the membership-oracle model,
while a different idea might still achieve cubic asymmetric volume estimation.

4 General-Body Algorithm: Scalar Cooling

13/ 4) rounding algorithm for a general convex body, specifically The-

In this section we prove the 6(7@
orem 1.

The proof replaces the ellipsoid-growth chain of previous rounding algorithms by an explicit
Gaussian-cooling path. Rather than intersecting the body with a growing ball or ellipsoid and
tracking how the covariance changes under that geometric operation, we keep the body fixed and

change the density: with
Oy (x) = V() + tl|z — 20|, T oc e Pt

we cool the temperature ¢ from =2 down to ©(R~2) by multiplicative steps t « (1 — &)t with
0= @(n‘l/ 4). At each temperature a near-cubic full-density rounding primitive, FULLDENSITY-
ROUND, estimates the mean and covariance of the current cooled law; the estimate defines the affine
coordinates in which the next, slightly warmer, law is again well-rounded. The step size is dictated
by a finite-order change-of-measure estimate: the order-two Rényi divergence between consecutive
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cooled laws is O(nd?) = O(n!/?), exactly the scale at which the Paouris tail bound transfers the
O(n) second-moment guarantee from one temperature to the next. After O(n'/*log(2 + R/r))
stages the Gaussian tilt is negligible, one final call estimates the mean and covariance of the target
law, and the uncentered second moment is reconstructed as M=C+mm'.

The section is organized as follows. Section 4.1 constructs the full-density rounding interface
(Lemma 4.5) from the near-cubic well-rounded rounding black box recorded in Theorem 5 and
the moment-estimation black box of Theorem 6; the short reductions of Proposition 2.23 parts
(iii)—(v) promised in Section 2 are also given there. Section 4.2 proves the cooling estimates: the
nonsmooth extended Brascamp-Lieb inequality (Lemma 4.6), the quadratic energy and variance
bound (Lemma 4.7), the one-step Rényi cost, and the well-roundedness induction at the next
temperature. Section 4.3 compares the cooled moments to the target moments and reconstructs
the raw second moment. Section 4.4 gives the algorithm (Figure 2), the well-roundedness induction,
and the query accounting, and proves Theorem 1. Section 4.5 records why the scalar route cannot

be pushed to constant-size steps.

4.1 The Full-Density Rounding Interface

The two black boxes. This subsection rests on the two imported statements of Section 2: the
isotropic rounding of a grounded law (Theorem 5, [KV25, Lemma 4.11]) and the moment estimation
of a well-rounded law with bounded covariance (Theorem 6, assembled from [KV25, Theorem 3.16,
Lemma 2.14, Lemma 2.9, and Lemma 4.6]). Both are stated with the exact constants of [KV25,
Assumption 4.4]: unit inradius, level-set height 10n, and (for the rounding) support equal to that
level set. An input of FULLDENSITYROUND is only (p, H, B)-well-rounded (Definition 2.15) for
universal p, H, B, so the proof of Lemma 4.5 first brings it to these exact constants by an explicit
reduction (Lemma 4.2): a rescaling, a lift by independent Gaussian coordinates to a dimension
N = O(n) in which the level-set height Hn is below N, and a restriction to a level set of mass at
least 1 — 1075, Constants hidden by asymptotic notation below may depend on (p, H, B), but not
on n or on a caller-supplied failure probability. Throughout, ng > 4 is a universal integer fixed in
the proof of Lemma 4.5

Reductions of the toolkit parts (iii)—(v). We discharge the promise made in Section 2 that the
one-dimensional moment and level-set estimates of [LV07] imply parts (iii)—(v) of Proposition 2.23.

Proof of Proposition 2.23 parts (iii)—(v). Part (iii). Let ¢ be an affine functional and write L =
|[¢(Y')|. If ¢ is constant, the moment claims are immediate; otherwise its law is a one-dimensional
log-concave density. Applying Lemma 2.12 with & = 4 and with £ = 2 to the one-dimensional
log-concave law of £(Y") (Lemma 2.10) gives

E[1'] <8'(E[L)" <8'(E[L7])",

which is part (iii) with Cy = 8%.

Part (v), first claim. The same bound with k = 2 reads (E [L?] )12 < AR [L].

Part (v), second claim, and the support ball. For an isotropic log-concave law, each one-
dimensional marginal has density at most 1, and each halfspace containing the mean has probability
at least 1/e [LV07, Lemmas 5.5(a) and 5.12]. Consequently, every supporting hyperplane of its
support is at distance at least 1/e from its mean. Applying the inverse whitening map gives the
radius 1/(es'/?) when s~'I < C < sI; see also [KV25, Lemma A.10].

Part (iv). The isotropic density lower bound of [LV07, Theorem 5.14(a)] gives universal pg, Hy >
0 such that every isotropic log-concave density e~ obeys e W) > ¢=Hone=W(0) op B(0,2p).
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Suppose first that m = 0 and %I =< C = 2I. Pushing to isotropic coordinates preserves the
conclusion up to a factor 2, so W(z) < W(0) + Hon on B(0,2'2 py); the barycenter inequality
(part (i)) gives W(0) < inf W + n, and hence B(0,pr) C {W < inf W + Hpn} with pg = 2%/2 pg
and Hy, = Hy + 1. If instead |m|| < p1/2, apply the centered statement to W (z) = W (z + m),
whose law is centered and still has covariance in [$1,21]: then B(m, pr) C {W < inf W + Hpn},
and B(0,pr/2) C B(m, pr). O

The rest of this subsection constructs the rounding interface. The first step is a level-set mass
estimate, which will let us truncate a log-concave law to a sublevel set of its potential while barely
changing it.

The next lemma concerns the level-set mass.

Lemma 4.1. Let W : R" — R U {400} be proper, lower-semicontinuous, and convexr with 0 <

f_e*W < 00, let a = inf W, and let p o< eV be the associated probability law. Then for every
H > 2 and every s > 2,

Pxp [W(X)>a+ (H+s)n] < %e_s”/Q.

Proof. Replacing W by W (- — z*) — a for a minimizer z* (which exists: integrability forces W
to tend to +oo along every ray, so its sublevel sets are bounded), assume a = 0 and W (0) = 0.
For t > 0 let v(t) = Vol({W < t}). For 0 < s < t and x € {W < t}, convexity gives W(jz) <
W)+ (1= 3)W(0) < s, that is, {W <t} C{W < s}, and therefore

o(s) > (;)nv(t) (0 <5 <t).

Layer cake gives Z = [ ™V dx = [;* e~"v(t) dt, hence with Ty = Hn,

To Tn+1
Z > v(Tp) TO—”/ e~ dt > v(Tp) Ty e 09—
0 n -+ 1
while for T' > Ty, using (1 + u/T)" < e™/T,
/ e to(t) dt < o(Tp) To_neTT"/ e T gy, = o(Tp) To_"efTT”(l - T) .
T 0
Taking T = (H + s)n with s > 2 and dividing, and using (1 + s/H)" < eH H > 2, and
(1-n/T)"t <2,
W 27y < BEDE (1 2y tirron ¢ 208D iy ¢ & o
~ " T Hn(l1-n/T) H ~ Hn - H ’
since s > 2. O

The next lemma concerns the lifted grounded restriction.

Lemma 4.2. Let p o< eV on R be (p, H, B)-well-rounded around z, let k = [Hn] + ng and
N =n+k, and define on RN = R"™ x R*

Ule.y) = Ulz+pr) + 3Iwl>. poce?,

and

K ={(z.y): Ule.y) <TO) + 9N}, v=4a(-|K).

Then ji = pp, @ vk, where p, is the law of p WY — 2) for Y ~ p and vy is the standard Gaussian
law on R*, and the following hold with B = B/p* + 1.
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1. B(0,1) C{U <infU + N} C K and Ex~; [||X]]*] < BN.
A(K) > qo:=1—-107° and dv/dji < ¢;* on K.

infg U = inf U and supg U — inf U < 10N.

e e

With U' = U + I — U(0) + N, the law_y o e U is grounded around 0 with respect to U’
(Definition 2.15), and Ex~, [||X|[*] < 2BN.

5. One evaluation of U’ costs one evaluation of U after U(z) has been computed once.

Proof. The product form is the change of variables = p~!(y; — 2) on the first factor, the Gaussian
factor being e~ Iv1?/2. Write @ = inf U = inf U, the infimum of the Gaussian part being 0. For
|(z,y)|| <1 we have z+ pz € B(z,p) and |jy[|> < 3,50 U(z,y) < infU+Hn+3% < a+ N, because
N > Hn+ng > Hn+1; this is the first inclusion of Item 4.2(1). Since a < U(0), the set {U < a+N}
lies in {U < U(0) + 9N} = K. The second moment is Ez [[|X[?] = E, [[[p~'(Y = 2)|?] + k <
Bn/p* +k < BN.

For Ttem 4.2(2), K 2 {U < a+9N}, so Lemma 4.1 in dimension N with H = 2 and s = 7 gives

A(K®) < Pxp [U(X) > a+9N] <27 ™2 <271 <1077,

using N > ng > 4; and dv/dfi = 1 /i(K) < g5 "

For Ttem 4.2(3), K contains {U < @+ 9N}, which contains points of U-value arbitrarily close
to @, so infxg U = @; and supy U < U(0) + 9N < @+ 10N because 0 € B(0,1) C{U < a+ N}.

For Ttem 4.2(4), v « e V' since U’ differs from U + Ix by a constant. We have minU’ =
infg U—U(0)+N = a—U(0)+N > 0 by Item 4.2(3), and on K, U’ < U(0)+9N—-U(0)+N = 10N.
Hence suppr = K C {U’ < minU’ + 10N}, while {U’ < minU’ 4+ 10N} C {U’ < o} = K; so
the support of v equals the level set {U’ < inf U’ + 10N}, which contains B(0,1) by Item 4.2(1).
Finally E, [[| X||?] = a(K)'E; [||X||*1x] < BN/qo < 2BN.

For Item 4.2(5), membership in K is decided by comparing U(z, y) with U(0)4+9N = U(z)+9N,
and U(z,y) is one evaluation of U at z + pz plus explicit arithmetic. ]

The next lemma transfers rounding information from a large-mass restriction back to the full
law; it is the content of Steps 2 and 3 of [KV25, Section 4.3], recorded here in the form we use.
The next lemma concerns the restricted-to-full transfer.

Lemma 4.3. Let X be a log-concave probability law on R™, let S C R™ be measurable with A(S) >

1 — ¢ for some € € (0,1074], and let v = X\(- | S). Then for every unit vector v and every center
c e€R"?,
E, [W(X - c)|] <1.05E, [W(X - c)@ ,

and, writing the variances as Ug\ = Var,, [UTX] and o2 = Var, [UTX],

(1—-¢)o? <o} <18.102, (UT(m)\ - ml,))2 < 1 626 o3.

In particular, if an affine map F makes Fyv satisfy Cr,, ~101 I and [|[mp,,| < 0.01, then
0.991 = Cp,ux 21851 and ||mp,|| < 0.06.

Proof. Set f(z) = |v" (x—c)| and note the x2-warmness of a conditional law: since dv = 1 d\/\(S),

A = Ey [(3; - 1)2] - )\(18) 1< 1;.
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Cauchy-Schwarz and Proposition 2.23(v) applied to the affine functional v ' (z — ¢) under the log-
concave law A give

Ex (/] - B, [f]] <Ex[f2)"72 03WIN) Y2 < 4By [f] (/(1 — )/,

s0, since 4(¢/(1 —€))"/2 < 0.05 for ¢ < 1074,

Ex[f] < (1-4(s/(1—)"/?) 'E, [f] < 1.O5E, [f].

Squaring after another application of Proposition 2.23(v),
2 2
Ex [f?] <16(Ex[f])” < 16(1.05)*(E, [f])” < 18E, [f*],

since 16(1.05)> = 17.64 < 18. For the centered bounds, let g(z) = v'(z — m,) and A =
(v (my — m,))%. The same Cauchy-Schwarz step with g in place of f gives A = |Ey[g] —
Ey [g]1? < Ex[¢%] X*(v[|A) < (03 + A)e/(1 —€), hence A < 1f2€a§. The lower bound follows
from Ey [(X —m\)(X —my)"] = MS)E, [(X —mp)(X —my)"] = (1 —¢)C,. For the upper
bound, take ¢ = m) above: 0/2\ = E, [fz} < 18E, [fQ] with E, [fQ] =02+ A<o2+ 1—8250/2\3
rearranging, o3 < % 02 < 18.102, since 18¢/(1 —2¢) < 1.9-1073.

For the final claim, in F-coordinates o2 € [1/1.01,1.01] for every unit v. Hence

o3 €0.9999/1.01, 18.1-1.01] C [0.99, 18.5].
Moreover,

2 T 2 13 2 1074
||mF#)\ - mF#uH = Slip(v (mF#/\ - mF#u)) < 1— 2 Slip oy < 1-2.10-%° 18.5 < 0.002,

SO Hmp#,\H < HmF#VH +0.0021/2 < 0.01 + 0.05 < 0.06. O
The next lemma concerns the robust selection.

Lemma 4.4. Fiz § € (0,1/50) and p € (0,1/10), and let L = [512log(2/p)]. Fiz m € R™ and
C = 0. Let L independent random outputs each be either a failure symbol or a pair (ﬁzz,@) with
@- = 0. Suppose each output is &-accurate for (m,C) with probability at least 17/32, meaning
(1-8C =2 C; = (14 8C and |C™Y%(in; — m)|| < €. Failure symbols have no partners. For
nonfailure outputs, declare i ~ j when

(1-39)Ci = C; < (1+3Ci,  |C7 (i, — my)| < 3¢.

Select a nonfailure index i* with the most partners, returning a failure symbol if none exists. With
probability at least 1 — p/2, the selected pair is 5¢-accurate.

Proof. Accurate pairs are mutually compatible: for accurate 1, j, @ <= (1+C = %5] =
(1+ 35)6j since £ < 1/50, and symmetrically; and

G2 (s — )| < | 22| (|02 (s — m) || + |02 (m — imy)ll) < 21— )72 ¢ < 3¢,

using ||él-_1/2C'1/2H2 = H@_l/QC@_l/QHop < (1 —¢)7'. By Hoeffding’s inequality, the number of
accurate indices exceeds L/2 with probability at least 1 — e L/512 > 1 p/2. On that event, every
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accurate index has more than L/2 partners, so ¢* also has more than L/2 partners. Since fewer
than L/2 indices are inaccurate, i* has an accurate partner j. Compatibility then gives

N 1 14 . 1 1-¢
i*_< i = = ; ’L*t R = 1- )
O = 1=3e0 S 72503500, Oz 2ol r SO (1-56)C

and

1O~V 2 (e —m)|| < |C7V2C 2| IC M (e — )|+ 1O~ 2 (g —m)|| < (1+56)Y/2-36+¢ < 5¢.
]

FULLDENSITYROUND(U, z, p, H, B, £, p)

Input: evaluation oracle for a proper lower-semicontinuous convex potential U; a known point
z € R™; universal constants p, H, B > 0; a fixed accuracy ¢ € (0,1/10); a failure tolerance
p € (0,1/10).

Output: a failure symbol L, or a pair (m, 6) with C = 0.

Assumptions: p o e U is a probability law with B(z,p) € {U < infU 4+ Hn} and
Ey~u [|IY = z|?] < Bn.

