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Abstract

For a nonsingular N -by-N matrix A with singular values σ1(A) ≥ · · · ≥ σN (A) > 0,

let κ̄p(A) =
(
N−1

∑
i(σi(A)/σN (A))p

)1/p
for finite p > 0. We consider high-accuracy bit-

complexity algorithms for linear systems with running time either Õ(nnz(A)κ̄p(A)) or Õ(N2κ̄p(A)),
corresponding to the two access-cost models in Problem 2.6 of Amsel et al. [ABB+26]. Assume
that for dense n-by-n systems of condition number κ = nα, every high-accuracy solver requires
Ω̃(min(nω, n2+α/2)) bit operations on an infinite hard family, and write β(α) = min{ω, 2+α/2}.

Under this hypothesis, no sparsity-sensitive solver with time Õ(nnz(A)κ̄p(A)) exists for any fixed
finite p > 0 satisfying

p < max

{
β(α) − 1

α
,

1

2 + α− β(α)

}
.

For the dense-access model, no solver with time Õ(N2κ̄p(A)) exists for any fixed p < (β(α) −
2)/(2α). In the mildly conditioned regime 0 < α < 2ω−4, this dense-access threshold is p < 1/4,
while the sparse-access threshold includes p < 2/α whenever α < 2. If the dense lower-bound
hypothesis holds for arbitrarily small positive α, the sparse-access result rules out every fixed
finite p, and the dense-access result rules out every fixed p < 1/4. The output model is a
constant relative forward-error high-accuracy solution.

Note. This paper was fully AI generated by a harness using GPT 5.6 Sol Ultra from a prompt based
on observations by Junzhao Yang and describing the padding-by-extra-entries transformation.
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1 Introduction

Solving a linear system Ax = b to high accuracy is one of the basic algorithmic tasks in numerical
linear algebra. For dense n-by-n matrices, direct methods can be accelerated using fast matrix
multiplication [Str69,BH74,ADW+25], while iterative methods such as conjugate gradients, LSQR,
and GMRES [HS52,PS82,SS86] can exploit favorable conditioning and matrix-vector multiplication
[GL13, LS13b]. These two viewpoints motivate the familiar dense benchmark min{nω, n2κ1/2} for
condition number κ, but they also make clear that the worst singular-value ratio is a blunt summary
of the spectrum. Much of the modern algorithmic literature asks when one can replace worst-case
condition-number dependence by a parameter that sees the whole singular-value distribution.

Several lines of work support this broader viewpoint, but with different models or additional
structure. Randomized Kaczmarz, sketch-and-project, and coordinate-descent methods use Frobe-
nius, trace, or sum-condition quantities for linear systems and regression in structured settings
[SV09, LL10, GR15, LS13a, AKK+20]. Sketching and randomized numerical linear algebra give
input-sparsity and preconditioning tools for least-squares and related problems [Sar06,RT08,CW17,
HMT11,MT20]. More recent dense-system algorithms study spectra with a small number of large
outliers or other spectral-tail control [DY24, DMY25, DLNR25, DNRY25]. These papers are im-
portant nearby or restricted results; their parameters are not, in general, identical to the averaged
condition number studied below.

The precise object here is the finite-p averaged condition number. For a nonsingular N -by-N
matrix A with singular values σ1(A) ≥ · · · ≥ σN (A) > 0, define

κ̄p(A) =

(
1

N

N∑
i=1

(
σi(A)

σN (A)

)p
)1/p

.

Problem 2.6 in the Simons workshop list of Amsel et al. [ABB+26] asks for the smallest p > 0
for which high-accuracy linear-system solving is possible in time Õ(TAκ̄p(A)), with TA = N2 in
the dense-access model or TA = nnz(A) in the input-sparsity-sensitive model. The closest same-
problem positive result is the dense-access work of Dereziński and Sidford [DS26]; as recorded in the
Simons problem statement, it gives the desired type of guarantee for all p > 1/2 for general systems
and for all p > 1/4 for positive semidefinite systems. Sparse-side results such as the row-sampling
and regression algorithms cited above are best viewed as partial or restricted versions of the same
averaged-conditioning theme.

