Sparsifying generalized linear models

Yang P. Liu
Institute for Advanced Study

Joint with Arun Jambulapati (Simons), James R. Lee (UW), and Aaron Sidford (Stanford)



Sparsification

Given functions f1, f5, ..., f,,: R™ = R, define F: R™ — R by
F(x) = fi(x) + fo(x) + -+ firn(x)

C, N
e F:R™ — Ris an g-approximation to F if Success:
- n
\F(X) - F(x)\ < e F(x), Vx € R" s < g—z(logn)O(l)
- J

o Fiss-sparse(Wrt F)if F =cfi +cyfo ++ Coyfim
for weights c4, ..., ¢,,, = 0 such that

#{ie|m]ic; #0} <s



Application: regression

Least squares regression: Given a4, ...,a,, € R™ and b4, ..., b,,, € R with
m > n, try to find x € R" such that (a;, x) = b; foreveryi =1, ...,m.

Minimize ||Ax — b||5 over x € R" f;(x) == [{a;, x) — b;|?
—a, — b, F(x) = ||Ax — b||5 A € R™M*1
—a; — b ~
A=| 7 b=| "7 F(x) = ||SAx — Sb||2 SA € R**"
— Ay — b
., 0 0 0 O
S=(0 0 ¢ 0 0
0 0 0 0 cg

lAx — blI3 — |ISAx — Sb|3| < ellAx —bll3,  vx €R"



Application: graph sparsification

Sparsification of graphs: Given a weighted undirected graph G = (V, E, w),
find a graph G = (V, E, W) with E' € E such that |E| < s, and:

Cut sparsifiers [Benczur-Kargerl: f,, (%) = wy,|x, — x|

z Wyy [ Xy — x| = (1+¢) z Wyp | Xy — Xp], Vx € R"

UVEE UveEkE
Spectral sparsifiers [Spielman-Teng]: f,,, (x) = wy,, (x,, — x,,)?

z Wy (xu - xv)z =(1=x¢) z Wuv(xu — xv)z ) vx € R"

uverk Uvek



F(x):=fi() + fo(x) + -+ f,(x) Generalized linear models

fi(x)=0{a;,x)—>b;), i=1,..,m

p(y) = |yl s S nje [Batson-Spielman-Srivastava 2014]

o(y) =y s Snlogn /&? [Talagrand 1991]

(pgy) - b;lp SSNn lOgn (loglog n)z/gz [Talagrand 1995]
<p<

(P(Y) — |y|P S < n(log Tl)3/€2 [Schechtman-Zvavich 2001]

0<p<l1

Bourgain-Lindenstrauss-Milman 89
p(y) = |ylP s s nP/ /€ Ledoux-Talagrand 91]
p > 2



F(x):=fi() + fo(x) + -+ f,(x) Generalized linear models

fi(x)=0{a;,x)—>b;), i=1,..,m

@) =~ min(]y|, |y|%)

Huber loss
— s S nll7 /el [Musco-Musco-Woodruff-Yasuda 2022

Vo (¥) = min(|y[?, [y]*)
O0<p<2
[Bubeck-Cohen-Lee-Li 2018] —

o(y) = min(1, |y|?)
Tukey loss



F(x) = fi(x) + fo(x) + - + fin (%)

Generalized linear models

fi(x)=0{a;,x)—>b;), i=1,..,m

@(y) =~ min(lyl, [y|*)

Huber loss
L < n1'17/52
Vo (¥) = min(|y|?, [y|*)
O0<p<2
[Bubeck-Cohen-Lee-Li 2018] —

¢(y) = max(0, |y| — 0.1)
ReLU requires s > 2%(

[Musco-Musco-Woodruff-Yasuda 2022]