1. Set L = [5121og(2/p)], £ =¢/5, k = [Hn] + ng, N = n + k, and compute U(z). Implement
the grounded potential U’ on RY of Lemma 4.2; each evaluation costs one evaluation of
U. Let Qiso(N) = AcN31og® (2N) be the expected-query bound of Theorem 5 for C? =
2B = 2B/p? + 2, and let Qest(N) = 168 AN3log®(128N) be that of Theorem 6 for ¢, = 167,
accuracy &, R? = 167N, and n = 1/64.

2. For each i € [L], with fresh randomness:

(a) Run the rounding algorithm of Theorem 5 on U’ with the known point 0 and the known
constant C, capped at 16Qiso(/V) evaluations. If it fails or times out, mark trial i
failed and continue with the next trial. Otherwise it returns an invertible affine map
Fy(z) = Aij(z — %;) on RV,

(b) Run the estimator of Theorem 6 on the potential W;(u) = U(F; *(u/3)) on RY with the
known point 0, R? = 167N, accuracy &, and np = 1/64, capped at 16Qcst(IN) evaluations.
If it fails or times out, mark trial 4 failed and continue with the next trial. Otherwise it
returns (m;, 6’{), set m; = m}/3 and Ci = CAJ’Z’ /9, pull back to the lifted coordinates by
m; = FflﬁLi and @ = A;léiA;T, and let m7 € R™ and @x € R™"™ be their blocks on
the first n coordinates. If 5’f is not positive definite, mark trial ¢ failed.

3. Among the successful trials, select an index ¢* whose pair (m7, af) has the most ~-partners
in the sense of Lemma 4.4; if no trial succeeded, return L.

4. Return m = z + pmf. and C = p26~'ﬁ.

Figure 1: The full-density rounding primitive used by the scalar cooling algorithm.

The next lemma concerns the full-density well-rounded rounding.
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Lemma 4.5. Fiz universal constants p, H,B > 0 and a fived accuracy ¢ € (0,1/10). The al-
gorithm FULLDENSITYROUND (Figure 1), given exact-real evaluation access to a proper lower-
semicontinuous convex U whose law 1 o< e~V is a probability, a known point z with

B(z,p) C{U <infU + Hn},  Ey.,[|Y —2|*] < Bn,

and a failure tolerance p € (0,1/10), returns either a failure symbol or a pair (m, 5’) with C = 0.
Conditional on every realized pre-call history for which these input promises hold (Definition 2.20),
with probability at least 1 — p it returns a pair satisfying

(1=e)Cu2C =240 G2 = my)| <.
The number of evaluation queries is at most O(n>log(n/p)®M) on every execution.

Proof. We analyze Figure 1. Fix the universal integer ng > 4 so large that cison 1/2 < 1/16 and
Cest /M0 < 1/16, with ciso and cest from Theorems 5 and 6. Then N = n + [Hn] + ng satisfies
ng <N < (H+1)n+ny+1=0(n). Step 1is Lemma 4.2: the lifted law i = p, @ 7 on RV
has the restriction v = fi(- | K) with 7(K) > 1—107%, and v « e~V is grounded around 0 with
E, [||X||?] < 2BN = C?N for the universal constant C* = 2B/p* + 2. Fix a trial ¢ and condition
on the pre-call history and on the other trials; the hypotheses on p are deterministic properties of
the input, so the two black boxes apply with their stated guarantees over the fresh randomness of
trial 7.

Step 2(a). Theorem 5 applies to v with the known point 0 and the known constant C, and
returns, on an event E; of probability at least 1 — ¢jioN~/2 > 1 —1 /16, an invertible affine map
Fi(r) = Ai(r—z;) with CF,,,, =101 In and [[mF,,,[ < 0.01. On Ej the expected number of queries
is at most Qiso(IN), so by Markov’s inequality the run capped at 16Qiso(IN) queries times out on
E, with probability at most 1/16. Hence Step 2(a) succeeds with probability at least 1 — 1/8.

Step 2(b). Apply Lemma 4.3 with A\ = i, S = K, and € = 107°: the law m; = F;/i satisfies
0.99I < Cy, =< 18.5I and |my,| < 0.06. Its potential is U o F, ! up to an additive constant,
and supp Fjuv = F;(K). Since Fiyv is 1.01-isotropic with mean of norm at most 0.01, Proposi-
tion 2.23(v) applied to its centering gives

1

. C ) _
B(0,0.35) C B <mpz#y, T

) CF(K)C{UoF ' <inf(UoF, ')+ 10N},

the last inclusion by Item 4.2(3). The potential W;(u) = U(F; *(u/3)) is, up to an additive constant,
that of the law 7, = (3-)m;, for which

B(0,1) € B(0,1.05) C {W; <inf Wi + 10N},  8.9I = Cpy = 9Cs, =< 166.51,

and
Exn [[IX[I°] = Tr(C), + [[ma|? < 166.5N +0.18% < 167N.

Thus Theorem 6 applies to 7, with the known point 0, R? = 167N, ¢, = 167, accuracy &, and
n = 1/64: on an event Ey of probability at least 1 —1/32 — cest/N > 1 — 3/32 it returns (m;, 62’)
with (1 — €)Cr < C! < (14 €)Cp and ||, — my|| < €, and on By the run capped at 16Qest(N)
queries times out with probabﬂityL at most 1/16 bly Markov’s inequality. Each evaluation of W; is
one evaluation of U by Item 4.2(5), the Gaussian part being explicit. On Es without time-out,
since C’,rg = 8.91,

-1/2/ ~ _ .
2 = mag) | < 8.9 — g < €

27



SO (m;,@’) is {-accurate for (mq, Cr/) in the sense of Lemma 4.4, and dividing by 3 and by 9

gives a ¢-accurate pair (m;, C;) for (mg,, Cr,), both accuracy notions being invariant under scaling.
Altogether trial ¢ produces a £-accurate pair for (mg,, Cr,) with probability at least

113 1 _:» 17

16 16 32 16 32— 32
over its fresh randomness, conditional on the pre-call history and on the other trials.

Step 3. Since Cr, = AZ-C',—LA;-r and mn, = F;(mp), congruence invariance (compare Defini-
tion 2.18) makes the pulled-back pair (7, C;) of a successful trial &-accurate for (mp,Cy): indeed
C; = A;l@A;T shares the Loewner window of C; relative to Cr;, and HC’;I/Q(T%Z- —mg)|| =
||C;Z.1/2(ﬁzi —mq,)|l. As i = pp ® vk, we have my = (my,,,0) and Cy = diag(Cy,, Ix). Compressing
(1-9CE = Ci = (1+ §)Cy to the first n coordinates gives (1 — £)C),, = 55” = (1+)C,,, and

since Cp 1/2 is block diagonal,
_ ~ —1/2 , ~
IC Y2 (08— my, )| < [C5 (i — mp) | <€,

so (m7, 6;5 ) is {-accurate for (my,,,C,,). Every accurate covariance block is positive definite, so the
additional check rejects no accurate trial. Treat failed trials as failure symbols in Lemma 4.4. The
trials use fresh randomness, so conditional on the pre-call history their outcomes are independent,
each &-accurate with probability at least 17/32. Lemma 4.4 with L = [512log(2/p)] then gives,
except with probability p/2 < p, a selected pair that is 5§ = e-accurate for (m,,,C,,).

Step 4. Since C),, = p~2C, and m, = z+p my,,, the returned pair (z4pm., p26~’§i) is e-accurate
for (my,C,) on the selection event, again by congruence invariance.

Query cap. BEach trial costs at most 16Qiso(N) + 16Qest(N) = O(n?1og®M n) evaluations
deterministically, since N = O(n) and the constants Ac,ac, A, a depend only on (p, H, B, ¢); with
L = [5121log(2/p)] trials the total is O(n3log(n/p)°M)) on every execution. Each query is one
evaluation of U plus arithmetic. O

4.2 Cooling Estimates

For the rest of this section, fix a grounded input (V| zg,r, R) in the sense of Definition 2.21: V is
proper, lower-semicontinuous, and convex with 0 < [e™V < oo, B(zg,r) C {V < infV + hon},
and Exr [[|X — zol|?] < R? for moc e, For ¢ > 0 set

O(x) = V() + tl|z — x|, Zy = /e_q)t(x) dz, m = Z; e,

and write m; = my,, C¢ = Cr,, and a; = inf ®;. Note Z; < e*infvfe*t“l“*%\\zd:v < 0o and Z; >
Vol(B(zo, r))e” M V=hon—tr* ~ 0 5o 7, is a well-defined log-concave probability law. Evaluating
®, o F~! for a known invertible affine F' costs one evaluation of V plus arithmetic.

The first estimate is the nonsmooth form of Brascamp-Lieb promised in Section 2; it is used
with G = Ik in Section 5.

The next lemma concerns the extended Brascamp—Lieb consequence.

Lemma 4.6. Let G : R" — RU{+o0} be proper, lower-semicontinuous, and convez, lett > 0, and

Suppose vy x e—G-tllzl? 45 ¢ probability law. Then
1 1
Cy, =2 27[7 Var,, [g] < ?tEuz [HVQHQ]

for every locally Lipschitz g with ||Vg(x)|| < cg(1 4+ ||z||) almost everywhere.
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Proof. Suppose first that G is twice continuously differentiable. Then W (z) = G(z) + t|z|?
satisfies V2W = 2tI, so Proposition 2.23(vi) applies and gives both claims: C,, < (2t)7'I and
Var,, [g] < (2t)'Ey, [[[Vgl]-

For the general case, fix an affine minorant £ of G (which exists by properness) and approximate
in two steps. First, the Moreau envelope G,(z) = inf, {G(y) + % |z — y||*} is convex, continuously
differentiable with Lipschitz gradient, increases to G' pointwise as n | 0, and satisfies G;,, > £ — C,
for some C;, < oo. Second, the Gaussian mollification G, , = G, * ps is smooth and convex,
and by Jensen Gy, ,(z) = E [Gy(z + 0&)] > Gy(x). The smooth case applies to G, giving both

G0 —tl|=]|? 1

inequalities for v, , o< e~ . The densities are dominated uniformly in (n,0): with ¢(x) =

((z) - O,
e=Cno@—tlall? < (~Go@)—tlal? < ~Ha)—tlel?

whose right side is integrable together with ||z||? times itself. As o | 0, G, » — Gy, locally uniformly,
so dominated convergence identifies v, , — v, and convergence of the covariance and of both sides
of the variance inequality (using the growth bound on ||[Vg||); then | 0 gives G, T G and the
same passage yields both claims for v;. O

The next lemma concerns the quadratic energy and variance.
Lemma 4.7. There is a constant Kg = Kg(ho) such that, for every t € (0,772],

2Kgn

7ﬂEﬂ't [HX _330”2} < Kgn, Varm [”X — 1,‘0||2] < 2

Proof. Covariance is unaffected by translation, so applying Lemma 4.6 with G(z) = V (z+z0) gives
Tr(Ct) < &;. For the mean, the barycenter inequality (Proposition 2.23(i)) gives ®;(m;) < as +n,
and any y € B(zg,7) with V(y) <inf V + hon gives a; < ®4(y) < inf V + hon + tr?; hence

tme — xo|* < ®4(my) —inf V < ap —inf V4 n < (ho + 1)n + tr? < (ho + 2)n,

using tr? < 1. Summing, tEr, [|X — zo||?] = tTr (Cy) + t[|my — xo||* < % + (ho + 2)n =: Kgn. The

variance claim is the same application of Lemma 4.6 to g(x) = ||z — 0 ||? with |Vg(z)|| = 2|z —z0]:
Vary, [g] < QltEﬂt [4||X - $0||2] < ﬂifn- O

The next lemma concerns the one-step Rényi cost.
Lemma 4.8. For 0 <5 <1/4, s=(1-0)t, andt <r~2,
Dy (ms|m) < Kpnd?, Kp =8KEg.
Proof. Since 2&, — &, = Poy_; with 25 —t = (1 — 25)t > 0,

7T
Ra(msllm) = [ 7 = S175,
S

2 o ZtZos—t

so with A(u) =log Z,, Da(7s||m) = A(t) + A(2s —t) —2A(s),

a centered second difference. Differentiating twice, A”(u) = Varg, [|X — z0||?] < 2Kgn/u® by
Lemma 4.7. Taylor’s theorem with h = d¢, noting s — h = (1 — 20)t > t/2, gives

h n
Dy(ms||m) = /0 (h—w)[A"(s +w) + A'(s —w)] dw < h? - ?555)2 = 8Kgné”. O

The next lemma concerns the Rényi-to-trace transfer.
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Lemma 4.9. There are universal constants v € (0,1/4] and Kr = Kr(ho) such that, with § =
V4 and s = (1 —6)t, the following holds for every t < r~2. If F is an invertible affine map for
which Z = F(X), X ~ m, satisfies

M < Crymy 221, |Epym, [2]] < p1/2.

then Er, [||F(X)|]*] < Krn.

Proof. Write L = Z:: (X) and split Ex, [ Z]?] = Ex, [[|Z]|?L] on the Paouris event A = {||Z]| <
ucpn/?}, with ¢p from Proposition 2.23(ii) and u > 2 universal, chosen below. On A the integrand
is at most u?c4nL, contributing at most u?c%n. Off A, Hélder with exponents (4,2,4) gives

Er, [1Z°L1a¢] < (Bn, [1ZIF]) Y (Br, [£2]) /P, (A4

The three factors are: (E, [||Z||8})1/4 < 16*Er, [||Z]]*] < 768n by Lemma 2.12 with k£ = 8 and
Er, [IZ]?] = Tr (Cryr,) + Immym > < 20+ pF /4 < 3n; (Br, [L2])V? = Ro(ms||m) /2 < eHp7*Vin/2
by Lemma 4.8; and Pr, [AC]1/4 < e~wn/(8¢P) by Proposition 2.23(ii) applied to Z — ME,r,, With
the mean shift py/2 absorbed by the choice u > 2. Choosing u = max(2,8cpKp~y?) makes the
combined exponent at most —K p~y2nt/2 /4 in either case, so

Er, [| Z]2L1 4] < 7680 - e~ Kp7V/4 < 7680,

In total,
E, [|1Z|]°] < (u’ch +768)n = Krn,  Kr:=u?ch + 768.

The next lemma concerns the moving minimum.
Lemma 4.10. For s = (1 —0)t and t < r—2,

)
< — < — .
0<a as_l—é(h0+1)n

Proof. Since ®; —®; = (t —s)||z —xo||* > 0, we have a; > as. Let y minimize ®;. As in Lemma 4.7,

as < inf V + hon + sr?, so s|ly — o> < ®4(y) — inf V' < (ho + 1)n. Then

t— o
ar < By(y) = as + (t — 8)|ly — xo||* < as + Ts(ho +1)n=as + m(ho + 1)n. O

We now fix the universal constants used by the cooling induction:
ps = pr/2, H,=Hp +ho+ 1, B, = max(Kr, Kg/p3), Ecool = min(1/500, pr/3),

where pr, Hy, are from Proposition 2.23(iv) and Kg, K7 from Lemmas 4.7 and 4.9.
The next lemma concerns the well-roundedness at the next temperature.