This paper gives a conditional lower-bound complement. The condition is an explicit dense
optimality hypothesis: for dense n-by-n systems with condition number κ = nα, assume that every
high-accuracy bit-complexity solver requires

Ω̃
(

min{nω, n2+α/2}
)

time on an infinite hard family. This is a lower-bound assumption, not a consequence of the known
upper bounds. Under it, identity padding turns a hypothetical averaged-condition solver into a
faster dense solver in the ranges of p stated below.

Theorem 1.1 (Conditional hardness from identity padding). Assume ω > 2. Fix α > 0 and set

β(α) = min{ω, 2 + α/2}.

Assume that there is an infinite family of dense n-by-n nonsingular systems Bx = b with σn(B) = 1
and σ1(B) = nα such that every high-accuracy bit-complexity solver requires Ω̃(nβ(α)) time on this
family.
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Then there is no high-accuracy solver for all nonsingular A ∈ CN×N with running time Õ(nnz(A)κ̄p(A))
for any fixed finite p > 0 satisfying

p < max

{
β(α) − 1

α
,

1

2 + α− β(α)

}
.

There is no high-accuracy solver for all nonsingular A ∈ CN×N with running time Õ(N2κ̄p(A)) for
any fixed finite p > 0 satisfying

p <
β(α) − 2

2α
.

The boundary cases are not claimed. In particular, if the dense lower-bound hypothesis holds for
arbitrarily small positive α, then no fixed finite p is possible in the TA = nnz(A) model, and no
fixed p < 1/4 is possible in the TA = N2 model.

The proof also shows that, on hard families whose p-moment is Θ(nκp), optimizing over de-
coupled identity padding cannot improve the dense-access threshold beyond p < 1/4 in the mildly
conditioned regime. This is a limitation of the padding reduction, not a lower bound against all
possible dense-access algorithms.

The reduction is elementary but sensitive to the access term. Starting from a hard dense instance
Bx = b normalized so that σn(B) = 1, we append identity coordinates and solve diag(B, Im)y =
(b, 0). Projection onto the first n coordinates recovers a solution to the original system, while the
padding changes κ̄p according to a simple singular-value moment calculation. The sparse-access
contradiction uses both PaddedSparseSolve, which pads to constant averaged condition number,
and QuadraticallyPaddedSparseSolve, which pads by exactly n2 coordinates. The dense-
access contradiction uses PaddedDenseSolve and pays for the square of the padded dimension.
This difference is the source of the stronger sparse threshold and the p < 1/4 dense threshold in
the mildly conditioned regime.

The theorem deliberately avoids boundary and priority claims. It does not assert an uncon-
ditional lower bound, and it does not rule out dense-access methods at or above p = 1/4 by
non-padding reductions. The proof does show that, on spectra with Sp(B) = Θ(nκp), merely op-
timizing the number of decoupled identity-padding coordinates cannot improve the dense-access
padding comparison beyond this threshold.

The rest of the paper is organized as follows. The preliminaries define the averaged condition
number, the high-accuracy output model, and the dense optimality hypothesis. The overview
gives the padding calculation and the exponent comparisons. The final section proves the padding
lemmas, the algorithmic reductions used in the contradiction, and Theorem 1.1.

2 Preliminaries

We use Õ(·) and Ω̃(·) to suppress polylogarithmic factors in the relevant dimension and accuracy
parameters. All matrices are over C. For a matrix A, nnz(A) denotes the number of nonzero
entries. If A ∈ CN×N is nonsingular, its singular values are ordered as

σ1(A) ≥ · · · ≥ σN (A) > 0,

and its condition number is κ(A) = σ1(A)/σN (A).

2



Definition 2.1 (Averaged condition number). Let A ∈ CN×N be nonsingular. For finite p > 0,
define

κ̄p(A) =

(
1

N

N∑
i=1

(
σi(A)

σN (A)

)p
)1/p

.

This is the finite-p averaged condition number from [ABB+26, Definition 2.5], specialized to square
nonsingular systems.

Definition 2.2 (High-accuracy output model). Fix a sufficiently small constant ε ∈ (0, 1) inde-
pendent of the dimension. A solver returns a high-accuracy solution to Cx = d if its output z
satisfies

∥z − C−1d∥2 ≤ ε∥C−1d∥2.

Definition 2.3 (Averaged-condition solvers). Fix finite p > 0. A sparsity-sensitive p-averaged
solver solves every nonsingular N -by-N system Ax = b to high accuracy in bit time

Õ (nnz(A)κ̄p(A)) .