F(x):=fi(x)+ fL0x) + -+ f,,,(x) Generalized linear models

fi(x) =9p{a;,x)—>b;), i=1,..,m

¢(y) = min(|yl, |y|?)
Huber loss

Vo (¥) = min(|y[?, [y]*)
O0<p<2
[Bubeck-Cohen-Lee-Li 2018] —

aq, ...,

»(y) = max(0, |y| = 0.1)

ReLU requires s > 22 {xeS"(a;,x) > 0.1} pairwise disjoint

fi(x) = p{a;,x)) >0 < (a;,x) > 0.1



F(x)=filx)+ fL(x)+ -+ fr,(x) Motivation: £,,-regression

Minimize [|Ax — b]|, overx € R", A € R™", 1 <p < 2



F(x)=filx)+ fL(x)+ -+ fr,(x) Motivation: £,,-regression

Minimize [|Ax — b]|, overx € R", A € R™", 1 <p < 2
When p = 2:
|lAx — bll5 — lISAx — Sb||5| < €llAx — bll5, Vx €R"

SA € RS*", s < 0(n/e?)



F(x):=fi(x)+ fo(x)+ -+ frr,(x) Motivation: £, -regression

Minimize [|Ax — b]|, overx € R", A € R™", 1 <p < 2
Whenp = 2:
|lAx — bll5 — lISAx — Sb||5| < €llAx — bll5, Vx €R"

SA € RS*", s < 0(n/e?)

Seems: (1 + €)-approximate least squares regression requires
runtime/samples proportional to £ 74?



F(x):=fi(x)+ fo(x)+ -+ frr,(x) Basic iterative refinement

L 5 Based on work of [Adil-Kyng-Peng-Sachdeva 2019]
Minimize ||Ax — b||5 over x € R", A € R"™*"
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F(x):=fi() + fo(x) + -+ f,(x) Basic iterative refinement

Minimize ||Ax — b||5 over x € R", A € R™*"

IA(xo + A) — bll5 — llAxo — bll5 = (g, A) + [|AA||5



F(x):=fi() + fo(x) + -+ f,(x) Basic iterative refinement

Minimize ||Ax — b||5 over x € R", A € R™*"

IA(xo + A) — bll5 — llAxo — bll5 = (g, A) + [|AA||5

Minimizing (g, A) + ||AA||5 to a factor 2 error reduces function error by 1/2

1
IACxo + A) = bll3 — |Ax™ — blI3 < ~ (lAxo — bll5 — llAx™ — blI3)



F(x):=fi() + fo(x) + -+ f,(x) Basic iterative refinement

Minimize ||Ax — b||5 over x € R", A € R™*"

IA(xo + A) — bll5 — llAxo — bll5 = (g, A) + [|AA||5

Minimizing (g, A) + ||AA||5 to a factor 2 error reduces function error by 1/2
2 * 2 1 2 * 2
|A(xo +A) — bl[z — ||Ax™ — b]|5 < E(IIAXO — bl|z — |[Ax™ — b][3)

Plan: sparsify ||AA||%2 =, ||SAA||2 to take step. s S O(n)

Repeat O (log(1/¢)) times to get (1 + &)-approximate solution (high accuracy!)



F(x):=fi() + fo(x) + -+ f,(x) [terative refinement

Minimize [|Ax — b]|, overx € R", A € R™", 1 <p < 2

Minimize }:i, f;({a;, x) — b;) over x € R", A € R™", fi(z) = |z|P



F(x):=fi() + fo(x) + -+ f,(x) [terative refinement

Minimize [|Ax — b]|, overx € R", A € R™", 1 <p < 2

Minimize }:i, f;({a;, x) — b;) over x € R", A € R™", fi(z) = |z|P

Zﬁ«al,xo +8) = by) - 2ﬁ<<al,xo> - )