Lemma 4.11. Let s = (1 — 8)t with 6 = yn~Y/* and t < r~—2. Suppose a call to FULLDENSITY-
ROUND on my (mAaﬁine coordinates in which my is (px, Hy, By)-well-rounded around 0) succeeded

and returned (i, C), and set F(z) = C~/2(x — ). Then in these coordinates s is (py, Hy, By)-
well-rounded around 0:

B(0,ps) C {®50 F! <ay+ Hyn}, Er, [HF(X)HQ] < B.n.
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Proof. On the success event, (1—eeoo1)Cy < C = (14 £coo1)Cy and HC;l/z(ﬁz—mt)H < €cool- Hence
CF#m = 6_1/2Ct6_1/2 € [(1 + 50001)_17 (1 - 50001)_1]1 - [%Ia 21]7

and [|mp, | = IC=Y2(my — )| < (1 = cool) 2 eoo1 < pr./2. Proposition 2.23(iv) (the relaxed-
centering form) now gives B(0, pr,/2) C {®; o F~! < a; + Hyn}. For z in that ball, since ®; < ®;
pointwise and by Lemma 4.10,

5
®s(F~'2) < ay + Hpn < ag + Hin + 7——(ho + 1)n < a5 + (Hp, + ho + 1)n = a5 + Han,

using % < 1. The second-moment bound is Lemma 4.9: E, [[|[F(X)[?] < Krn < Byn. O

The next lemma concerns the initialization.

Lemma 4.12. For tg = =2 and Foase(7) = (x — 20)/(rps), the law Ty, in Fyase-coordinates is
(px, Hy, By)-well-rounded around 0.

Proof. By Lemma 4.7 with tgr? = 1,

By [IX —a0l?] _ Kpn _ Kpn

2

= < Bun.
r2p? ~tor?pl 2 T

]Eﬂ'to [”Fbase(X)HQ] =

For [|z]] < p« (< 1 without loss of generality, since the constants may be shrunk), the point
Fb_1 2 = o+ rp.z lies in B(zo,7), so V(F ! z) <inf V + hgn and

ase base

Oy, (F L 2) <inf V + hon + tor?p2||2||> < inf V + (ho + 1)n < ay, + Han,

base

using ay, > inf V and Hy, > ho + 1. L]

4.3 Endpoint Comparison and Raw Reconstruction

At the end of the cooling path the Gaussian tilt is weak enough that the cooled moments and the
target moments are comparable, uniformly in the centering. Write

M) =Ex (X =0)(X =0)"],  Mb) =Eg, [(X -)(X -5)"].
The next lemma concerns the Reverse-Holder endpoint comparison.
Lemma 4.13. There is a universal Ky such that, whenever n = tR? < 1/2,
(1= Kgn) M(b) < M(b) < (1+2n) M(b) for every b € R™.
Proof. The likelihood ratio is %(x) = ée‘t”x_mnz with ¢, = Z;/Zy = Eg [e‘t”X_mO‘F]. Jensen
and the grounded moment bound give ¢; > e~ tEx[IIX—=0ll?] > e~ while ¢; < 1. The upper bound

is immediate: My(b) = +E, [(X —b)(X — b)—'—e—t”X—ﬂ?OHQ} < ¢ IM(b) < €™M (b) < (1 + 21)M(b)

ct
for n < 1/2. For the lower bound, since ¢; < 1 and 1 — e~ < u, for every unit vector v,

o7 (M(b) — My(b))v < E, [(X —b,v)2(1— e*t”X*onQ)} < By [(X — b)) X — z0]?] .

Cauchy—Schwarz, Proposition 2.23(iii) applied to the affine functional (X — b, v), and Lemma 2.12
with k = 4 give

tH(Er [(X = b,0)* ) (B [1X — 2ol *])? < tC12 (0T M(b)v) - 64R2 = 64C} > v M(b)w,

so My(b) = (1 — Kyn)M(b) with K = 64C}%. O
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The next lemma states that exact target is well-rounded.

Lemma 4.14. Set ny = min(1/2,1/(4Kg)). Suppose tR* < ng and that, in some invertible affine
coordinates F, the cooled law 7y is (ps«, Hy, By)-well-rounded around 0. Then the target law m in
the same coordinates is (px, H!, 2B,)-well-rounded around 0 with H,=H,+ho+1:

B(0,py) C{Vo F ' <inf(VoF™ ')+ H.n},  E.[|F(X)|?] <2B.n.

Proof. Write F(z) = A(x — b). By Lemma 4.13 with Kgno < 1/4, M(b) < (1 — Kgno) ™' My(b) =
%Mt(b), SO
E, [|F(X))?] = Tr (ATA M(b)) < 4r (ATA Mt(b)) = 4K, [|F(X)|?] < 2B.n.

For the ball, since ®; = V 4 t|lz — 2¢[|> > V, on B(0, p,) we have Vo F~! < ®;0 F~! < a; + Hyn,
and a; < infV + hon + tr? < infV + (hg + 1)n because tr? < tor? = 1; hence V o F~1 <
inf V + (H. + ho + 1)n on B(0, px). O

The next lemma concerns the raw second-moment reconstruction.

Lemma 4.15. Let C = 0, m € R", and fix any center ¢ € R"; write M(c) = C 4+ (m—c)(m—c)'.
If(1—e)C < C = (14)C and |C~V2(m —m)| < ¢, then M(c) = C+ (m—c)(Mm—c)" is positive
semidefinite and

~(e+C+ ) M(e) 2 M(e) = M(e) = (e + ¢ +¢%) M(o).
For e =(=1/500 this gives 0.99]/\4\(0) < M(c) < 1.()1]\7(0).

Proof. Let d = m—m. Then ]\/Z(c) —M(c) = (C—C)+dd" +(m—c)d" +d(m—c)T. The first term
obeys —eC' < C'—C < £C < eM(c); the second 0 < dd" < (*C = (*M(c) from ||C~/2d|| < ¢; and
for the cross term, every unit vector v obeys

[oT ((m — )" +d(m —)T)e| = 2o, m — )| {0, d)
<20’ (m = c)(m—c) ) 2(Pv' Cv)'/?
<ot M,

by 2ab < a?+4b?. Summing the three gives the Loewner claim. With a = e+(+¢? = 0.004004 < ﬁ,
the bounds (1 — a)M(c) = ]\/4\(0) =< (1+ a)M(c) imply

(1+a) " M(c) < M(c) < (1 —a) ' M(c).

Thus 0.99M (c) = M(c) < 1.01M(c). O
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4.4 Algorithm, Induction, and Complexity

ASYMMETRICSECONDMOMENT(V, xq9, 7, R, 3)

Input: evaluation oracle for a proper lower-semicontinuous convex potential V; the rounding
data zp € R™ and r, R > 0; a failure parameter g € (0, 1).

Output: a positive semidefinite M and an invertible affine map T .

Assumptions: (V,zg,r, R) is a grounded input in the sense of Definition 2.21.

1. Set tyg = 772, § = yn~ Y4 with 4 from Lemma 4.9, and t; = (1 — 0)7tg. Let N be the first
index with ¢ty R? < ng (1o from Lemma 4.14), and set p = min(1/20, 3/(N + 1)).

2. Set F < Fpase of Lemma 4.12.
3. Forj=0,1,...,.N—1:

(a) Call FULLDENSITYROUND (Lemma 4.5) on the potential ®;; o F~! with center 0, con-
stants (p«, Hx, By), accuracy cool, and failure tolerance p; on failure, abort and return
failure.

~

(b) With the returned (ii;, C;), set F < C; /2 (F(-) — ).

4. Call FULLDENSITYROUND on the exact target VOF_lAWith center 0, constants (p., H.,2B),
accuracy €qo0l, and failure tolerance p, obtaining (m, C).

5. Write F'(z) = A(x — b). Return

—

M= AYC + (M + Ab) (i + AD) ) A™T,  T(z)

I
R
=
AO
=
=
=)

Figure 2: The general-body scalar-cooling rounding algorithm.

The next lemma concerns the cooling induction.

Lemma 4.16. Conditional on all earlier calls succeeding, every FULLDENSITYROUND call made
by ASYMMETRICSECONDMOMENT (Figure 2) satisfies the input promises of Lemma 4.5, and each
evaluation of the transformed potential costs one evaluation of V.

Proof. At j = 0, the promises hold by Lemma 4.12. If the call at stage j > 0 succeeds, then
Lemma 4.11 applied in the current coordinates shows that Tty 18 (ps, Hy, By)-well-rounded around
0 in the updated coordinates, which are exactly the input promises for the call at stage j+1. For the
final call, Lemma 4.14 applies since ¢ty R? < 19, so the exact target V o F~Vs law is (p«, H., 2B, )-
well-rounded around 0. Evaluation of ®; 0 F~1(2) = V(F~12) + t||[F~12 — x||? (or of Vo F71) is
one evaluation of V' plus arithmetic, and the conditional guarantee of Lemma 4.5 (Definition 2.20)
is exactly what is invoked at each stage. O
The next lemma concerns the radius comparison.
Lemma 4.17. Every grounded input obeys R > cp,r with cp, = ie‘ho.

Proof. Suppose r > 4e™R. Since E; [||X — zo[|?] < R?, Markov gives 7(B(zo,2R)) > 3/4, and
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B(x0,2R) C B(zg,r). Writing Zy = [ e, on B(xg,r) we have V < inf V + hgn, so

(B 2 —inf V' (B —inf V—hgn
3 < n(Blao,2R)) < YUBEOZR) T - gy ) > Yol Bl0T) € |
4 Zy Zy
Dividing, m(B(zo,7)) > (r/2R)"e~hom . 3 > (2¢ho)ne=hon . 3 — 3 . 9n > 1 4 contradiction. O

The next lemma concerns the stage count and total cost.
Lemma 4.18. The number of cooling stages satisfies
N = O(n*1og(2 + R/r)).

With p = min(1/20,8/(N + 1)), all N + 1 calls of ASYMMETRICSECONDMOMENT succeed simul-
taneously with probability at least 1 — B, and the total number of evaluation queries is

o(1)
o (/ og <2 . nR) >
r3
on every exrecution.

Proof. By the definition of N and (1 —6)7 < e™%,

toR2
Mo

N < max {0, [51 log —‘ } = O(n1/4 log(2 + R/7)),

since § = yn~/* and 7o is universal. By the conditional guarantees (Lemma 4.16 and Defini-
tion 2.20), the failure probability of the whole run is at most (N +1)p < . Each call costs at most
O(n®log(n/p)°M) deterministically, and

log(n/p) = O(log(n(N + 1)/6)) = O(log(2 + Z?)),

so the total is O(n'/*log(2 + R/r) - n®log(2 + nR/(rB))°M) = O(n'¥/*1og(2 + nR/(rB))°M). O
The next theorem concerns the grounded-potential rounding.

Theorem 10. Given a grounded input (V,xg,r, R) as in Definition 2.21 and 8 € (0,1), the algo-
rithm ASYMMETRICSECONDMOMENT (Figure 2) makes O(n*3/*1log(2 + nR/(r5))°WM) evaluation
queries on every execution, and with probability at least 1 — (B returns a positive semidefinite M
with e .

0.99M < M, < 1.01M, eV,

together with an affine map T such that C1,r ~1.01 1 and ||m7-#7rH < 1/250.

Proof. On the event that all N+1 calls succeed, which has probability at least 1— 3 by Lemma 4.18,
every call returned accurate estimates in the sense of Lemma 4.5. In particular the final call
returned (m,C) with (1 — €co01)Crur = C = (1 + €cool)CFyn and HC’;;?(@ — mp,r)ll < €cools
where €coo1 < 1/500. With F(z) = A(x — b) and center ¢ = —Ab, Definition 2.18 gives M, =
A™HCpyn+(mp,a+ Ab)(mp, -+ Ab) T )A™T, which is exactly A~ Mp, »(c)A~ ", while the returned
matrix is M = A1}, F#W(C)A_T. Lemma 4.15 with € = ( = €coo1 < 1/500 and Loewner congruence
by A~! give 0.99M < ]\//1:,T = 1.01]\/4:; M is positive semidefinite since C = 0. The map T pushes 7 to
a law with covariance 0_1/2C'F#WC_1/2 € [(1+ ecool) 4, (1 — €co01) M € [1/1.01,1.01]7 and mean

norm |]6_1/2(mp#7r —m)|| < (1 = €cool) /2 cool < 1/250. The query bound is Lemma 4.18. [
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Proof of Theorem 1. Set V. = Ik, the indicator potential of Definition 2.19: evaluation of V is
exactly membership querying of K, and m = wg. The input is grounded for any hg > 0, since
B(zg,7) C K ={V <0} = {V < infV + hon} and E, [|X — z0[|*] < R? from K C B(zo, R).
Theorem 10 then gives the query bound, the success probability, and 0.99M = Einr [xa:T] =
Mg = 1.01M , as required. On the same success event, Theorem 10 also returns 7 with Cr,r €
[1/1.01,1.01]1 and ||m7,xy || < 1/250; its linear part is invertible because this covariance is positive
definite. Fact 2.24 with A = 1/1.01 gives B(m,r,,1.0171/2) C T(K), and 1.017/2—1/250 > 0.99,
so B(0,0.99) C T(K). Finally

Eontro) [1217] = Tr (Cums ) + My |I? < 1.01n + 25072 < 1.02n.
m

Proof of Corollary 1.1. Run ASYMMETRICSECONDMOMENT with 8 = 1/8. On its success
event, Theorem 1 gives an invertible affine map 7(z) = Az + a with B(0,0.99) C T(K)
and E,7(x) [|lz]|?)] < 1.02n. The body K’ = 0.997'7(K) contains the unit ball, satisfies
E,ore [||2]?] < 1.020/0.99% < 1.05n, and Vol(K) = 0.99"Vol(K")/|det A|; a membership query to
K is one membership query to K. Fact 2.25 with R? = 1.05n and p = 1/8 returns, with probability
at least 7/8, a number within a factor 1 + ¢ of Vol(K’) after O(n?c=2log(n/c)®M)) queries, and
the output is 0.99"|det A|~! times that number. A union bound gives success probability at least
3/4, and the query count is the sum of the two bounds, with log(2 + 8nR/r) = O(log(2 + nR/r)).

If K is symmetric and zp = 0, run SYMMETRIC-COVARIANCE with 8 = 1/8 instead. On its
success event, mx has mean 0 and covariance Cx = E, i [x:rT] with 0.99% < Cg =< 1.01%,
so T = X712 makes the covariance of the uniform law on 7(K) lie in [0.99,1.01]. Fact 2.24
gives B(0,0.99'/2) C T(K), and Eyo7(50) [|z[|?] < 1.01n, so the argument above applies to K’ =
0.99~ 2T (K), with the rounding cost of Theorem 2. O

4.5 Remarks on the Step Size

The exponent 13/4 is the cost of one full-density rounding call per cooling stage, times the number
O(n'/*1og(2 + R/r)) of stages; the stage count is forced by the step size § = @(n~1/*), which in
turn is the largest step the moment transfer of Lemma 4.9 tolerates: the one-step Rényi cost of
Lemma 4.8 is O(nd?), hence O(n'/?) at this §, and the Paouris tail can absorb exactly such e©(vV™)
warmness. Two conjectural simplifications would remove the n'/4 overhead, and both fail. First,
the coordinate-moment bound of Conjecture 3.1 would make the per-coordinate derivative of the
cooled trace O(1)-bounded, permitting constant-size steps; it is refuted by Theorem 9. Second,
even the trace transfer itself is sharp: Theorem 7 exhibits restricted Gaussians whose trace after a
warming step is Q(n +n26%), which stays O(n) exactly when § = O(n~1/%). In this sense the scalar
moment bounds used above cannot support larger steps; the matrix-valued cooling of Section 5 is
what removes the overhead for symmetric bodies.