A dense-access p-averaged solver solves every such system in bit time

Õ
(
N2κ̄p(A)

)
.

Definition 2.4 (Dense optimality hypothesis). For α > 0, the dense optimality hypothesis at
exponent α asserts that there is an infinite sequence of dense n-by-n nonsingular linear-system
instances Bx = b, with σn(B) = 1 and σ1(B) = nα, for which every high-accuracy bit-complexity
solver requires

Ω̃
(

min(nω, n2+α/2)
)

time. Equivalently, after setting β(α) = min{ω, 2 + α/2}, the lower bound is Ω̃(nβ(α)).

For a normalized seed matrix B ∈ Cn×n with σn(B) = 1, define its finite-p singular-value
moment by

Sp(B) =
n∑

i=1

σi(B)p.

For an integer m ≥ 0, the identity-padded instance associated with Bx = b is

Am(B) = diag(B, Im), cm(b) = (b, 0) ∈ Cn+m,

where Im is the m-by-m identity matrix. When B and b are clear from context, we write Am and
cm.

Fact 2.5 (Block-diagonal singular values). The singular values of a block diagonal matrix are the
multiset union of the singular values of its diagonal blocks. In particular, if σn(B) = 1, then Am(B)
has smallest singular value 1, has padded dimension n + m, and satisfies

nnz(Am(B)) = nnz(B) + m.
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3 Overview

The proof is a reduction from the hypothesized hard family of dense linear systems. We normalize
each dense instance so that σn(B) = 1 and σ1(B) = κ = nα. This normalization is useful because
the padding coordinates can then be identities: adding copies of the singular value floor does not
change the original solution, but it does dilute the average defining κ̄p. For

Am(B) = diag(B, Im), cm(b) = (b, 0),

the exact solution is (B−1b, 0), so any high-accuracy solution to Amy = cm gives a high-accuracy
solution to Bx = b by taking the first n coordinates. The central calculation is

κ̄p(Am)p =
Sp(B) + m

n + m
, Sp(B) =

n∑
i=1

σi(B)p.

Thus padding trades a smaller averaged condition number against a larger input size.

This tradeoff is the main technical issue. If an assumed solver has running time Õ(nnz(A)κ̄p(A)),
then identity padding only increases the sparsity term additively by m. The proof uses two choices
of m. The algorithm PaddedSparseSolve takes the dense input B, b, a bound κ ≥ σ1(B), and the
assumed sparsity-sensitive averaged-condition solver; it sets m = ⌈nκp⌉, solves the padded system,
and projects back. Since Sp(B) ≤ nκp, this makes κ̄p(Am) = Op(1) and yields a dense solver with
running time

Õ(n2 + nκp).

With κ = nα, this contradicts the dense lower-bound exponent β(α) = min{ω, 2 + α/2} whenever
p < (β(α) − 1)/α.

The first padding scale is not always the best sparse comparison, because it may add more
coordinates than are needed to beat the dense lower bound. The second algorithm, Quadrati-
callyPaddedSparseSolve, fixes m = n2. It keeps the sparsity of the padded instance at the
dense input scale while only partially reducing the averaged condition number:

nnz(Am)κ̄p(Am) = Õ

(
n2

(
1 +

κp

n

)1/p
)
.

For κ = nα this is Õ(n2+max{α−1/p,0}), which is below nβ(α) when p < 1/(2 +α−β(α)). Combining
the two sparse comparisons gives the threshold in Lemma 4.7:

p < max

{
β(α) − 1

α
,

1

2 + α− β(α)

}
.

In particular, if the dense optimality hypothesis holds for arbitrarily small positive α, this rules out
every fixed finite p in the TA = nnz(A) model.

The dense-access model has the same embedding but a different cost accounting. PaddedDens-
eSolve again pads to m = ⌈nκp⌉ and projects the solution back, but an assumed dense-access solver
pays N2κ̄p(Am) for the padded dimension N = n+m = O(n(1+κp)). The resulting dense-instance
running time is

Õ(n2(1 + κp)2) = Õ(n2κ2p),

and comparison with the same lower-bound exponent gives the dense-access threshold

p <
β(α) − 2

2α
.
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In the mildly conditioned regime 0 < α < 2ω − 4, this is exactly p < 1/4.