(g, A) + Z D<alx0>_bi((ai,x0 + A) — bl)

g is the gradient
D; (z) =f(z) — f(y) — f'(v)(z — y) is the Bregman divergence



F(x):=fi() + fo(x) + -+ f,(x) [terative refinement

Minimize [|Ax — b]|, overx € R", A € R™", 1 <p < 2

Minimize }:i, f;({a;, x) — b;) over x € R", A € R™", fi(z) = |z|P

Eﬁ«al,xo +8) = by) - 2ﬁ<<al,xo> - )

(g, A) + Z D<alx0>_bi((ai,x0 + A) — bl)

g is the gradient
f _ ' : :
D; (z) = f(z) = f(y) — f'(¥)(z — y) is the Bregman divergence
DIi(x + &) = y,7(8) ~ min{x?~252,|5|"}



F(x):=fi() + fo(x) + -+ f,(x) [terative refinement

Minimize [|Ax — b]|, overx € R", A € R™", 1 <p < 2

Minimize }:i, f;({a;, x) — b;) over x € R", A € R™", fi(z) = |z|P

2 fila;, xg + A) — b;) — 2 fil{a;, xo) — b;)
i=1 1=1

~ (g, 8+ ) (a0
i=1
g is the gradient
D; (z) =f(z) — f(y) — f'(v)(z — y) is the Bregman divergence

DIi(x + &) = y,7(8) ~ min{x?~252,|5|"}



F(x):=fi() + fo(x) + -+ f,(x) [terative refinement

Minimize [|Ax — b]|, overx € R", A € R™", 1 <p < 2

Minimize }:i, f;({a;, x) — b;) over x € R", A € R™", fi(z) = |z|P

2 fila;, xg + A) — b;) — 2 fil{a;, xo) — b;)
i=1 1=1

~ (g 8+ ) ey a8y cissisparse
i=1
g is the gradient
D; (z) =f(z) — f(y) — f'(v)(z — y) is the Bregman divergence

DIi(x + &) = y,7(8) ~ min{x?~252,|5|"}



fi(x) = p(a;, x) — b;) Generalized linear models

Theorem [JLLS 2023]: Suppose hq4, ..., h,,;: R = R satisfy

- |h;(w) — h;(v)| S h;(u—v) forallu,v e R

-h;(Au) = 2%h;(u) forsome 8 > 0andallu e R, 1> 1
Then for any a4, ..., a,, € R", the function

F(x) = hy({ag, x))? + -+ + hyp({am, x))?
admits an s-sparse F such that

‘F(x) —F(x)‘ <eF(x) forall a < F(x) <P

~ n 31008 Running time:
with s < > (logn)° log » ) g np
O(nnz(4) + n® + mTeya1) log7



fi(x) = p(a;, x) — b;) Generalized linear models

Theorem [JLLS 2023]: Suppose hq4, ..., h,,;: R = R satisfy
- |h;(w) — h;(v)| S h;(u—v) forallu,v e R
-h;(Au) = 2%h;(u) forsome 8 > 0andallu e R, 1> 1

Then for any ay, ..., a,, € R™, the function Applies to:
F(x) = hy({ag, x))* + -+ hyy({am, x))? h;(w)? = |ulPi, or
admits an s-sparse £ such that h;(w)? = min{|u|?, |u|P7}

‘F(x) —F(x)\ <ecF(x) forall a < F(x) <P 0 <Py Py < 2

i n 310s ™8
with s < > (logn)°® log »



fi(x) = p(a;, x) — b;) Generalized linear models

Theorem [JLLS 2023]: Suppose hq4, ..., h,,;: R = R satisfy
- |h;(w) — h;(v)| S h;(u—v) forallu,v e R
-h;(Au) = 2%h;(u) forsome 8 > 0andallu e R, 1> 1

Then for any ay, ..., a,, € R™, the function Applies to:
F(x) = hy({ag, x))* + -+ hyy({am, x))? h;(w)? = |ulPi, or
admits an s-sparse £ such that h;(w)? = min{|u|?, |u|P7}