5 Cubic Algorithm for the Symmetric Case

We now describe the symmetric cubic algorithm. The algorithm still uses Gaussian cooling, but
it replaces the scalar temperature ¢t/ by a matrix precision H. This allows the cooling schedule
to treat different directions differently: directions that remain well-conditioned can keep cooling,
while directions that threaten the invariant receive extra regularization. The rest of this section
gives the full proof.
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Assume K = —K and rBY C K C RBy. For H > 0, let
Un(z) = Ix(z) + 2" Ha, pr () o e_wTHle(m), Cro =Eupy [:EZET} .

We treat the function Upy as the potential, or negative log-density up to an additive constant, of
pr. It records both the constraint 2 € K and the quadratic weight " Hx. The algorithm changes
H to remove this weight gradually. At every successful iteration 4, it maintains the potential Ug,
together with a covariance estimate satisfying

W; ~ Kapp CHN Rapp = 1.01.

Initially Hy = r~2I. Under the change of variables z = rz, the promised inclusion rBy C K
becomes By C r~1K, and the initial transformed potential is

Py(2) = Upy (r2) = I (rz) + | 213
If ||z||2 < 1, then rz € K, so
Py(z) = |23 < 1.
Moreover, Py > 0 and Py(0) = 0. Therefore

By C{z: Py(z) <inf Py + 1}.

We refer to this ball as the sublevel-set ball for Fy. Since K = —K, both I (rz) and ||z||3 are even
functions of z. Hence Py is even, the density proportional to e %0 is even, and the corresponding
random vector Z has mean zero. Applying Lemma 4.6 with G = [,-1) and t = 1 gives

1 n
Cov(Z) = 51, Ep, [HZ”%] < 5
Thus the initial law has the required O(n) second-moment bound. The near-cubic covariance
estimator in Theorem 11 can therefore construct Wj.
Given a pair (H, W), the next precision is given by

Tr (W H)

HT = (1 - 5)H + Thidge W_la o= L_27 Thidge = L_3,

where I = ©(1 + log(2 + nR/r)). The vector z = W~/2z is the whitened version of z obtained
from the current covariance estimate W. Since W =, Cp, its covariance satisfies

W—1/2CHW—1/2 — I,

~FKapp

so all directions have comparable variance in the z-coordinates. In these coordinates, the update
becomes T (B
J=(1-06B+ nﬂdgeﬁf, B=WY2HW/2,
n
Thus B is the quadratic penalty in these well-conditioned coordinates, and J = wi2gtwi/2 1t
A is an eigenvalue of B, the update maps it to

Tr (B
(1 - 5))‘ + nridgeqi)-
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The additive term therefore has its largest relative effect when X is small. Moreover,
Tr(B) =Tr(WH) =y,,, Tr(Cy H).

The ridge adds total trace 7yiqge Tr (B), whereas the cooling term removes 0Tr (B) from B.

The invariant rests on two estimates. First, even-sector Poincaré bounds along the interpolation
from B to J show that the next law has O(n) second moment in the z-coordinates. The same
fixed-radius ball remains in an O(n)-height sublevel set of the next potential. These are the two
well-roundedness hypotheses of the near-cubic covariance estimator, so the next covariance estimate
costs O(n3) membership queries. Second, define

Vol(K)

Dgym(H) = log [ e e gy
K

Goym(H) = Tr (Cyy H) = Ex [XTHX] ,

so, for X uniform on K,

o~ Deym(H) 7XTHX] .

=Ex xr {e
We can understand Dgym(H) as measuring how much the quadratic weight decreases the normal-
izing integral, while gsym(H) is the expected quadratic penalty under the current distribution fuf.
In particular, Dsym (H) > 0 and Dgy,(0) = 0. The regularized update gives

0
Deym(H*) < Doym(H) = S geym(H).

For every matrix reached by the algorithm, a separate comparison gives
QSym(H) < Dsym(H) < CDLCIsym(H)7

where Cp is a constant. Consequently,

0

+) < o
Dsym(H )_ <1 2CpL

) Dgym(H) = (1 — O(L™?)) Doym(H).
The initial value satisfies log(Dsym(Ho)/cx) = O(L) for every fixed terminal threshold ¢, > 0. Thus
O(L*) successful updates make Dsym(H) at most c,.

At this point the uniform measure on K is well-rounded in the current coordinates. The terminal
comparison shows that C'y and Ck are comparable in relative Loewner order, and removing the
nonnegative quadratic term preserves the fixed-radius sublevel-set ball. One final covariance call
on K gives the matrix ¥ in Theorem 2. The algorithm makes O(L?) calls, each costing O(n?)
membership queries, so its overall query complexity is cubic up to logarithmic factors.

5.1 Proof Setup for Even Log-Concave Laws

We now prove the symmetric upper bound stated in Theorem 2. Unlike the preceding scalar sched-
ule, the algorithm cools a matrix-valued Gaussian precision and adds an adaptive regularizer at each
step. Symmetry keeps every distribution with density proportional to e~V@-2"He centered. The
remaining subsections give the analytic inputs, invariant, progress argument, and final algorithm.
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5.2 Quadratic Weights and Analytic Inputs

The following covariance estimator is used at each cooling step. Given an even log-concave distri-
bution satisfying the two displayed well-roundedness conditions, it returns a 1% relative covariance
estimate using O(n®log(n,/€)®M)) evaluations. Its success guarantee remains valid after condition-
ing on the preceding calls, and its query count has a deterministic upper bound. We apply the
estimator to distributions with density proportional to e~ V@ —aTHz g5 > 0. The next theorem
concerns the near-cubic covariance estimation for even distributions.

Theorem 11. Fiz universal by, c1,co > 0 and kapp = 1.01. Let U : R™ — RU {400} be a proper,
lower-semicontinuous, convex, and even potential whose normalized law vy satisfies

E,, [||Z||2} <cn, B(0,bo) C{U <infU + can}.

Given an evaluation oracle for U and a failure tolerance £ € (0,1/2], there is an algorithm that

returns either a failure symbol or a positive-definite matriz 5, and with probability at least 1 — &

the latter satisfies R
C~ Cov,, (Z).

Kapp

It has a deterministic query limit of

O(n*10g(n/)°")
evaluations of U, and its guarantee holds under adaptive conditioning in the sense of Definition 2.20.

Proof. Set
p = min{, 1/20}, €prim = 1/500.

FULLDENSITYROUND (Lemma 4.5) takes a ball contained in a height-O(n) sublevel set of the
potential together with an O(n) second-moment bound and returns relative estimates of the mean
and covariance, with a conditional failure guarantee and a deterministic query limit. By Lemma 4.5,
FUuLLDENSITYROUND implements this interface. Apply it with center 0 and (p, H, B) = (b, c2, ¢1),
accuracy Eprim, and failure tolerance p. If the routine returns a failure symbol, pass that symbol
to the caller. Otherwise discard its mean estimate and return its covariance estimate. Evenness
makes the true mean zero. Since p < £ and

-1

1- Eprim > Kappa

1+ Eprim < Rapp»

the routine supplies the stated covariance guarantee, conditional failure bound, and deterministic
cap. Replacing £ by p inside the logarithm changes the cap only by a universal factor. O

The next definition concerns the well-rounded even potential.

Definition 5.1. Let U : R — RU {400} be proper, lower-semicontinuous, even, and convex, and
suppose 0 < fRn e V() dz < co. For positive constants by, 1, co, call U (bo, c1, c2)-well-rounded if
its normalized law vy satisfies

Ey,, [||Z||2] <cn and B(0,bp) C{z:U(z) <infU + can}.
For a base potential P and J > 0 for which the denominator below is positive and finite, we use

the shorthand
—P(2)—2"Jz dz

€
vpa ) = R T gy
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Here “well-rounded” is a property of the probability distribution defined by a potential, not a
matrix property. We call vp; well-rounded when the potential U(z) = P(z) + z"Jz satisfies
the two preceding conditions: its normalized distribution has second moment at most cin, and
B(0,bo) C{U <infU + con}.
The next lemma supplies the whole-space Poincaré inequality from which the normalized and
singular-precision inequalities, and hence the energy bounds used in the cooling analysis, will follow.
The next lemma concerns the whole-space strongly convex even-sector inequality.

Lemma 5.2. Let V € C®(R") be even, suppose V2V (y) = 2I for every y, and suppose Zy =
Jzn e VWdy < co. For duy = Z;lefv(y)dy and every h € C°(R™),

1
Vary, (1< 5 [ [ Vhl3day. (5.1)

If h is even, the factor 1/2 may be replaced by 1/4.
Proof. The Brascamp-Lieb inequality, Lemma 2.8, and V2V > 21 give

1
Vary, (1 < [ ((V2V) VT duy < 5 [ [9hI3dia

This proves (5.1), without using that A is even. It remains to improve the constant when h is even.
Suppose now that h is even, and let y(dy) = /2 IIyll3 dy. Caffarelli’s contraction theorem,
Theorem 3, gives a transport map 1" from ~ to py that does not increase distances:

Ty = pv, |IDT(y)|lop <1 for almost every y.

Here the hypothesis of Caffarelli’s theorem holds because the source potential ||y||3 has Hessian 21,
while V2V = 2I. Moreover, T is odd. Indeed, both v and jy are unchanged by y — —y. Writing
T = V as in Caffarelli’s theorem, the reflected map y — —T'(—y) equals V(¢(—y)), and ¢(—y) is
convex. This reflected map also sends v to uy, so the uniqueness assertion in Caffarelli’s theorem
gives T'(—y) = —T(y) almost everywhere.

We recall the elementary Gaussian fact that will be used. Hermite polynomials play the same
role for Gaussian measure that Fourier characters play on the discrete cube: they give an orthogonal
decomposition by degree. If g denotes the part of g of total Hermite degree k, then, for the
normalization of v above,

Var, [ = 3 llgel 2, / IVgl3dy = 3 2Kl gell2,

k>1 k>1

Under y — —y, the degree-k part changes by the sign (—1)¥. Thus, if g is even, all of its odd-degree
parts vanish. Every nonconstant term in the sums above then has k£ > 2, and therefore

1
Var, [g) < § [ Vg5 (52)

Apply (5.2) to g = hoT. Because h is even and T is odd, g is even. The chain rule and the
contraction bound give

IV(h o T)()ll2 < VAT ()] for almost every .
Finally, Ty = py, so

1 1
Vary, (W) =Var, [hoT) < § [ V(hoT) By < [ [Vh3dur.
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The next lemma concerns the normalized even-sector Poincaré inequality.

Lemma 5.3. Let P : R" — R U {400} be proper, lower-semicontinuous, even, and convex, and
suppose

0<Zpi= [ PO G <,
Define dyp(y) = ZISIe”D(y)*”y”g dy. For every locally Lipschitz h,

Vary, [h] < SE,, [||VhH§] . (5.3)

N

If h is even almost everywhere, then the factor 1/2 in (5.3) may be replaced by 1/4:
1
Var,, (1] < T2, | VA3 (5.9

The next lemma concerns the Poincaré inequality for possibly singular precision.

Lemma 5.4. Let P : R" — R U {400} be proper, lower-semicontinuous, even, and convex, let
H =0, and let

0< / e~ P@—aTHz g, o0

Let
B e—P(m)—mTHm dx
- fR" e—P(x)—2THz 5"

If f is locally Lipschitz and V f(x) € im(H) almost everywhere, then

dv(z)

Var, [] < 5B, [V THIV (X)) (55)

If f is even, the factor 1/2 may be replaced by 1/4.

Proof of Lemma 5.3. After adding a constant, assume P(0) = inf P = 0. Approximate P pointwise
by finite, smooth, even, convex functions P; > 0; thus

Pj(z) — P(x) for every z € R".
Set Z; = [ e—Pj(y)—HyIIQdy and let ~y; be the corresponding normalized measure. Since
0<e Piw-lvl* < 6—Hy||27

dominated convergence gives Z; — Z and, for every h € C°,

[rray s [1an w=12. [190Pay > [ 18P,
Apply Lemma 5.2 to V; = P; + || - ||>. Passing to the limit proves both constants for C2° functions.

Now let h be compactly supported and Lipschitz. Choose a smooth, even, nonnegative function p
with compact support and [ p =1, define

pe(x) = e "p(z/e),
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and let
he = h * pe.

Then h, € C2°, and as € | 0,
he — h, Vhe — Vh almost everywhere.

For ¢ < 1, these functions are supported in a fixed compact set, and ||Vh.| is bounded by the
Lipschitz constant of h. Dominated convergence therefore gives convergence of the variances and
of the gradient integrals. If h is even, then h. is even because the kernel p. is even. Applying
the smooth inequality to h. and sending e | 0 proves the claim for compactly supported Lipschitz
functions.

For a locally Lipschitz h, let Ty (t) = max{—M,min{t, M}}, and choose a radial xg € C2° such
that xg = 1 on Bgr, xr = 0 outside By, and ||[Vxr| < C/R. Define

hR,M = XRTM(h)a VhRJ\/[ = XR1{|h|<M}Vh + TM(h)VXR a.e.
The radial choice makes hr ys even whenever h is even. Moreover,

CM
IVhrmll < 1gnj<anyl| VR + R 1B\Br-

Suppose first that
E,» [HVhHﬂ < 00.

For fixed M, apply the compactly supported inequality to hr s and let R — oco. The preceding
gradient bound and dominated convergence give

Var,, [Ta(h)] < ¢Bqp [Lgni<anlIVAI?]

where ¢ = 1/2 in general and ¢ = 1/4 for even h. If X, X’ are independent with law ~yp, then
Fatou’s lemma gives

Var, (1] = SEx xmnpins [(A(X) — A(X'))?] < Timinf Var,,, [Ty (b))

M—

Monotone convergence on the right-hand side proves the claim. If the gradient integral is infinite,
the claimed inequality is immediate. O

Proof of Lemma 5.4. First suppose H >~ 0. Set
y=H""z,  gly)=fH ),  Ply)=PH ).
The law of Y = H'/2X has density proportional to e P (y)_”y”2, so Lemma 5.3 applies. Moreover,

Vygly) = H'PVof(2), VW) = Vaf(2)TH ' Va f(2).

Therefore, with ¢ = 1/2 in general and ¢ = 1/4 when f is even,
Var, [f] = Var,, [9(V)] < ¢By, [[Vg(V)|?] = cE, [V/(X)TH'Vf(X)].

Since H > 0 implies Hf = H~!, this proves both constants for positive-definite H.
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Now suppose H is singular and let Py be the orthogonal projector onto ker H. Define H. =
H +eFy. Then H. > 0 and
H'=H' +c7P.

The densities with precision H. converge to the density of v in total variation, because

0< efP(a:)fa:THEx < efP(a:)fxTHz

and the right-hand side is integrable. Since V f € im(H) = ker(F)) almost everywhere,
VITHIVf=VfTHIV.

For bounded, compactly supported Lipschitz f, the positive-definite result and total-variation con-
vergence give

Var, [f] < ¢E, [VfTHTVf} .

For the stated locally Lipschitz class, write R" = im(H) @ ker(H), and let Py be the orthogonal
projector onto im(H). The gradient condition implies that f is constant along ker(H )-directions.
With the truncation Tj; and radial cutoff xr used above, define

TR (x) = Xr(Pgx)Th(f(x)).