The final ingredient explains the scope of this dense-access conclusion. The loss comes from
squaring the padded dimension, so the proof checks whether a different amount of decoupled
padding could avoid it. On spectra with Sp(B) ≥ cnκp, the optimized dense-access padded cost
satisfies

N2
mκ̄p(Am) ≥ Cp,cn

2κmin{1,2p}

for every identity-padding size m. Therefore, in the mildly conditioned regime, this route cannot
produce the polynomial speedup needed for a contradiction once p ≥ 1/4. This is why the theorem
states a route-specific limitation for identity padding rather than a lower bound against all possible
dense-access reductions.

4 Proof of the Main Theorem

The first lemma is the basic padding calculation. It records both the spectral effect of appending
identity coordinates and the preservation of the linear-system solution under projection onto the
original coordinates.

Lemma 4.1 (Identity-padding moment bound). Fix finite p > 0. Let B ∈ Cn×n be nonsingular
with σn(B) = 1, and let b ∈ Cn. For any integer m ≥ 0, set A = Am(B) and c = cm(b). Then
σn+m(A) = 1,

κ̄p(A)p =
Sp(B) + m

n + m
,

and any high-accuracy solution y to Ay = c yields, by taking its first n coordinates, a high-accuracy
solution to Bx = b. Moreover,

nnz(A) = nnz(B) + m.

In particular, if m ≥ Sp(B), then

κ̄p(A) ≤ 21/p and nnz(A)κ̄p(A) ≤ 21/p (nnz(B) + m) .

Proof. By Fact 2.5, the singular values of A are the singular values of B together with m copies of
1, and the smallest singular value of A is 1. Thus

n+m∑
j=1

(
σj(A)

σn+m(A)

)p

=
n∑

i=1

σi(B)p + m = Sp(B) + m,

and dividing by n + m gives the formula for κ̄p(A)p.

If m ≥ Sp(B), then n + m ≥ m and

κ̄p(A)p =
Sp(B) + m

n + m
≤ 2m

m
= 2.

Hence κ̄p(A) ≤ 21/p.

The exact solution of Ay = c is (B−1b, 0). If y = (x,w) satisfies Definition 2.2, then

∥x−B−1b∥2 ≤ ∥y − (B−1b, 0)∥2 ≤ ε∥(B−1b, 0)∥2 = ε∥B−1b∥2.

Therefore x is a high-accuracy solution to Bx = b. Finally, identity padding adds exactly m
nonzero diagonal entries, so nnz(A) = nnz(B) + m. Multiplying by the bound on κ̄p(A) gives the
last inequality.
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The next reduction pads to the full p-moment upper bound. For a dense input with σ1(B) ≤ κ
this makes the averaged condition number constant while adding at most nκp identity coordinates.

PaddedSparseSolve: Solve a dense system by padding to constant averaged condition number.

Input: A finite p > 0; a nonsingular matrix B ∈ Cn×n and right-hand side b ∈ Cn with σn(B) =
1; a number κ ≥ σ1(B); and a sparsity-sensitive p-averaged solver Ssp as in Definition 2.3.
Output: A vector x ∈ Cn.
Guarantee: The output x is a high-accuracy solution to Bx = b.

1. Set m = ⌈nκp⌉.

2. Let A = Am(B) and c = cm(b).

3. Set y = Ssp(A, c), and write y = (x,w) with x ∈ Cn.

4. Return x.

Lemma 4.2 (Full-moment sparse speedup). Fix finite p > 0 and assume that a sparsity-sensitive
p-averaged solver exists. Let B ∈ Cn×n be nonsingular with σn(B) = 1 and σ1(B) ≤ κ. Then
PaddedSparseSolve solves Bx = b to high accuracy in time

Õ(n2 + nκp).

Proof. Since σi(B) ≤ κ for all i,

Sp(B) =

n∑
i=1

σi(B)p ≤ nκp.

With m = ⌈nκp⌉, set A = Am(B) and c = cm(b). Lemma 4.1 gives κ̄p(A) ≤ 21/p and shows that
projection of a high-accuracy padded solution solves Bx = b to high accuracy. The padded matrix
has at most n2 + ⌈nκp⌉ nonzero entries. The assumed sparsity-sensitive solver therefore takes time

Õ (nnz(A)κ̄p(A)) = Õ(n2 + nκp).