‘F(x) —F(x)\ <ecF(x) forall a < F(x) <P 0 <Py Py < 2

: n 31008
with s = — (logn)~ log— Algorithms for ¢,, regression, 1 < p < 2

Can solve in time O (nnz(4) + n®)



fi(z) = hi(2)* Intuition for properties

(1) |h;(w) — h;(v)| S hj(u—v) forallu,v € R
(2) h;(Au) = 2%h;(u) forsome § > 0andallu e R,A>1



fi(z) = hi(2)* Intuition for properties

(1) |hl(U) — hl(v)l S hl(u — U) forallu,v € R
(2) h;(Au) = 2%h;(u) forsome § > 0andallu e R,A>1
(3) h;(u) = h;(—u) forallu € R



fi(z) = hi(2)? Intuition for properties

(1) |h;(w) — h;(v)| S hj(u—v) forallu,v € R

(2) h;(Au) = 2%h;(u) forsome § > 0andallu e R,A>1
(3) h;(u) = h;(—u) forallu € R

(4) h; (Au) < Ah;(w), so f;(Au) < A%f;(u)
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(4) h; (Au) < Ah;(w), so f;(Au) < A%f;(u)

(4) says f; grows subquadratically.

Essential for sparsification: s < n?/?/e? when f;(2) = |z|?, p > 2



fi(z) = hi(2)* Intuition for properties

(1) |h;(w) — h;(v)| S hj(u—v) forallu,v € R

(2) h;(Au) = 2%h;(u) forsome § > 0andallu e R,A>1
(3) h;(u) = h;(—u) forallu € R

(4) h; (Au) < Ah;(w), so f;(Au) < A%f;(u)

(4) says f; grows subquadratically.

Essential for sparsification: s < n?/?/e? when f;(2) = |z|?, p > 2

(2) does not hold for Tukey loss: f(z) = min{1, z?}

By “smoothing” to f(z) = min{|z|?, z2},and § — 0, show s < n1+o(1) /¢2



fi(z) = hy(2)? Comparison to [MMWY22]

1) |hl(U) — hl(v)l S hl(u — U) forallu,v € R
2) h;(Au) = 2%h;(u) forsome § > 0andallu e R,A > 1
3) h;(u) = h;(—u) forallu € R

)

(
(
(
(4) h; (Au) < Ah;(w), so f;(Au) < A%f;(u)



fi(z) = hy(2)? Comparison to [MMWY22]

(1) |h;(w) — h;(v)| S hj(u—v) forallu,v € R

(2) h;(Au) = 2%h;(u) forsome § > 0andallu e R,A>1
(3) h;(u) = h;(—u) forallu € R

(4) h; (Au) < Ah;(w), so f;(Au) < A%f;(u)

In [MMWY22], (1) is replaced with h; (v + w) < h;(v) + h;(w).

(1) Is a bit weaker: consider w = u — v.



fi(z) = hy(2)? Comparison to [MMWY22]

(1) |h;(w) — h;(v)| S hj(u—v) forallu,v € R

(2) h;(Au) = 2%h;(u) forsome § > 0andallu e R,A>1
(3) h;(u) = h;(—u) forallu € R

(4) h; (Au) < Ah;(w), so f;(Au) < A%f;(u)

In [MMWY22], (1) is replaced with h; (v + w) < h;(v) + h;(w).

(1) Is a bit weaker: consider w = u — v.

IMMWY22] requires that f; = f, = --- = f,,,. Our theorem does not.