Then frar and its gradient are bounded, V fr as € im(H) almost everywhere, and the positive-
definite inequality passes to the limit € | 0 by total-variation convergence. Letting first R — oo
and then M — o0, exactly as in the preceding proof, gives the stated inequality. If H = 0, the
gradient condition makes f constant, so the conclusion is immediate. O

The next lemma concerns the energy domination and cooling monotonicity.

Lemma 5.5. Let V : R” — RU{+o00} be proper, lower-semicontinuous, even, and convezx, suppose
0< fRn e V@) dg < 0o, let B,D = 0, and let a > 0. Define
—V(z)—2T(aB+D)x d

Jgn xxle x

fR" e—V(z)—aT(aB+D)z (g

AuB+D =

Let Pp be the orthogonal projector onto im(B). Then
1 1
aBl/QAGEH_DBl/2 = §PB, aTr(BAup+p) < irank(B), (5.6)

and the function a — a Tr(BAup+p) is nondecreasing on (0,00).

Proof. The distribution in the lemma is even, so its covariance is A,p+p. Set H = aB + D. For
v € R™, let u = BY2y. The linear function z — u' z is generally not even, so we apply the ordinary
factor 1/2 in Lemma 5.4; also v € im(B) C im(H). This inclusion verifies the gradient condition
in that lemma. We obtain
UTBI/2AGB+DBI/2U < %UTBIMHTBI/ZU < QLUTPBU.
a
Indeed, (HJf)l/QB(HT)l/2 < a~'I; hence BY2H1B/2 has operator norm at most a~! and is sup-
ported on im(B), which proves the last inequality. Thus the first matrix inequality in (5.6) follows,
and taking traces gives the second. If e(a) = Tr(BA,p+p), differentiation gives
d

- (ae(a)) = e(a) — aVar,, [XTBX].
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The function ¢(x) = 2" Bz is even and Vq(z) = 2Bz € im(H). The even factor 1/4 in Lemma 5.4
therefore gives

1 1
Var,, [¢(X)] < 7By, [4XTBHT BX] ~E,, [XTBHT BX} < E, [XTBX} _ea)
a a

Substituting this bound into the derivative identity gives

9 (aea)) > e(a) —a®Y =0

da a

It remains to justify differentiation when V' is nonsmooth or may take the value +oo. Let ¢(z) =

x' Bz, let v, denote the normalized distribution with density proportional to e*V(z)*ITD“*“q(‘”),

and define
Z(a) _ /e—V(x)—xTDa;—aq(a;) dz, N((L) — /q(x)e—V(z)—xTDx—aq(a:) dr.

The integrable log-concave density proportional to e~ V(@)=2TDz hag finite polynomial moments.
Hence g and ¢? are integrable against this density, and differentiation under the integral gives

Z'(a) = —N(a), N'(a) = —/q(l‘)ze_v(x)_xTDm—GQ(m) dr.

Since e(a) = N(a)/Z(a), the quotient rule yields
¢(a) = —Vary, [¢(X)].

The Poincaré inequality used above already allows proper lower-semicontinuous, extended-valued
V', so the same calculation proves the result without a smoothness assumption. ]

The next lemma concerns the even log-concave marginals.

Lemma 5.6. Let f : R™ — [0, 00) be integrable, even, and log-concave in the extended-valued sense.
For a unit vector u, define

g(t) = /L f(tu +y)dy,

where in dimension n = 1 the integral over the zero-dimensional space is evaluation at its unique
point. Then g is even and log-concave. In particular, g(t) < g(0) for every t € R.

Proof. Evenness follows from the change of variables y — —y in u", and log-concavity follows from

Lemma 2.10. An even log-concave function on R attains its maximum at zero. O

The next lemma concerns the grounded central-section comparison.

Lemma 5.7. Let V' be proper, lower-semicontinuous, even, and convex, and suppose
0< / V@ gy < 0o, B(0,r) C {V < V(0)+ honl.
Let H = 0, let m = ||H||op, fix a unit vector u, and define

g(t) _ \/L e—V(tu+y)—(tu+y)TH(tu+y) dy.

For every |t| < r,
n—1
t t
g(t) > <1 — U) exp (—h0n|r| - mt2> 9(0). (5.7)

The factor with exponent zero is interpreted as 1 when n = 1.
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Proof. Evenness and convexity imply V(0) = inf V. Write a = |t|/r and o = sgn(t), with an
arbitrary choice of o when ¢t = 0. For y € ut, set x4 = +tu+ (1 —a)y. Convexity, the points £oru
in the promised sublevel-set ball, and V' (0) < V(y) give

V(Foru) < V(0) 4+ hon < V(y) + hon.

Since
1 =(1—a)y+ a(oru), r— =(1—a)y+ a(—oru),
convexity yields

V(eg)+V(zo)
2

<(1-a)V(y)+ %(V(JTU) + V(—oru)) < V(y) + ahon.
For the quadratic terms,

i Hry = (1— )’y Hy + 2t(1 — a)u' Hy + t*u" Hu,
eTHr_ = (1-a)’y"Hy — 2t(1 — a)u" Hy + t?>u" Hu.

The cross terms cancel upon averaging. Since (1 — )% <1 and u"Hu < ||H | op = m,

xIHmJF +aTHo

5 =(1—a)?y Hy+t*u"Hu < y"Hy + mt>.

Define
Fi(y) =exp(=V(zy) — lewi)

Changing transverse variables by z = (1 — a)y gives

o) = (1=t [ Fuly)dy
u
Evenness gives ¢g(t) = g(—t), and the arithmetic—geometric mean inequality therefore gives

_ g +g(-)
g(t) = L

> (ot [ E)F- ) dy

> (1 _ a)n—le—ahon—th/ e—V(y)—yTHy dy.
ul

The last integral is ¢(0), proving the claim. O
The next lemma concerns the grounded directional second moment.

Lemma 5.8. Under the assumptions of Lemma 5.7, let Cyg be the second moment of the law
proportional to e~V@—e"He  There is a constant ch, > 0, depending only on hg, such that for

every unit vector u,
Chyo

T
u Cygu> ——————.
HHHOP +n?/r?

(5.8)
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Proof. The marginal density in direction u is proportional to the function g in Lemma 5.7. Its
maximum is at zero by Lemma 5.6. Set

—1/2
a =&y ([Hllop +n%/r) "2,

where c¢j > 0 is sufficiently small. Then a < ¢}, r/n and, when ||H||op > 0, a < cﬁlOHHngl/Q. For
|t| < a, write a = [t|/r. Choosing ¢, < 1/2 gives

(1—a)" 1> e e > e_zc/hO, hona < hoc;m, HHHopt2 < (c’hO)Q.

Thus Equation (5.7) gives g(t) > ¢} g(0) on [~a,a]. If p is the normalized marginal density, then

@ 1
12 [ po)dt = 2ac,pl0), p(0) < o
—a 0 2¢j a
For completeness, any probability density bounded by M satisfies [*p(t)dt > 1/(12M?).
Indeed, for s > 0,

P(T| > s) > 1 - / p(#)dt > (1 — 2Ms) .

—S

Consequently,
9 00 1/(2M) 1
/t p(t) dt = /0 25 P(|T| > 5) ds > /0 25(1 ~ 2Ms)ds = -
Apply this with M = p(0) to obtain
uTCru = /t2p(t) dt > cpga® > 0
[ H lop +n?/r?
as claimed. O

The next lemma concerns the inverse covariance versus precision.

Lemma 5.9. Under the grounded assumptions above, for every H > 0,

2
_ n
”CHlHop < Cho <HH’0P + 7“2> ’

where Cp,, = c,:()l depends only on hg.

Proof. Lemma 5.8 gives Cy = cpo(|H|lop + n%/r?)~1I. Inverting this positive-definite matrix
inequality proves the claim. ]

The next lemma concerns the covariance-scale sublevel-set ball.

Lemma 5.10. Let U be an even convex potential with normalized law of covariance C. If W =,
C, then for universal by, Hy > 0,

B(0,by) C {z: UWY22) <infU + Hyn}.
Proof. The transformed law is centered and has covariance between /ﬁ;;pl and rappl. Apply item 4
of Proposition 2.23, the covariance-to-level-set implication, with a universal rescaling to absorb

Fapp = 1.01. O
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Standing parameters. Fix k,pp = 1.01. Choose Cy, sufficiently large, depending only on hg and
the universal constants below, and throughout the symmetric argument set

Lgym = Cp max{1,log(2 +nR/r)}, dsym = Ls_yfn, Nridge = Ls_yz;’n
The next definition concerns the quadratically weighted distributions.

Definition 5.11. Fix the even potential V' from Theorem 2. For H = 0, define

e*V(:p)f:rTHx

Zy(H) = / e V@—aTHe gp yp(de) = dv, Cy=E,, [XXT].

Zy(H)
Also set 200)
Dgym(H) =1 v o (H) =T o).
Y- ( ) OgZV(H)7 qy ( ) I'(CH )
Equivalently,
- Zv (1) e
Dym(H) _ 2V _ XTHX _ .
(& Y ZV(O) El/() |:€ i| ) QSym(H) ]EVH |:X HX] .

Thus Dgym (H) records the reduction in the normalizing integral caused by the quadratic weight.
We refer to vy as the quadratic tilt of vy by H. Every vy is even, so Cp is both its covariance and
its uncentered second moment.

Standing analytic estimate. The singular-precision Poincaré inequality in Lemma 5.4 controls
the variance of even scalar functions by their gradient energy in the image of H. Thus, for every
H > 0 and every even locally Lipschitz function g satisfying Vg(z) € im(H) almost everywhere,
we use

1
Vary,, [g] < JEuy, |Vg(2) H'Vg(Z)| . (5.9)
The next definition concerns the trace and energy along the interpolation.

Definition 5.12. Suppose B = 0 and b = Tr(B)/n > 0. Let v = nyiqgeb, and for s € [0, 1] define
as =1 — dgyms, Hs; =asB+ sv1, F(s) =Tr(CHh,), q(s) = Tr(BCHh,).

Here the covariance is computed with any fixed even convex base potential in the current coordi-
nates. Also set f(s) = F(s)/n and u(s) = q(s)/(bn).

The next lemma concerns the coupled differential control.

Lemma 5.13. In the setting of Definition 5.12, suppose 0 < dsym < 1 and use the even-sector
Poincaré estimate (5.9). For every s € (0,1],

)< —m ) (5.10)
= 4as"7ridge e ‘
. 1/2
u'(s) < 52:]0“(5) + <nrldgeZ§z)f(s)> . (5.11)

Moreover, these inequalities may be integrated down to s = 0.
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Proof. For brevity write
0= 5syma 11 = Tridge> Cs = CHsa

and let G(x) = ||z||?> and K (x) = 2" Bz. Differentiating the expectations with respect to s uses

L, [p(X)] = — Covy (9(X), XTHLX).

H{=—6B+~I,  —

Taking ¢ = G and ¢ = K gives
F'(s) = 6 Cov(G, K) — yVars [G], q'(s) = éVarg [K] — v Cov(K, G).

For s > 0, applying the even-sector variance bound (5.9) to K and G, and using Hs = asB and
H, = svI, gives

Var, [K] < - E, [(2BX)TH;1(2BX)}

N

Tr(CsBH;'B) < @,

Qs
E, [(2X)TH; ' (2X)]
F(s)
87
Indeed, restricted to im(B), the inequality Hy = a,B gives H; ' < a;'Bf. Therefore

1
< —

Varg [G] < 1
Tr(CsH; 1) <

BH;'B <a;'BB'B=a;'B,
which is the bound used above. The scalar Cauchy—Schwarz inequality
| Cov(U, V)| < (Vars [U] Var, [V])1/2,

and the inequality

52 2
Say —ya® < ZL
4y

imply
F'(s) < 6(Var, [G] Var, [K])Y/? — 4Var, [G]

2 2
d (s).

)
< EVarS (K] <
Since v = nb, F = nf, and q = bnu, division by n proves Equation (5.10). Similarly,

4as’7q

¢'(s) < 6Var, [K] + ~(Var, [K] Var, [G])}/?
1/2
- jq(s) N ('yq(S)F(S)) '

T ag asS

Dividing by bn proves Equation (5.11).
Finally, let P denote the fixed base potential in Definition 5.12. Since Hg = 0,

0 < (1+ [[2?)e PO e < (1 4 [|]|2)e P,

The function on the right is integrable: after an affine normalization, this follows from the log-
concave tail bound in Lemma 2.6. Dominated convergence, applied to the normalizing integral and
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the second-moment integrals, shows that f and w extend continuously to s = 0. In particular, for
some C' < oo and all sufficiently small s,

u(s) < C, f(s) <C, as > 1 — dgym > 0.

The right-hand side of Equation (5.10) is then bounded, and that of Equation (5.11) is O(14s~1/2),
which is integrable at zero. Integrating over [e,t] and letting ¢ | 0 proves the final assertion. 0

The next lemma concerns the trace bound after one update.

Lemma 5 14 Let P be a fixed proper, lower-semicontinuous, even convexr base potential with
0< fR e P dz < 00, and let Cy denote covariance under the law proportional to e~P=2"Hz iy
Kapp = 1.01. Suppose B = 0 and

appI = Cp = Kappl, [Bllop < app/2, Tr(B) < Kappn/2.

Let Osym = L2

sym and Mridge = L and deﬁne

sym?

Tr(B)

szm = (1 - 5sym)B + Mridge I

There is a universal Leym o such that, for every Leym > Leym o,

Tr(Cry) < 2Kappn.
Proof. Write
K= Kappy L =Lsm, 0=L2% n=L3

If Tr(B) = 0, then B = Jgym = 0, and the conclusion follows from Cp < kI. Otherwise set
b= Tr(B)/n > 0 and use the interpolation from Definition 5.12, which parametrizes the path from
B to Jsym. Then Hy = B, Hy = Jgym, and

TI'(T?B) <k, U(O) — T%I‘(;‘?-g)B) <k

£(0) =

Define f. = supy<s<1 f(s) and v(s) = u(s)'/?. Since B # 0 and Cy, > 0,
q(s) = Tr(BCq,) > 0, v(s) >0 (0<s<1).

The second inequality in Lemma 5.13 therefore implies

(s) < 5 v(s)+% (nf*>1/2.

asS

Since as = 1 — §s,

@y < (M)

S

Consequently i " L .
ay? v(s) <v(0) + (nfus)'/? < KMZ 4 (nf)"?,

For all sufficiently large L, a; > 1/2, and hence

u(s) < 4k + 4nf (0<s<1).
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The first differential inequality, which controls the trace growth along this path, now gives

52 1

u(s) < —u(s).

£65) < 5

~ dagn

Hence, for every s € [0, 1],

2K
<K+ —

2
= L+ﬁf*'

Taking the supremum over s yields

2K 2

For every sufficiently large universal L, this implies fi. < 2x. Since Hy = Jgym, Tr(Cy,,,,) = nf(1)
2KappT-

LTIA

The next lemma concerns the normalized sublevel set and quadratic penalty.

Lemma 5.15. Let H = 0, let A= Cy, and let W =, A. Define
B=WYV2HWY2  Pyw(z) =V(WY%2) + "Bz,
Then Py w s a well-rounded even potential with universal constants, and
|Bllop < Kapp/2, Tr(B) < Kappn/2.