For a fixed condition-number exponent and larger p, padding all the way to constant averaged
condition number is not always the strongest comparison. The second sparse reduction fixes the
padding dimension at n2, keeping the access term at the dense input size and only partially reducing
κ̄p.
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QuadraticallyPaddedSparseSolve: Solve a dense system with exactly n2 identity padding
coordinates.
Input: A finite p > 0; a nonsingular matrix B ∈ Cn×n and right-hand side b ∈ Cn with σn(B) =
1; a number κ ≥ σ1(B); and a sparsity-sensitive p-averaged solver Ssp as in Definition 2.3.
Output: A vector x ∈ Cn.
Guarantee: The output x is a high-accuracy solution to Bx = b.

1. Set m = n2.

2. Let A = Am(B) and c = cm(b).

3. Set y = Ssp(A, c), and write y = (x,w) with x ∈ Cn.

4. Return x.

Lemma 4.3 (Quadratic-padding sparse speedup). Fix finite p > 0 and assume that a sparsity-
sensitive p-averaged solver exists. Let B ∈ Cn×n be nonsingular with σn(B) = 1 and σ1(B) ≤ κ.
Then QuadraticallyPaddedSparseSolve solves Bx = b to high accuracy in time

Õ

(
n2

(
1 +

κp

n

)1/p
)
.

In particular, if κ = nα for a fixed α > 0, the running time is

Õ
(
n2+max{α−1/p,0}

)
.

Proof. Choose m = n2 and set A = Am(B) and c = cm(b). Since σi(B) ≤ κ for every i, Lemma 4.1
gives

κ̄p(A)p =
Sp(B) + n2

n + n2
≤ nκp + n2

n2
= 1 +

κp

n
.

Also nnz(A) ≤ 2n2. Invoking the assumed sparsity-sensitive solver on (A, c) therefore takes time

Õ (nnz(A)κ̄p(A)) = Õ

(
n2

(
1 +

κp

n

)1/p
)
.

By Lemma 4.1, the first block of the returned vector solves Bx = b to high accuracy. If κ = nα,
then (1 + κp/n)1/p = O(nmax{α−1/p,0}), giving the exponent form.

The dense-access reduction uses the same full-moment padding, but the assumed solver pays
for N2 where N is the padded dimension. This square is the source of the weaker dense-access
threshold.
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PaddedDenseSolve: Solve a dense system using a dense-access averaged-condition solver on
the padded instance.
Input: A finite p > 0; a nonsingular matrix B ∈ Cn×n and right-hand side b ∈ Cn with
σn(B) = 1; a number κ ≥ σ1(B); and a dense-access p-averaged solver Sdense as in Definition 2.3.
Output: A vector x ∈ Cn.
Guarantee: The output x is a high-accuracy solution to Bx = b.

1. Set m = ⌈nκp⌉.

2. Let A = Am(B) and c = cm(b).

3. Set y = Sdense(A, c), and write y = (x,w) with x ∈ Cn.

4. Return x.

Lemma 4.4 (Dense-access padding speedup). Fix finite p > 0 and assume that a dense-access
p-averaged solver exists. Let B ∈ Cn×n be nonsingular with σn(B) = 1 and σ1(B) ≤ κ. Then
PaddedDenseSolve solves Bx = b to high accuracy in time

Õ(n2(1 + κp)2).

In particular, since κ ≥ 1, the running time is Õ(n2κ2p).

Proof. The bound Sp(B) ≤ nκp implies that m = ⌈nκp⌉ satisfies the hypothesis of Lemma 4.1.
Thus, for A = Am(B) and c = cm(b), we have κ̄p(A) ≤ 21/p, and projecting any high-accuracy
solution to Ay = c onto the first n coordinates gives a high-accuracy solution to Bx = b.

The padded dimension is N = n+m = O(n(1 +κp)). Invoking the assumed dense-access solver
on (A, c) therefore has bit time

Õ
(
N2κ̄p(A)

)
= Õ(n2(1 + κp)2).

Since κ ≥ 1, this is Õ(n2κ2p).

The next result explains why the dense-access padding comparison cannot be improved merely
by choosing a different number of identity coordinates on spectra whose p-moment is as large as
the condition number allows.

Lemma 4.5 (Dense-access padding barrier). Fix finite p > 0 and a constant c ∈ (0, 1]. Let
B ∈ Cn×n be nonsingular with σn(B) = 1, σ1(B) ≤ κ, and

Sp(B) =

n∑
i=1

σi(B)p ≥ cnκp.