Importance sampling

Given functions f1, f5, ..., f,,: R™ = R, define F: R™ — R by
F(x) = fi(x) + fo(x) + -+ firn(x)

Let p = (p4, ..., p.y) € RTY be a probability distribution: p; + -+ p,,, = 1

Algorithm: Sample indices v4,v,, ..., v € {1, ..., m} i.i.d. from p

And define: F(x) == %(fv;(x) F o f";(x))

fvl( X) fl(x) n
E[F(x)] = o ] z = F(x), Vx € R



Importance sampling

Given functions f1, f5, ..., f,,: R™ = R, define F: R™ — R by
F(x) = fi(x) + fo(x) + -+ firn(x)

Let p = (p4, ..., p.y) € RTY be a probability distribution: p; + -+ p,,, = 1

Algorithm: Sample indices v4,v,, ..., v € {1, ..., m} i.i.d. from p

And define: F(x) := %(fw () frg (x))

pvl pvs

Need to establish: Emax |F(x) — F(x)| < e forschosen
F(x) <A large enough



F(x) = fi{ay, x)) + -+ fr,({a, x)) Sampling weights

Main challenge: non-homogeneity of f;
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wy+--+w, =n, p; = w;/n



F(x) = fi{ay, x)) + -+ fr,({a, x)) Sampling weights

Main challenge: non-homogeneity of f;

When f;(z) = |z|P are homogeneous: Lewis weights

w; = Wi1—2/p al (ATW1_2/pA)_1ai

wy+--+w, =n, p; = w;/n
Fix a scale 1 € R, intuitively handles {x : F(x) € [1/2, 1]}

fi<\/aiTM_1ai>

.at M—1a:
dia; M~*a;

~A M=Y" daa' for i=1,..,m.

(Approximate weight)



F(x) = fi{ay, x)) + -+ fr,({a, x)) Sampling weights

Main challenge: non-homogeneity of f;

When f;(z) = |z|P are homogeneous: Lewis weights

w; = Wi1—2/p al (ATW1_2/pA)_1ai

wy+--+w, =n, p; = w;/n
Fix a scale 1 € R, intuitively handles {x : F(x) € [1/2, 1]}

fi<\/aiTM_1ai>

.at M—1a:
dia; M~*a;

~A M=Y" daa' for i=1,..,m.

(Approximate weight)

p; =d;a/ M~ ta;/n for i=1,..,m.

Repeat forall A = 2%, a/m°® <1< p



F(x) = fi{ay, x)) + -+ fir,({ay, x)) Existence of weights

Fix a scale A € R,, intuitively handles {x : F(x) € [1/2,1]}

fi<\/aiTM_1ai)

atM—1q.

(Approximate weight) ~A M=Y" daa' for i=1,..,m.



F(x) = fi{ay, x)) + -+ fir,({ay, x)) Existence of weights

Fix a scale A € R,, intuitively handles {x : F(x) € [1/2,1]}

fi<\/aiTM_1ai>

atM—1q.

(Approximate weight) ~A M=Y" daa' for i=1,..,m.

Use a contractive map / algorithm [Cohen-Peng 2015].

fi(\/aiTMglai>

Tas—1,.

, My =YY" da;al for i=1,..,m.

W(d) =+



F(x) = fi{ay, x)) + -+ fir,({ay, x)) Existence of weights

Fix a scale A € R,, intuitively handles {x : F(x) € [1/2,1]}

fi<\/aiTM_1ai)

atM—1q.

(Approximate weight) ~A M=Y" daa' for i=1,..,m.

Use a contractive map / algorithm [Cohen-Peng 2015].

fi<\/aiTM51ai

Tas—1,.

>, My =YY" d;a;al for i=1,..,m.

W(d) =+

Y (d) = d is equivalent to d being approximate weight



F(x) = fi{ay, x)) + -+ fir,({ay, x)) Existence of weights

fi<\/aiTM;1ai

Tr—1,.
a; M, a;

Y(d) :=% >, My =YY" da;al for i=1,..,m.
Y (d) = d is equivalent to d being approximate weight

Lemma: If d =, d"then yY(d) = ¢ Pp(d") forC =1 —g <1



F(x) = fi{ay, x)) + -+ fir,({ay, x)) Existence of weights

fi<\/aiTM;1ai

Tr—1,.
a; M, a;

>, My =YY" d;a;al for i=1,..,m.