Proof. The covariance of the normalized distribution is W~2CgW ~1/2 which lies between /ﬁ;;pl
and Kappl. Its second moment is therefore at most kappn, and Lemma 5.10 supplies a universal
ball in an O(n)-height sublevel set of P . Apply Lemma 5.5 with B=H, D =0, and a = 1 to
obtain

1
H'Y2CxH? < §Pim(H)~
Since W = KappCh, a congruence transformation by H 172 gives

HY2WHY? < ﬁaple/chﬂl/z < ’fazpp_,'

The nonzero eigenvalues of WY2HW1/2 and H'/?W H'/? agree, 50 || Bllop < Kapp/2- Taking traces
in the same inequality gives

RappT

Te(B) = Te(W H) < Kapp Tr(Ciy H) <

The next lemma concerns the initial quadratic tilt.

Lemma 5.16. Write
Hy =r2I, Py(z) =V (rz) + HzH2

Then Py is a well-rounded even potential with constants depending only on hg. Consequently, a
successful invocation of the covariance estimator in Theorem 11 on Py returns 60 R rapp COVEy (Z),
and R

Wo = 12Co Ry Chio-
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Proof. Evenness gives V(0) = inf V. For ||z]| < 1, the grounded promise gives
Po(z) < V(O) + hon + 1 <inf Py + (ho + 1)TL.

Thus the unit ball lies in an O(n)-height sublevel set. Applying the energy-domination estimate
Lemma 5.5 with base potential z — V(rz), B = I (the identity matrix), D = 0, and a = 1 gives
Ep, [[|Z]|?] < n/2. Under & = rz, the covariance transforms as

Covp,(Z) = r2Chg,.

Thus the covariance estimate returned for Py satisfies the displayed relation Wy = 7“260 N kapp

Chy. O

5.3 Regularized Update and Invariant

Using the distributions and analytic estimates from Section 5.2, we define the matrix-regularized
update and prove that every accepted state remains within the well-rounded regime required by
the covariance estimator. The next lemma concerns the adaptive-ridge well-roundedness.

Lemma 5.17. Let H = 0, let W =y, Cpy, and define
G=Te(WH), H"=(1—6ym)H + nﬁdge%W—I.

In the coordinates © = W'/2z, define
B=wWYV2HW/?, Jaym = W2 Ewl/2,
and define the next transformed potential
PT(2) = VIWY22) + 2T Joymz.
Then P is (bo, c1, c2)-well-rounded for universal positive constants by, c1,ca.

Proof. The covariance of the current distribution in z-coordinates is

C=w1loyw=12 kLT <C < Kappl.

app

By Lemma 5.15, which supplies its sublevel-set ball and quadratic-penalty bounds, the current
transformed potential
P(z) =V(WY22) + 2Bz

has a universal ball in an O(n)-height sublevel set, while
[1Bllop < Fapp/2, Tr(B) < Kappn/2.

Moreover ¢ = Tr(B) and
Tr(B
szm = (1 - 5sym)B + Thridge fl )I
If Tr(B) = 0, then B = 0, the next potential equals the current one, and the conclusion already
follows from Lemma 5.15. Now assume that Tr(B) > 0. The hypotheses of Lemma 5.14, the
one-step trace-growth bound for the adaptive ridge, hold with base potential z — V(Wl/ 22), so
the law of P™ has second moment at most 2r,ppn.
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Let B(0,bs) be the ball supplied for P by Lemma 5.15, so that
P(z) = P(0) < Hgn (||z]| < bg).

On ‘hlS bal],
P z P S B Tr B 2 Happnrid §§9b2

Evenness and convexity give V(0) = inf V', and both quadratic matrices are positive semidefinite.
Hence P(0) = inf P and P*(0) = inf P*. Since PT(0) — P(0) = 0, for | z|| < bg,

2
Happnridgeb

Pt(z) —inf PT < Hgn + 5 & < Hyn

for a universal Hé. Together with the second-moment bound, this proves both well-roundedness
clauses. O

The pullback of a successful transformed covariance estimate is exact under congruence.
The next lemma concerns the invariant propagation.

Lemma 5.18. In the setting of Lemma 5.17, let Ct = W 1V2C,- W12, If a covariance call
returns CT R kapp Ct and W+ = WY2CHWY2, then W+ = Cy+.

~Kapp

Proof. The covariance guarantee is

—1 -~
FappCT X CF = KappCT

Multiplying all three matrices on the left and right by W1/2 preserves Loewner order. Since
W2t Ww? = Oy, WYVRCTWY2 =W,

we obtain

-1
HappCH"' = W+ = K:appCH-‘r-

5.4 Contraction of Dy, and Comparison with the Original Distribution

We prove one-step progress and reachable-state control, then show that when Dgyy, is sufficiently
small, the original distribution 1 is well-rounded and comparable in relative Loewner order to
the final distribution vg. These results prove the contraction and show that the final covariance-
estimation call in the next subsection satisfies its hypotheses. The next lemma concerns the one-step
decrease of Dgy.

Lemma 5.19. Let H = 0, let W =, Cy, and let H™ be the update in Lemma 5.17. If Cy, is
sufficiently large, then

5S m
DSym(H+) < Dgym(H) — %qSym(H)-

Proof. Set A = H* — H. Since H, H" = 0, both normalizing constants are positive and finite.
Jensen’s inequality gives

_xT
Dsym(H+) - Dsym(H) = 710gEXNVH [6 X AX}

<Exon, [XTAX] — Tr(CyA).
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The quadratic expectation is finite because vy has finite second moments. Substituting the update
formula gives

Digun(H) ~ Doy (H) < T(Cpy (H — H))

~

= ~Osymtsym () + riggers TH(CHIW ).
The covariance comparison gives
G=Tr(W H) < FappGsym(H),  Te(CyW ™) < Kappn.
Substitution gives

Dsym(H+) - Dsym(H) < _(5sym - nridgeﬁgpp>QSym(H)-
Increasing C, ensures nridgeﬁgpp < Osym /2. O

The next lemma combines energy domination, the grounded inverse-covariance bound, and the
global moment promise to control the reachable precision and compare Dgym (H) with geym (H).
The next lemma concerns the reachable cap, comparison, and contraction.

Lemma 5.20. Start from Hy = 21 and from a successful initial estimate W Rkapp CHo SUpplied
by Lemma 5.16. Suppose that along the first j updates every covariance call succeeds, so Wy =y,
Ch, for 0 <1 < j. Then a constant Cprec depending only on ho satisfies

2
n . .
HHi”Op < C(prec r2 (0 <1< j)
Every such reachable H satisfies, for a constant Cp depending only on hy,

QSym(H) < Dsym(H) < CDLsmeSym(H)'

Consequently

Jsym
Doym(Hit1) < (1= ="— | Doy (H,).
om(0) < (1= 58— ) D11

For every sufficiently small universal c, > 0, there is a sufficiently large constant Cr such that, if
T = [CrL% ] and the first T update calls succeed, then

sym
Dsym(HT) < 4.
Proof. Let C, = C}, be the constant from the grounded lower covariance estimate in Lemma 5.9,
and define s = n?/r? and u; = ||H;|lop. By the energy bound in Lemma 5.5, gsym(H;) < n/2,
and therefore ¢; < Kappn/2. From W; - KoL Ch, and the resulting inverse-covariance bound in

app
Lemma 5.9,
HW;lHOP < KappCp(ui + 5).

For ¢y = ngppCp /2, the update satisfies

@i \ipr—
Uit1 < (1 — dgym)ui + nridgeiHWi 1”010

< (1 - 6sym + Conridge)ui + C0oMridge$-
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Sym, increasing Cr, makes cofridge < sym/2. Since ug = r=2 < s, we have

Uiy < <

Let Cprec = max{1,2¢co}. If u; < Cprecs, then

Because nridge/0sym = Lg,

sym
> Uj + CoMridgeS-

ChrecO:
precOsym
Uil < C’precS - <2 — CoTridge | S < Cprecsa

where the last inequality uses 7yigge < 0sym. Induction proves u; < Cprecs.
Fix a reachable H and define

Qu(z)=2"Hz,  Z(t) = / V@10 () gy, / Qu(w)e~V @@ gy

The moment promise and the fourth-moment bound in Proposition 2.23(iii) give

2

= [1X 1] <nZ]E Y < Cun ZJE [X?] | <CunR".
7j=1

Since
0 < Qu(z) < | Hllop|l=|?,

both Qp and Q%I are integrable under 7. For ¢t € [0,1], et < 1, so these same integrable
functions dominate the derivatives of Z(t) and N (t). Differentiation under the integral gives

Z'(t) = —N(t), / Qp(z)2e”V@~1Qu@) gy

Moreover,

e(t) :=Tr(HCy) = Z;ft)

It follows that .
Daym(H) = / e(t)dt,  €(t)=—Var,, [XTHX} <0.
0

It follows that Dgym(H) > e(1) = gsym(H ). For the reverse inequality set
r? 2y—1
T = min{l, n2R2} = min{l, (sR*)™"}.

The moment promise gives Cyp < R?I and hence

i Tr(H
/ e(t) dt < re(0) < rR2Te(H) < 2D,
0 s
The inverse-covariance bound and the precision cap imply
1 Tr(H)

CH - C qy ( ) Cp(Cprec“‘l)S

Therefore -
/ e(t) dt < Cp(Cprec + 1)gsym (H).
0
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If 7 < 1, energy monotonicity in Lemma 5.5 says that te(t) is nondecreasing, so for t € [r,1],
e(t) < gsym(H)/1.
Consequently

1
/ () dt < ey () 10g(1/7) < 2Laymagm (),

where log(1/7) = 2log(nR/r) < 2Leym when 7 < 1. Adding the two integrals proves the comparison
between Dgym and gsym with Cp = Cp(Cprec + 1) + 2, including H = 0.

Combining this comparison with the one-step decrease in Lemma 5.19 gives the explicit con-
traction

J,
Dan(Hic) < (1= 52— ) D),

Finally, Jensen’s inequality and Hy = r—21 give

2 2
CEIXIP] R

= 2 = 2"

Dsym(Ho) = —logE, [e—HXH?/m} !

r

-2
sym>»

The logarithm of the ratio between this bound and ¢ is O(Lgym). Since dgym = L
contraction gives

iterating the

Tdsym
Doy (Hp) < —— ) Do (Hop).
() < exp (=2 ) Do)
Since T'dsym/Lsym = ©(CrLsym), choosing Cr sufficiently large makes the last expression at most
Cx.- O

Comparison with the original distribution. The next lemma concerns the comparison with
the original distribution.

Lemma 5.21. Let H be reachable in the sense of Lemma 5.20, let W =, Cyg, and suppose
Dsym(H) < ¢4
for a sufficiently small universal c, > 0. Then the exact transformed potential
P.(2) = V(W'/%)

is (bg, c1, c2)-well-rounded for universal constants. Moreover, if Cop = E, [XXT] , then

—Dsym (H)
€_Dsym(H)CH j C() = e y

C
" 1= (CaDe ()2

where Cy is the fourth-moment constant from part (iii) of Proposition 2.23.

Proof. Let Q(X) = XTHX. Splitting the original-law second moment according to 1 = =@ + (1 —
_Q) .
e gives

Co = e Py 4 By, where Eg =E; [(1 —e QNN XxXT| .
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For every vector u, Cauchy—Schwarz and item 3 of Proposition 2.23, the fourth-moment estimate
for affine functionals, give

UTEHU g (ETF |:(1 _ e_Q(X))2:|)1/2 (Eﬂ- |:(UTX)4])1/2
< Cih(l B e—Dsym(H))l/Q uT Cou
< (C4Dgym(H)Y? uT Cyu.

Here
0<1-e Q<1 E, [1 - e*QUﬂ —1— ¢ Doym(iD),

so Er [(1—e Q)2 < 1 — e Dol Thus 0 < Ey = (CaDgym(H))V2Co. Let a =
(CyDsym(H))'/2. Substitution into the exact identity gives

e om0y <Gy, (1—a)Cy < e Py,

Since a < 1, division by 1 — « proves the two stated relative-Loewner bounds.
Choose ¢, so that (Cye,)'/? < 1/4. Since W Rrapp CH, the covariance of the exact law in
W -coordinates satisfies
ol =W 2euwY2 < o1

for universal ¢, C' > 0. In particular, its second moment is at most C'n. Item 4 of Proposition 2.23,
the covariance-to-level-set implication, supplies a universal-radius ball in an O(n)-height sublevel
set of P,. Hence P, satisfies both clauses of Definition 5.1. ]

5.5 Algorithm and Complexity

We assemble the regularized update into the full symmetric algorithm and use the preceding invari-
ant and contraction results for its correctness, failure accounting, deterministic evaluation-query
limit, and well-rounded linear output. Indicator potentials recover the membership-oracle convex-
body specialization. The next definition concerns the adaptive state update.

Definition 5.22. For a positive-definite W and H > 0, define

stym(Ha W) = TI"(W H)v U(H) W) = (1 - 5sym)H + Tridge W_l-

Gsym (H, W)
n
For HT =U(H, W) define
Joym(HY, W) = WYV2HYWY2 P(HT W)(2) = VIWY22) + 2T Jym(HT, W)z

Fix once and for all a single triple of constants for the estimator in Theorem 11: take its radius
constant no larger than the smallest radius certified by Lemmas 5.16, 5.17 and 5.21, and take its
moment and height constants no smaller than the largest of the corresponding three certificates.
Since hg is fixed, this common triple is universal. Every estimator call below uses this same choice.
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SYMMETRIC-COVARIANCE.

Input: An even grounded input (V,0,7, R) in the sense of Definition 2.21 (the ground point of
an even potential is o = 0), and a failure probability g € (0,1).

Parameters:

_ _ oLt __B
Lsym = CL maX{]., 10g(2 + nR/T)}, T - IVCTLsym—|7 f - 2(T + 2) °

In particular, & € (0,1/2] for every n > 1. The update map U of Definition 5.22 is used with

dsym = Ls_y?n and 7ridge = Ls_y?;n, and every call to the covariance estimator of Theorem 11 runs

at its fixed accuracy rapp = 1.01.
Output: A positive-definite matrix ¥ and a well-rounding linear map T, or a failure symbol.

1. Set Hy = r—2I and define the rescaled initial potential
Py(z) = V(rz) + |[2|*.

Invoke the covariance estimator of Theorem 11 on (Pp, €). If the call fails, return the failure
symbol. Otherwise, denote its output by Co. If a required inverse or positive square root
does not exist, return the failure symbol; otherwise, set Wy = r2Cy.

2. For j=0,...,T —1, form
Hj =U(H;,W;), Py = P(Hjp, Wj).

Invoke the covariance estimator of Theorem 11 on (Pj41,§). If the call fails, return the
failure symbol. Otherwise, denote its output by Cj41. If a required inverse or positive
square root does not exist, return the failure symbol; otherwise, set

1/2 5 1/2
Wi =W,Ciaw”.

3. Define the final exact transformed potential
1/2
Pu(z) = V(Wy/?2).

Invoke the covariance estimator of Theorem 11 on (Py,§). If the call fails or a required
inverse or positive square root does not exist, return the failure symbol. Otherwise, denote
its output by C, and return

S =wyewi? T, =wi

Figure 3: Near-cubic covariance estimation for even potentials.