Assume κ is large enough that cκp ≥ 1. For every integer m ≥ 0, set Am = diag(B, Im) and
Nm = n + m. Then

N2
mκ̄p(Am) ≥ Cp,cn

2κmin{1,2p},

where Cp,c > 0 depends only on p and c. Consequently, for κ = nα, dense-access identity padding
has cost at least n2+αmin{1,2p} up to constants depending only on p and c on such spectra.
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Proof. Let s = Sp(B)/n and r = m/n. By Lemma 4.1,

N2
mκ̄p(Am) = n2(1 + r)2−1/p(s + r)1/p.

Also s ≥ cκp, and the assumption cκp ≥ 1 gives s ≥ 1.

First suppose p ≥ 1/2. Then 2 − 1/p ≥ 0, and therefore

(1 + r)2−1/p(s + r)1/p ≥ s1/p ≥ c1/pκ.

This is the claimed lower bound because min{1, 2p} = 1 in this case.

Now suppose 0 < p < 1/2. Put a = 2 − 1/p < 0 and b = 1/p, so a + b = 2. If 0 ≤ r ≤ s, then
1 + r ≤ 1 + s ≤ 2s, and since a < 0,

(1 + r)a(s + r)b ≥ (2s)asb = 2as2.

If r ≥ s, then r ≥ 1, so 1 + r ≤ 2r, and again

(1 + r)a(s + r)b ≥ (2r)arb = 2ar2 ≥ 2as2.

Thus in all cases
(1 + r)2−1/p(s + r)1/p ≥ 22−1/ps2 ≥ 22−1/pc2κ2p.

Taking Cp,c = min{c1/p, 22−1/pc2} proves the lemma.

The preceding barrier is about the identity-padding route. The following claim states the
corresponding scope in the mildly conditioned regime.

Claim 4.6 (Dense-padding scope). Within reductions that only append decoupled padding coordi-
nates with singular values at least σn(B) and then project the solution back to the original block,
the dense-access padding route cannot yield a conditional contradiction for p ≥ 1/4 in the mildly
conditioned regime from condition-number-only hard families with Sp(B) = Θ(nκp). This is a
route-specific barrier, not an impossibility theorem for all reductions.

Proof. For any fixed number of appended decoupled coordinates, choosing their singular values
equal to σn(B) = 1 minimizes the added contribution to the p-moment while keeping the smallest
singular value unchanged. Thus identity padding is the best decoupled padding of this kind for the
dense-access quantity N2κ̄p.

Consider a hard family with κ = nα and Sp(B) = Θ(nκp). By Lemma 4.5, every identity-
padding choice has dense-access cost at least

n2+αmin{1,2p}

up to constants depending on p and polylogarithmic factors. In the mildly conditioned regime,
β(α) = 2 + α/2. If p ≥ 1/4, then min{1, 2p} ≥ 1/2, so this lower bound on the padded solver’s
own cost is at least nβ(α). Therefore this route cannot produce the polynomial speedup needed to
contradict the dense optimality hypothesis.

The obstruction is not exhaustive outside this route. A stronger dense-access hardness result
could follow from a dense lower bound for hard families with Sp(B) = o(nκp), from a solve-
preserving transformation that reduces the relevant spectral moment without adding Ω(nκp) di-
mensions, or from a stronger lower-bound hypothesis than the Ω̃(n2κ1/2) term.
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We now compare the two sparse reductions with the dense optimality hypothesis. The full-
moment padding gives the exponent 1 +αp in the added spectral term, while the n2 padding gives
exponent 2 + max{α− 1/p, 0}.

Lemma 4.7 (Sparse-access conditional hardness). Assume ω > 2. Fix α > 0, set

β(α) = min{ω, 2 + α/2},

and assume the dense optimality hypothesis at exponent α. Then there is no sparsity-sensitive
p-averaged solver for any fixed finite p > 0 satisfying

p < max

{
β(α) − 1

α
,

1

2 + α− β(α)

}
.

When 0 < α < 2ω − 4, the two thresholds inside the maximum are 1/α + 1/2 and 2/α, so the
larger threshold is 2/α whenever also α < 2. When α ≥ 2ω − 4, the thresholds are (ω − 1)/α and
1/(2 +α−ω). The boundary case at the larger threshold is not claimed. Consequently, if the dense
optimality hypothesis holds for arbitrarily small positive values of α, then no such solver exists for
any fixed finite p > 0.