S
W(d) =
Y (d) = d is equivalent to d being approximate weight
Lemma: If d =, d"then yY(d) = ¢ Pp(d") forC =1 —g <1

Constructing approximate weight:
d; = lp(t) (do)
d, =y (dy) ~y do
d; =(dy) ~yC P (do) = dy

driq = Y(dr) zycT Y(dr_q) =dr



F(x) = fi{ay, x)) + -+ fir,({ay, x)) Existence of weights

fi<\/aiTM;1ai

Tr—1,.
a; M, a;

>, My =YY" d;a;al for i=1,..,m.

W(d) =+

Y (d) = d is equivalent to d being approximate weight

Lemma: If d =, d"then yY(d) = ¢ Pp(d") forC =1 —g <1
Constructing approximate weight:
di = lp(t) (do)
di{ =1Y(dy) =, d
1 lp( 0) Yy “0 Take T — oo
d; =(dy) ~yC P (do) = dy

driq = Y(dr) zycT Y(dr_q) =dr



F(x) = fi({ay,x)) + -+ fr,({ay, x)) Showing concentration

pvl pvs

And define: F(x) == l
S

(fvl () fos (x))

Need to establish: [Emax |F(x) — F(x)| < e fors chosen
F(x) <A large enough



F(x) = fi{ay, x)) + -+ fr,({a, x)) Showing concentration

(fv1 (x) fr (x)>

And define: F(x) := 1
S

pvl pvs

Need to establish: [Emax |F(x) — F(x)| < e fors chosen
F(x) <A large enough

Chaining: efficient way to union bound over all x € R"
- Definition of approximate weight was exactly chosen to make a chaining proof work
- Critically use |h;(u) — h;(v)| < h;(u—v) forallu,v € R



F(x) = fi{ay, x)) + -+ fr,({a, x)) Showing concentration

(fv1 (x) fv (x)>

And define: F(x) == 1
S

pvl pvs

Need to establish: [Emax |F(x) — F(x)| < e fors chosen
F(x) <A large enough

Chaining: efficient way to union bound over all x € R"
- Definition of approximate weight was exactly chosen to make a chaining proof work
- Critically use |h;(u) — h;(v)| < h;(u—v) forallu,v € R

Weight schemes: relating weights between adjacent scales 4,4/2,1/4, ...
- d™W: approximate weight at scale 1

- Chaining proof requires that d“) ~ d4/2) for all A

- True by the contractive proof



Summary

e Sparsifying F(x) == f;({(a;, x)) + -+ f.,,({a,,, x)) down to O(n/e?) terms

* Natural assumptions on f;: auto-Lipschitz + lower-growth
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Definition of approximate weights at each level of scale

Existence of weights via contractive algorithm



Summary

Sparsifying F(x) == f; ({(a;, x)) + -+ + f,,({a,,, x)) down to O(n/e?) terms
Natural assumptions on f;: auto-Lipschitz + lower-growth

Definition of approximate weights at each level of scale

Existence of weights via contractive algorithm

Analyze sparsification via chaining

Requires weight schemes: relations between weights at consecutive scales



Open problems / Future directions

e p>2?2(1)->|h;(w) — h;(¥)| S h;j(u—v) forallu, v € R, for h;(w) = f;(u)*/?
* Goal: sparsity 0(nP/?/&?)

 We can show approximate weights exist. Weight schemes unclear.
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Open problems / Future directions

e p>2?2(1)->|h;(w) — h;(¥)| S h;j(u—v) forallu, v € R, for h;(w) = f;(u)*/?
* Goal: sparsity 0(nP/?/&?)
 We can show approximate weights exist. Weight schemes unclear.
 Higher dimensional functions?
e F(x):=fi(A4;x) + -+ f,,,(A,,x) where A; € R*",
* Properties? Natural goal: 0(dn/&?)? Even O(n/e?)?

* Other sparsification beyond norms? Coresets for clustering?
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