For any transformed distribution, evaluating the displayed potential at z uses one query at
the single point wi/2, (or rz in the initial call), plus evaluation of a known quadratic. Thus
each estimator evaluation uses exactly one evaluation of V. When V = Ik, this is exactly one
membership query to K.
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Proof of Theorem 2. The algorithm is SYMMETRIC-COVARIANCE (Figure 3). By Lemma 5.16, the
initial quadratic tilt has the fixed-radius sublevel-set ball and bounded second moment required
by the covariance estimator, so Py is well-rounded. On success of the initial call, Wy ~, . CH,.
Condition on the event that all calls before update j succeeded. Repeated use of Lemma 5.18,
which transports a successful covariance estimate back by congruence, gives W; ~, . Cp;, and
Lemma 5.17, which controls the next trace and sublevel-set ball, verifies both clauses of Defi-
nition 5.1 for the explicit potential Pj;q1. The covariance estimator is therefore applicable with
failure tolerance &, and on success the same congruence argument establishes the next invariant.

Conditioned on success through the first 7" update calls, Lemma 5.20, whose contraction esti-
mate gives Dy (Hr) < ¢4, shows that the terminal threshold is reached. Thus Lemma 5.21, the
comparison between the moments under vy, and vy, verifies both well-roundedness clauses for the
original transformed potential P,. A successful final call gives

~ —-1/2 —-1/2
Cs ~Kapp WT / COWT / ’

and congruence by WTI,/ 2 yields ¥ =, . Co. Since n;plp > (.99, this is the required matrix inequality.
The law 7 is full dimensional because its density has positive integral with respect to n-dimensional
Lebesgue measure, so Cy and hence 3. are positive definite. The well-rounded output clauses are
exactly those proved for Py in Lemma 5.21.

The covariance-estimator guarantee applies conditionally on every preceding successful history.

There are 1"+ 2 calls, so a union bound gives

s

5 <P
This argument does not condition the cost bound on success. Each call is stopped at the estimator’s
deterministic query limit. At H = 0, the grounded lower covariance estimate in Lemma 5.9 gives

P(some call fails) < (T + 2)¢ =

2
Co ~ Choﬁj .
Consequently the moment promise implies
2
R? > Tv(Cy) > cho%, log 1 = Oy (Leym)-

Since T'+2 = O(L% ), it follows that

log(n/€) = On,(l0g(2 + nR/(rp))) .

Multiplying the T + 2 calls by the estimator’s per-call n3log(n/€)°() query limit gives the deter-
ministic total query limit

0(n3 log(2 + nR/(rB))O(l))

evaluations. The one-query transformed-oracle implementation completes the resource accounting

and its membership-oracle specialization. O
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A Proof of the Sharp Trace Growth Theorem

This section proves Theorem 7, which shows that the trace growth bounds used in the 5(n13/ 4
analysis of the asymmetric algorithm in Section 4 are sharp up to constants. We construct restricted
Gaussian examples where anisotropic warming creates trace growth of the same order as those
bounds.

A.1 The lower-bound construction

We now construct the matching family. The mechanism is a temperature-driven switch in a one-
dimensional control variable. Here a fiber means the slice of the construction obtained by fix-
ing this control variable and looking at the remaining coordinates. One collection of such slices
is temperature-sensitive and expands with the control variable; another is almost temperature-
insensitive and contracts with it. The parameters are chosen so that these two contributions
balance at the original temperature but move in opposite directions after warming.

A.1.1 A truncated-Gaussian response function
Fort >0 and r > 0, set
T 2
Ji(r) = / e~V /2 gy, Dy(r) = r 0y log Ji(1). (A.1)
T

Writing D = D, scaling gives
Dy(r) = D(r/t'/?). (A.2)

The next lemma concerns the temperature response.

Lemma A.1. The function D is strictly decreasing on (0,00) and

2

D) =1— % +o@ty  (r—o). (A.3)

Consequently, one may fix a sufficiently small universal b > 0 and constants cg, Cy > 0 such that,
for every T =146 € [1,2],

cod < Dp(1) Dy (b) — D1 (1) Dp(b) < Cod. (A.4)

Proof. Direct differentiation gives

D'(r) = (1- r? — D(r)). (A.5)
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We claim that D(r) > 1 — r2. This is immediate for r > 1. For 0 < r < 1, let
H(r)=2re™ 2 — (1= )11 (r).

Then H(0) = 0 and H'(r) = 2rJi(r) > 0. Since H(r) = J1(r)[D(r) — (1 — r?)], the claim follows.
It follows from Equation (A.5) that D'(r) < 0. Expanding the numerator and denominator in the
definition of D gives Equation (A.3).

By Equation (A.2),

oDy (1) = D'(t'%),

_2t3/2
which has a strictly positive minimum for 1 < ¢ < 2. Hence Dp(1) — Di(1) < 6. On the other
hand, Equation (A.3) gives
b? 4 2
Dy(b) =1 =5, +0@F7),  Dr(b) - D1(b) = O(b%9),

uniformly for 1 < t,T < 2; here the remainder is smooth in ¢ and its t-derivative is O(b*). Taking
b sufficiently small proves Equation (A.4). O
A.1.2 The polytope and its phase switch

Assume first that n > 8. Let

m = |n/4], r=n-—2m-—2. (A.6)
Then m > n/8 and r > n/4. Use coordinates

(T YLy ey Yy 21y vy Zmy Wy V1, e e oy Up).

Fix the constant b from Lemma A.1. This lemma gives a uniform linear separation between
the temperature responses at 1 and 7' = 1 4+ §, which is used to choose 1 below. Let x > 0 be a
sufficiently small universal constant, define

Dy(1) + Dp(1)
€ = KJ, =, T=1+4. A7
! Di®) + Dr(d) A
Uniformly in 0 < § < 1, we have n < ¢; after decreasing x, we may assume 0 <7 < 1/2.
For s € [0, 1], write u = = + s and define the polytope K by

0<u<l,

lyil <14 eu (1<i<m),

25| <b(1 —nu) (1<i<m), (A.8)
lw| < u,

vl <1 (1<j<r).

All constraints are affine, so K is a full-dimensional compact convex polytope.
Before whitening, take the ambient Gaussian covariance to be tI,. The u-marginal at scale t is
proportional on [0, 1] to
Hy o (u)eft ), (A.9)
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where

Hs(u) = e (u=s)?/(21) /u e~ /0) qup, (A.10)
and
Fy(u) = mlog Jy(1 + eu) + mlog J; (b(1 — nu)). (A.11)
For s,u € [0,1] and ¢ € [1,2],
au < Hy4(u) < Chu. (A.12)

The next lemma concerns the uniform slope reversal.

Lemma A.2. There are universal constants c¢,C > 0 such that, with k chosen sufficiently small
and

A = mkd?, (A.13)
one has, for every 0 <u <1,
—CX < Fi(u) < —c), cA < Fr(u) < O (A.14)
Proof. Let Li(q) = 0qlog J:(q) = D¢(q)/q. Differentiating Equation (A.11) gives
F/(u) =m |:€Lt<1 + eu) — byLy (b(1 — nu))} : (A.15)

At u =0,
FZ(O) = m(th(l) - UDt(b))'

The choice of n gives

Fp(0) = —F{(0) = me T(l)gll((é’)) - g;((gD r), (A.16)

By Lemma A.1, the right-hand side is between cmrxd? and Cmrd?.
The radii in Equation (A.15) stay in fixed compact subintervals of (0, c0). Differentiating once
more and using 1 < € gives

|F/(u) — F/(0)] < Cm(e? +n?) < Cmk?5°. (A.17)
Choosing k sufficiently small relative to the lower constant in Equation (A.16) proves Equa-
tion (A.14). O
A.1.3 Centering, endpoint concentration, and whitening

We first choose s so that the scale-1 law is centered. Let v be the standard Gaussian restricted to
K, and define
O(s) =Ey, [u] —s.

The function @ is continuous. Since u > 0 almost surely when s = 0 and u < 1 almost surely when
s =1, we have ®(0) > 0 and ®(1) < 0. Therefore some s € (0, 1) satisfies

s =Ky, [u]. (A.18)

For this choice, Eyuy, [2] = Eyup, [u—s] = 0. Every other coordinate has mean zero by sign
symmetry. The same conditional sign symmetries imply that all cross-covariances vanish. Thus
the scale-1 covariance matrix C' is positive definite and diagonal.
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For the chosen s, write IP; for probability under the law k., 11, obtained by restricting N (0,tI,,)
to K.

Suppose first that A > 1. From Equation (A.12) and the first pair of inequalities in Equa-
tion (A.14),

1
/ u2H175(u)eF1(“) du

Burcpise, 1y (4] = =5
/ HLS(u)eFl(“) du
0

3 C/o ude” M dy < c
= 1/ =2
/ ue M du
0

At scale T', Equation (A.14) and Equation (A.12) show, by comparing [0,1/2] with [3/4, 1], that
Pr(u>1/2)>¢,  Buepg, o, [U°] >c (A.20)

(A.19)

Conditionally on u, the w-coordinate is the centered N (0,t) law restricted to [—u, u]. Uniformly
for0<u<land1l<t<2,
cu? < Ewmpge, ir, [w? | u] < Cu?. (A.21)

Since Ewynpg, ,r, [w | u] = 0, Equations (A.19)-(A.21) imply

VarwNMKs,Tln [w]

Va rwN#KS,In [w]

> e\? > en?ot. (A.22)

Here and below the universal constants absorb the fixed x and the fact that m > n/8.
The filler coordinates v; are independent of the gadget. At scales 1 < t < 2, their one-
dimensional densities on [—1, 1] are uniformly comparable. Consequently,

Var’Uj ~UK g TIn [vj]

> (A.23)
VarUjNNKS,In [vj]
Now apply the linear whitening map
L=C"?  K=LK,, Q=LI,L =Cc" (A.24)

IfX=LX , its scale-1 law is exactly uz oL with mean zero and covariance I,,. At scale T, its law
is exactly px 70" No translation has been applied, so the ambient Gaussian remains centered at
the origin. Since C and the warmed covariance are diagonal, Equations (A.22) and (A.23) give

Tr Cov(pg pg) = cr + cA? > c(n+ n?s?) (A.25)

whenever A > 1.
If A\ < 1, the filler coordinates still contribute at least ¢r > cn. Moreover, m > n/8 and
Equation (A.13) imply -
n-A 64
= e S
which is a universal constant and can be absorbed into a constant multiple of n. Thus Equa-
tion (A.25) remains valid, after decreasing its universal constant.

For 1 < n < 8, take a product of one-dimensional symmetric truncated Gaussians on [—1,1]
and apply scalar whitening. Warming by a factor in [1, 2] leaves each variance bounded below by
a universal constant. Since n 4+ n?6* < 8n in these dimensions, the lower bound follows after one
last adjustment of the constant. This completes the proof of Theorem 7.
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B Counterexamples to The Coordinate Moment Conjecture

We prove Theorem 9. Throughout, ' := (z2,23,...,z,) denotes all but the first coordinate of
x € R™. The counterexample density is a linear image of the restriction of a multivariate Gaussian
to a symmetric convex body, defined next.

Assume n > 7. Define

g(z) = (2m)~ (D2 exp(—[|2']|* /2) if Jo1] < 1 and ||2'|| < (n —2)V2 — |zy],
' 0 otherwise.

Also, for |z1| <1, define

" (n—2)1/2—|z1| 1 n—2,-1%/2
ne) = [ ot = | 20PN (-2t ¢

/(2 / (n=2)/2~a] 2 1 n—2_—t2/2
Gsq(z1) == /Rn_l |'||” 9(x) da :/0 = ST 1)/2)t e dt

where the last equality uses polar coordinates in a’: if Z ~ N(0,I,—1) and T = ||Z]|, then T has
density

1 n—2_—t2/2
20=D/21T((n — 1)/2)

Observe that gsq(x1)/g1(x1) is a decreasing function of |x].
Defining

1

G := g(x)dx = / g1(x1) dxy
R7 -1

we have that g(z)/G is a probability density function. It is even and log-concave, being the standard
Caussian density in 2’ restricted to the symmetric convex body {|z1] < 1, ||2/]| < (n—2)Y2 —|z1]}.
The next lemma concerns the moments of g/G and its isotropic linear image.

Lemma B.1. Let X ~ g/G. Then Ex._,/¢ [X2] = O(1) and Ex._y/c [||X’\|2} — O(n). With
1/2

Ex~g/c [1X'I]
1/2 9/G
cl = EXNg/G [X12] / , CI =

n—1
both of order ©(1), the density
fr(2) = (@) glarzn, ¢a')/G)

of (X1/c1,X'/c) is even, isotropic and log-concave, and

E%ﬁWWW—W4M:%@ﬁmwKﬁ—deﬁDWW]

The next lemma concerns the covariance of X2 and || X’||* under ¢/G.

Lemma B.2. Let X ~ g/G. Then
Exey/c (X7~ Exere [X7]) [X'|] = 0",
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Proof of Theorem 9. Let f = f* from Lemma B.1; it is even, isotropic and log-concave. Since
lz]* =n = (J']* = (n = 1)) + (2} — 1) and Eyny [#f] = 1,

Eos |2 (lal® = n)] = Euny [2d([2]]" — (0 = 1)) +Eony [o1] — 1.

and E, s [#7] < C4 by Proposition 2.23(iii). The first term on the right is —0(n'?)/(3(d)?) =
—0(n'/2) by Lemmas B.1 and B.2, so the left side has absolute value at least ¢n!/? for a universal
¢ > 0 once n is sufficiently large. O

Proof of Lemma B.1. We first show that g1(1)/g1(0) > €(1) and gsq(0)/91(0), gsq(1)/91(1) = ©(n).

(i) To show ¢1(1)/g1(0) > Q(1), it suffices to show
n—2)1/2-1 ,, o _
f(;_Q))1/2_2 t 26 t2/2 dt

> Q(1).

But we compute

n—2,—(t—1)2/2 n—2
(t = 2 1Y <1_1> o-(1/2)
n—2e—12/2 t
n—2 n—2 1
con(-252 0 (52) e )
_ 1/2_ _ 1/2
- (_((n 2) H((n—2)Y2 + 1) _0(1)>

= exp(—-0(1))
= Q1)

for t € [(n —2)Y/2 — 1, (n — 2)%/?]. Integrating yields
(n—2)1/2-1 ) (n—2)1/2 ,
/ 22 4t > Q(1) / 272 dt,
(n—2)1/2-2 (n—2)t/2-1
as desired.
(i) To show gsq(0)/g1(0) = O(n), we note the trivial bound

(n=2)12 19 p—2_—2/2
2.t dt
0 ¢ < ((n—2)42)2 < n.

J =DM 20212 gy
(iii) To show gsq(1)/g1(1) = ©(n), we note that

D a2 gy DLy e gr2 gy
>

e A N et

so it suffices to show
fo("*z)lm1 ¢ tn2e1/2 g

= Q(n*/?).
Jn= D a2/ gy
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Now, we calculate
2
log(t"_ze_tZ/z) =(n—-2)logt — 5

is a concave function of ¢, and
n—2 n—2

d 2
71 t’I’L—Q -t /2 — _t _t>1
g og(t" "e ) ; > RO

for t € [0, (n — 2)1/2 — 1]. Tt follows (by a comparison argument) that

(n—2)1/2—1 ‘. t”_Qe_t2/2 dt f(n—2)1/2_1 ‘. et gt

0 —1/2_1 > _02_2 e = (Tl _ 2)1/2 —9— Q(nl/Q)
(n—2) 2 (n—2)

fO n—20—12/2 ¢ f—oo ot dt

as desired.