Proof. Fix finite p > 0 below the displayed maximum, and suppose for contradiction that a sparsity-
sensitive p-averaged solver exists.

First suppose

p <
β(α) − 1

α
.

Apply Lemma 4.2 with κ = nα. The derived high-accuracy solver for dense systems with σn(B) = 1
and σ1(B) = nα runs in time

Õ(n2 + n(nα)p) = Õ(n2 + n1+αp).

By the strict inequality on p, there is δ > 0 such that 1 + αp ≤ β(α) − δ. Also β(α) > 2, because
ω > 2 and α > 0. Hence, for η = min{β(α) − 2, δ} > 0, the derived running time is Õ(nβ(α)−η).
This contradicts the dense optimality lower bound Ω̃(nβ(α)) on the same hard family.

It remains to handle the case where the second threshold is witnessed:

p <
1

2 + α− β(α)
.

The denominator is positive because β(α) ≤ 2 +α/2 < 2 +α. Apply Lemma 4.3 with κ = nα. The
derived solver runs in time

Õ
(
n2+max{α−1/p,0}

)
.

The strict inequality on p gives 1/p > 2 + α− β(α), and therefore

α− 1

p
< β(α) − 2.

If α − 1/p ≤ 0, the derived exponent is 2 < β(α). If α − 1/p > 0, the derived exponent is
2 +α− 1/p < β(α). In both subcases the derived running time is Õ(nβ(α)−η) for some η > 0, again
contradicting the dense optimality hypothesis.

Since p is below the maximum of the two thresholds, it satisfies at least one of the two strict
inequalities just treated. The displayed specializations follow by evaluating β(α). If 0 < α < 2ω−4,
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then β(α) = 2 + α/2, so the two thresholds are 1/α + 1/2 and 2/α. If α ≥ 2ω − 4, then β(α) = ω,
so the two thresholds are (ω − 1)/α and 1/(2 + α− ω).

For the final consequence, fix any finite p > 0. If the dense optimality hypothesis holds for
arbitrarily small positive α, choose such an α with α < min{1/p, 2ω−4}. Then p < 1/α < 1/α+1/2,
so the preceding argument rules out the chosen p.

The dense-access comparison is analogous, but the padded dimension contributes the exponent
2 + 2αp.

Lemma 4.8 (Dense-access conditional hardness). Assume ω > 2. Fix α > 0, set

β(α) = min{ω, 2 + α/2},

and assume the dense optimality hypothesis at exponent α. Then there is no dense-access p-averaged
solver for any fixed finite p > 0 satisfying

p <
β(α) − 2

2α
.

Equivalently, this rules out every fixed p < 1/4 when 0 < α < 2ω−4, and every fixed p < (ω−2)/(2α)
when α ≥ 2ω − 4. The boundary case p = (β(α) − 2)/(2α) is not claimed. Consequently, if the
dense optimality hypothesis holds for arbitrarily small positive values of α, then no dense-access
solver exists for any fixed p < 1/4.

Proof. Fix finite p > 0 with p < (β(α) − 2)/(2α). Suppose for contradiction that a dense-access
p-averaged solver exists. Apply Lemma 4.4 with κ = nα. The derived high-accuracy solver for
dense systems with σn(B) = 1 and σ1(B) = nα runs in time

Õ(n2(nα)2p) = Õ(n2+2αp).

By the strict inequality on p, there is δ > 0 such that 2 + 2αp ≤ β(α) − δ. Therefore the derived
running time is Õ(nβ(α)−δ), contradicting the dense optimality lower bound Ω̃(nβ(α)) on the same
hard family.

The displayed equivalences follow by evaluating β(α). If 0 < α < 2ω − 4, then β(α) = 2 + α/2,
and hence (β(α)− 2)/(2α) = 1/4. If α ≥ 2ω− 4, then β(α) = ω, and the threshold is (ω− 2)/(2α).

For the final consequence, fix any finite p < 1/4. If the dense optimality hypothesis holds for
arbitrarily small positive values of α, choose such an α with α < 2ω − 4. The first case then rules
out this p.

Proof of Theorem 1.1. The theorem is the combination of Lemmas 4.7 and 4.8. The additional
statement about arbitrarily small positive α is exactly the final consequence in Lemma 4.7 for
TA = nnz(A) and in Lemma 4.8 for TA = N2.
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