The density of X is g1/G on [—1, 1], and g; is nonincreasing in |z1| with g1(1)/g1(0) > (1), so
this density is within constant factors of the uniform density on [~1,1] and Ex.., /¢ [X7] = O(1).
Conditionally on X = 21, the mean of || X’||* is Gsq(21)/g1(x1), which lies between gsq(1)/g1(1) =
Q(n) and gsq(0)/g1(0) = O(n); hence Ex .4/ [HX/H?} = O(n), and c1,d = O(1). The law ¢g/G is
invariant under z; — —xz; and under every rotation of x’, so its mean is 0 and its covariance is
diag(c?, (¢/)%1,,—1); therefore f*, the density of (X;/c1, X’/c'), has mean 0 and covariance I,,, and
it is even and log-concave as a linear image of ¢g/G. Finally,

Eovse |23 ([l2/]° = (n = 1)] = C%(lc,yﬁxwg/a XX = (@2 - 1)),

and ()% (n —1) = Ex_y/c {||X’H2}, so subtracting the constant Ex.,/¢ [X7] Ex~g/c [||X’||2] in
both forms gives the stated identity. O

The proof of Lemma B.2 uses the following derivative bound for truncated second moments of
a monotone log-concave density.

Lemma B.3. Let Ly > 0, and let f : [0,+00) — R be a log-concave probability density function
which is continuous, such that f is nondecreasing on [0, Lo] and fOLO f(t)dt > 0. Then

1, dfy £ f() dt

0= < 2L0.
2 AL [F p(t)dt

L=Lg

Proof. We compute
Ay f@)dt L2 f(L)  fE) fy - f() de
dL [Lrydt  fFf)d < IE 5 dt)?
(D) Jy (B =) - f(t) dt
. : :
( IK f(t)dt)

and thus .
d [y t*- ft)dt

A  f(Lo) i (LR —#3) - f(t)dt
dL [ f(t)dt '

L=Lo ( OLO f(t) dt)2
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For the lower bound, we have
Lo 2 Lo rLo
( (1) dt) —9 / F() F(s) ds dt
0 o Jt
Lo rLo
< 2/ f(&)f(Lo)dsdt (f is nondecreasing on [0, Lo])
o Jt

Lo
=w@wA (Lo — ) f(t) dt

Lo+t
Lo

Lo
gw@wA (Lo — 1) £(t)dt

Lo
—;j@mA (12— 2) - f(t)dt

which implies

_ F(Lo) [y (L 1) - Sy dt

L=Lo ( OLO f(t) dt)2

d [yt f(t) dt
O

LOa

1
2

as desired.
For the upper bound, we have

( OLO ) dt) /OLO OLOf(t)f(s) ds dt

2
Z// f(t)f(s)dsdt
t,s€[0,Lo], t+s>Lo

> // f(Lo)f(t+s— Lo)dsdt (log-concavity of f)
t,5€[0,Lo], t+s>Lo

Lo
—f@@A (Lo — ) f(t) dt

LO +t
2L

Lo
zf@wA (Lo — 1) F(t) dt

1

Lo
:MJ@@A<%—ﬂf@w

which implies

Lo
) =) S0

L=Lo ( OLO f(t) dt)2

d fy £ f() dt
dL [ f(t)dt

as desired.

Proof of Lemma B.2. Let us rewrite the left-hand side as

1
2 _ Ew/\/ - 2 X gSQ(xl) . gl(.fl) d
/_1 (=1 o)/ (1)) o) @

1
=2 I 22 .qu(ml) _ 91(z1) dr
/0 (11 = Bangoy [21]) - 5 5 dm

- /01 (dilijf ((511))) ' (/01’1 (5* = Epmg(a)/c [27]) -
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Since t"2e~t*/2 is log-concave and nondecreasing on t € [0, (n — 2)%/2], Lemma B.3 gives

igsq(ﬂfl)_i n—NY2_ )= _0(nl/?
01 g1(z1) O((n —2) 1) =-0(n"’?)

for x; € [0,1]. Since

1 g1(s
|6 By [53]) - 2 s <0
0
for all z; € [0,1], it suffices to show
1 T
g1(s
[ [ 6 =B ) - 2 dsdon = —o0).

We prove the upper and lower bounds separately.

(i) The bound

1 x1
/0 /O (5° = Eangla)/c [x%])-“g) ds dzy| = O(1)

follows from the fact that fol g91(8)/Gds =1/2=0(1).

(ii) To show

1 X
/ / (2~ Bungiaya [27]) - 22 dodim = —0(1),
0 0 G

it suffices to show that there exist dj, d2 = (1) such that

/0 N (5* = Eanglay/c [#1]) - gl((;s) ds = —Q(1) (B.1)

whenever z1 € [dy, da].

We know that g1(s)/G = Q(1) for each s € [0, 1], due to the bound g¢1(1)/g1(0) > Q(1) we
proved earlier. Hence

1
S
E:):Ng(a:)/G [a:%] =2 /0 82 . gl( ) ds = Q(l),

so if we choose 1
o 2711/2 — 211/2
dy = §Efc~g(m)/G [xl] ) A2 :=Borga)/c [ml]

we will have dj,da = Q(1).

It remains to show Equation (B.1). We only need to check the case when x1 = dy, i.e. we
only need to verify

dy s
[ 6 = Bavgoyo [af)) - 257 as = —),

which follows from

d1 d1
[ 6 =B ) - 22 < [ (B 7)) 2
0 0

3 2 M gi(s)
=~ 1 Eeng(@y/c 1] /0 o &

= —a(1)

using g1(s)/G = Q1) and E,y(2)/a (23] = Q(1), proved above.
The two bounds together prove the lemma. O



C Asymmetric Counterexample to the Ellipsoid-Growth Conjec-
ture

Here we provide an asymmetric counterexample to the Ellipsoid-Growth Conjecture, which is Con-
jecture 3.5 of Jia-Laddha-Lee—Vempala [JLLV26], and stated in Conjecture 3.2. Specifically, to
prove Theorem 8, we give an explicit family of convex bodies K C R" and ellipsoids £ C R" for
which K N E has mean zero and covariance I,,, but the covariance trace of K N (1+J)FE is at least
cn?6%. Here (14 6)E = {(1 + )z : z € E} is dilation about the origin. Our family works for every
n 2 <5< 1, including n—1/4

The proof keeps track of the affine centering step, which does not commute with dilation, and
gives explicit estimates. For a convex body A, all means and covariance matrices below refer to
the uniform probability measure on A. We use the standard origin-dilation notation

sE:={sz:z € FE}, s> 1.

The distinction between origin dilation and dilation about the center of £ matters because our
final isotropizing map is affine.

Conjecture 3.5 of [JLLV26] asserts that if K NE is 2-isotropic, then K N2F is well-rounded. The
covariance part of well-roundedness is tr Cov = 5(71) We prove the following stronger negation,
using mean-zero, covariance-I, isotropy rather than merely 2-isotropy.

The next theorem concerns the quantitative counterexample.

Theorem 12. There are absolute constants c¢,C' > 0 such that, for every sufficiently large n, one
can construct a conver body K C R™ and an ellipsoid E C R™ with the following properties.

1. The center of E lies in int K.
2. KN E has mean zero and covariance I,.

3. Simultaneously for all 0 < § <1 satisfying (n —1)d > C,

tr Cov(K N (1+6)E) > c(n — 1)262.
One may take, for ezample, C = 32 and ¢ = 1/98304.

C.1 The raw body and its thin direction
Write n = d + 1 and points of R” as (z,y) € R x R%. Define

and
Ko:={(z,y): —2<x <4, |yl2 < f(z)},

Eo:={(z,y): (z+3)* + llyl3 < 3}
The function f is nonnegative and concave: its slope drops from 1/2 to 0 at the origin. Consequently

K is convex. Indeed, the triangle inequality and concavity of f show that the segment between
any two points of Ky remains in Ky. The center (—1/2,0) of Ey is strictly inside Ky, since

F(=1/2) = 3/4.

(C.1)
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Let Ly := Ko N Ey. Let g(x) be the radius of its z-section. The axial support of Ej is

1+5l/2
2

172 _
S:ESB:=5 5 1,

and the section radius of Ejy is
eo(z) = (1 —z —2?)V2.

For x <0, direct subtraction gives
2 2 5
eo(z)* = (1+z/2)° = —x (2 + 496) . (C.2)
It follows that the section function is exactly

(1—z—2)Y2, a<z<-8/5

TR (©3)
(1 —Ir—=Z ) ’ 0<z< ﬁa
0, otherwise.

Thus there is a small secondary cap near x = «, but its section radius is at most 1/5. More
importantly, the unique section of radius 1 is at = 0, and the section radius decreases linearly to
first order on both sides.

Let X denote the first coordinate of a uniform point of Lg. After the common factor vol(BY) is

removed, its density is

T d
g(Zd) , Zq ::/Rg(m)ddx. (C4)

The next lemma concerns the inner moments.

Lemma C.1. For d > 3, there are absolute constants c;, C; > 0 such that

Co Co Cy () Cy
T SZas Ex~gasz, [X]] < R 2 = Varxegaz, [X] < 2
Moreover, by rotational symmetry,
Cov(Lo) = diag(o2, 721y), 02 =0(d?), % =0(d™).
The explicit bounds o2 < 64/d* and o2 > 9/(2048d?) are valid.
Proof. On the negative half-line, g(z) < 1+ /2, while for = > 0,
g(a:)d _ (1 —r— 33‘2)d/2 < e—dx/Q'
Hence
0 00 4
Zg < / (1+2/2)%dx +/ e~ /2 dp < =
_9 0 d
On [~1/d, 0], one has g(z) = 1 +x/2 and g(z)? > 1/2, so Zq > 1/(2d).
For k = 1,2, the negative-side moments satisfy the exact beta-integral bound
0 1
/ lz[Fg(2)? dx < 2k+1/ (1 — u)*ul du
-2 0 (C.5)

2k+1k!
(d+1)(d+2)- - (d+k+1)
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The positive-side moments obey

[o%) 2 k+1
/ rhe=dt/2 4o — K <> .
0 d

Dividing by the lower bound for Zy gives Ex, ga/7, [|X|] = O(d~"') and Exgi/z, [X?%] < 64/d?,
hence the desired upper variance bound.
For the lower bound, take

I =[-2/d,~1/d), I, =[1/(2d),1/d].

For d > 3, the unnormalized density ¢g¢ is bounded below by 1/4 on both intervals. Since Z; < 4/d,

1 1
PXel )>— PXely)>—.
(Xel)zg, PXel)z

If X" is an independent copy of X, then Vary,ga/, [X] = %EKX/Ngd/Zd [(X — X")?]. The two
intervals are separated by at least 3/(2d), and therefore

11 (/3)\? 9
V X|>——(2) = .
arx~gt/z, X1 2 1535 <2d> 204842

Finally, conditional on X = z, the variable y is uniform in a d-ball of radius g(z), so

2 _ ] g(z)?
Ewanif(g(m)Bg) [yl ‘ X = IE] T d+2°

The upper bound 72 < 1/(d +2) is immediate. A central interval of probability bounded below has
g(z)? bounded below, giving 72 > ¢/(d + 2). Rotational symmetry eliminates all mixed terms. [J

Let
m:= (,Ua 0)7 pi= IEXNg”!/Zd [X] ) ¥ := Cov(Lo),
and define the affine map
F(z):=2"Y%(z—m), K:=F(Ky), FE:=F(E). (C.6)
Since F' is bijective,
KNE = F(Ly).

The uniform law is carried to the uniform law under an invertible affine map, so K N E has mean
zero and covariance I, exactly. Also, the center of E belongs to int K, because (—1/2,0) € int K.

C.2 The enlarged ellipsoid creates a plateau

Fix s =1+ € (1,2]. This is the step at which the translation in F' must be handled carefully. For
every z € R,
F7Y(sF(2)) =m+s(z—m) = sz + (1 — s)m.

Consequently
F7Y(sE) = sEg + (1 — s)m =: E, (C.7)

and hence
KnNsE = F(Dy), D, := KonN E;. (C.8)
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The set E, is the Euclidean ball with center (—s/2 — du,0) and radius s5/2/2. Its section radius is
2 _ 58’ 2
es(x)” = T—(x—l—s/Q—i—(Su) . (C.9)

On the cylindrical part = > 0 of Ky, the complete unit d-ball is present precisely while es(x) > 1.
The positive endpoint of this interval is

2 1/2
P —g St A, A= (52 - 1) . (C.10)

The other root is negative: since As > s/2 and pu > «, it is at most —s —ou < —1+ (=1 —a)d < 0.
To estimate x,, define
q(s) := Ag — s/2.
A direct differentiation gives
S 1<s<2
and ¢(1) = 0. Since the support of X is [«, 3], its mean also lies in that interval. Therefore

ggx*:q(l—i-é)—éugllé, 0<é6<1. (C.11)

Our choice of the upper endpoint 4 in the definition of Ky guarantees that this whole interval lies
in the cylindrical part. We have thus found an exact radius-one cylindrical plateau

{(z,y) : 0< @ < [ylla <1} C Ds. (C.12)
The next lemma concerns the outer axial variance.
Lemma C.2. If dé > 32, then the first-coordinate variance of the uniform law on Dy satisfies
52
1536

Proof. After the common factor vol(B‘Qi) is removed, the plateau has mass exactly x,. All mass
with x < 0 is at most

Varp, [z] >

0 J 9
1 2)%dr = ——.
/_2( ta/2)de = e

For the positive tail, write x = 2, + v, v > 0. From Equation (C.9)- (C.10),
es(x)? =1—24,0 — 02

On the support of this tail, the Ds-section radius is at most es(z). Since Ag > 1/2, its section
volume, divided by vol(Bg), is at most e~94s¥. Hence the positive-tail mass is at most

> 2
/ e s gy < 2
0 d

Thus the total off-plateau mass is at most 4/d. By the lower endpoint bound z, > §/8 in Equa-
tion (C.11), dé > 32 implies x, > 4/d, so the plateau has probability at least 1/2 under the uniform
law on Dy.

Conditioned on the plateau, the first coordinate is exactly uniform on [0, z.]. Applying the law
of total variance to the indicator of the plateau gives

1
Varp, [] > ivarxNUnif[O,z*] [z] =
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Proof of Theorem 12. The first two assertions, namely mean zero and covariance I, for K N E,
follow from the affine normalization in Equation (C.6). Rotational symmetry gives

¥ = diag(o2, 721y).

By Equation (C.8), the first coordinate after applying F'is (z — u)/o,. Hence its variance under

the uniform law on K N sE is exactly
Varp, [z]

2
Oz

Using Lemma C.1 and Lemma C.2,

6%/1536  d*8?

KN sE) > _ -
trCov(KNsE) 2 50 = 98301

The construction of K and E depends on n but not on §, so the estimate holds simultaneously
throughout the stated range. O

The next corollary concerns the scales of failure.

Corollary C.3. The choice 6 = 1 gives tr Cov(K N 2E) = Q(n?) and disproves Conjecture 3.5.
Moreover,
f=n"" — Cov(KN(1+6)E) = Q(n3/?).

For every fited 0 < € < 1/2, the smaller choice § = n~1?%¢ gives trace Q(n't2). Finally,

d(n) = n~ 12 eXp((log n)1/2) — p1/240(1)

gives
tr Cov(K N (14 6)E) > nexp(2(log n)l/Q)/C’

which is not O(n).
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